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BE

H B EBRAEIE (ATP) 13# 3 USEEDIE T I N D b1 Tldiw. ATP 2 W CHER 2 E47 9
B2V 7 b o TR CHMICR o R R BEL 2T NIER S W, ThETA
A% ATP % W12 7 > T E /2 & ATP % W 72 3EIC IZ A RAFE L, TN RN T 5720
DFEIEIIFEDE FI2h 5. EHEH & 1%, BEERH R EBEROMEEEZ EOEE L LTiRRIN5.
FZIZATP 2{EHT 2121, TN o 2 RET A FIHLHET 2SI OVWTORELLETH 5.

AL T, B 1BIZBWTATP BLTZDAE DL HIZDWTRL, ATP 23k 2 5 KM EI
DWTHEEFERZZTRT. H2EIZBEWTC,ATP#EER2ET SV 7 by =7 (BHEIHYER) ©
BUR e WiBI S EOBENEERI ST B, B3| T, M & U TGRIEZO R THRHITE WESR &
FHEMEAET A 22— REGRB LU IR N OEAFEBEGRIC OV, EHIFHZERO—
DT 5 Isabelle/HOL % F\N T, fliBifDEE 2T\, TOBRIZBEWTAE L MEB X020
R DWTRYT. RBIZE4ZIZIEVWT, ARXDE LD ESBORELRT.

1 [ELC®IC

MERFZE WS DFOBFD L LT, 2—2 )y NESRTEHEINZI—271) v REMF L W
IBARRDEAET 5. 2—2 V) v NEGR TR B 2 HEOMR T 8%, BL U~
HORNH, NEREZ o, NERPHESL I N/, T2, AL, AR EDEELGEION, TS %
HIZHARARIPBEINTVWS, ZRIZH L)L M2 —2 )y REHIZBIT B3I NS5 DE
BPENIZHEBETIIR WL LT, AHOPTZENS DRRMEDOAZIESET 2 2 & THIZE/LZM -
7. —HTATP %, Z 5 U= B e B D 32 4 1, #5602 B 1 el 3 2 HI TRER S -
DTHB. ULIPURPS AL M & 2872 H MG (AT, B HlEn 2 52 9) OIEH% ATP
ERAVWTHAAMER, Z0F FTIRIHTERWEFRPIRE I ND Z DAL -, 2 s O E
EIRS B 7D I lB i A fER T B Z L WS, RSSO HNTH 5.

1.1 B EEIHA

H &) BEEERA (Automated Theorem Proving BAR, ATP ¥ 50 97) & i, sl OB > T, IE
RNBHEROBMAL 2R A D DT TH L. ZORBHONL—VIL, 7L =72 FEOHRMEE LTHE L /-
WASFEZFART 2B O DFEHAREL D M4 TH % Begriffsschrift! 2 FAFE U 72+ Sutttfd ok v
WIZEhDIESL. LU, 79 MZE D IV =T DYV AT ANR—EBELTVWAREWI 2 RTNT Ky
A (HEZ2EERVWES2EROELEDTFE) BRAI N, T v IViER, XA THERZHEDOWT
MEDY AT L%EFZEL, [Principia Mathematica] (2T, ZNAFZDOEMEL L TED L 5123
DERUTZ. ZFDHE, V)L MIEAREGRCELGR R L OB FOMm il sb L7z TR
& THEgRHIAL) o s THEAWKRR] L UTERTAZL2BELEZ. ARERIZBVWTIE, &
SEREERL O ERDMHESR IR AN & o T I NS EHEEHHIZ B W TEH A4 DR D EH AW &I,
AP SBEHINEIHEEZZDBZ L TH 5 [1].

HEDORFHIZ 27 61E, HE2 R BT THI WS HRNZRGEILEZ AF L, Zhi2HEon
T A>TV WO H 2 TS L5 REDTHS.

il & E OB S D0, B & OF KIS T B AL L FFHOBES OB, LY AT LR
FBID-DICHHAINTER2 BN EE RIZLTWA. FHIZ, IV N ORIB L 72 1K%
&, AN 23R A T T THRADPETHS | LWHHBEEHETELEDTHS. 2D &
S ERMN TR, W 2T 3 ETHD. 2720, AHIZB I 3820 HMRHHIZ L > T, @
FERIZHAED E U TWARWZ & 25 IE Lt i S awn, HSES ICHIIZ RS0 T
B, TAIEB Z2MES ] L Vo EREERDHBEA, TOEBITIEZ K DMV BEIZRS Z L2%
WO E D, EAHMOESIC I FEAEELSBEND B [1).

%< D ATP TERHAINTWAFIEIZ, IRE I NEHH» S AHIZ [ > THHEIZIE¥ET 5D,
NEEM S BHIZM D> TIEAMIZIERET 20D E L ONIINFETES, 2o DMASGHLEIZ X
O, EHELIHDN RN LT Z L 2T 2DIEEARI L THS.

!concept notation



1.2 &R

AEHTIE, D XS RMED ATP THRA DD %2 5RT. LTIZ ATP D—2TH 3 Isabelle 12 &
LETBHOBITH 5.

theorem
fixes ’n”::"nat”
shows ”odd (n"34+n"2+1)”

proof
assume “even (n"3+n"2+1)”
then have ”odd (n"3+n"2)”’by auto
then have ”odd (n"2*(n+1))” by auto
then have “odd (n"2) A odd (n+1)” by auto
then have ”odd n A even n”’by auto
then show False by auto

ged

Zik TEHAE n (Isabelle TIX 0 B HABIZEEND)IZDWT 2 +n2 + 1 IXHHTH S| &
WS MEDGEHZ1T> T3, 4 f7HD [proof] PARHFERROFEHHMFE L 722 D, KAT DO RERITIRD
LD B.

e SHTH: Mm34+n2+1 2B THS] T2 (HHIEDIEE)

s 647H: 34+ n?) X EBTHS 34 n?2+1] 251 %25\\W2HDRDT) GFMTHD

e TH1H : (BHZILERE n2 TKLKOHUKE) M2x(n+1))] BELHFHTHS

o 817H : (BN TEE 222 DIFHBHEGFBDOGADHARDT) n?) |, In+1] »IcHHL LS

e 91TH : ( Tn2] DHFEBUZRZDE n BERDIBETH Y, In+ 1] DEBUTZR D DT n HME
BDGERDT)n 1ZHHTH O 2 DEHTH S

e 10f7H : OTHD &5 n IFFEELRWZ0D) FEVENPNT

o 1117H : iM% T

MDES>REEGEB) FIE2H->TIESNEXEZZ 5.

o« GHBRBOLEHRLIHA

o HE AREE A D), = (F25I1),V (TRV),IUFE) 2 E0@mis 5

(7277 UEBIIER 2D LT )

Hle LT, Ive.2?2 >0) &FEFE, T2 TOEK IOV T 22 >0 28KTS. ZDE5%F
ETETLINE, CITIRMRICRXERERIL LTS 22T, EARRI QIZOVWTEH, IRDZ L
N AIRVASS

s PIRIREFV,IZEETHRVUILILTE S (REFIRE)

s PIFETH D — ¢ ITEFAKD AR RCFE 2 5T E % (522

o O WENE D DIIBEMIIHIE T E 5 (REAREME)

WZIZ, 2D E DR R UZDOWTIXEHBGREHD H SREEAEST 5 Z L3005 (7ZLERD
AR A 2 12, G Y — B FE BRI NS 2 B3 H %) [2].

1.3 REFFRE%MW/ZEEH
ATP 12 & BB FIRED Pl e RT 720, KD & 5 A EZ 5.



Vr.P — @
P —Vz.Q

X, T2 TDEB2IZDODVWT PARONIDEEQ BV DBRSIE,PARKDIDE 4
TOEK 2 IZDOVWT QMO D| 2EWRT 5. ZORME% Isabelle FTERHTLEUTFDES
272 5.

lemma ”(Vx. P— Qx) = P — (Vx. Q x)”

Isabelle 12134 < OHEZRFRAIDEEE L U THARENT WS, TDO—#%2 A FIZRT.

e impl: (AP = 3Q) = IP — 3JQ
e alll : (Ax. 3P x) = Vx. 3P x

e spec: Vx. dPx = JP %x

e mp: [3P — 3Q; IP]= 3Q

Isabelle TIEINOHZIFBET S L TRETFHREZITOBREZRRITLILNTES. 20
FaE » | B EAET R ORME (sabelle Tl subgoal (RIFILDEIFE) L RREINDB) ZLAFITRT.

lemma ”(Vx. P — Q x) = P — (Vx. Qx)”
apply (rule impl)
apply (rule alll)
apply (drule spec)
apply (drule mp)
apply auto
done

WIHPIREE : 1. Vx. P— Qx =P — (Vx. QXx)
[ZETODEH 2 IZDVWT PAEVNIDEEQr BRIV MIDHRSIE,PRKDIIDLELTOD
FEHz IZOWT Qa MY LD

[== s

e impl 172 : 1.VX. P—>Qx=P=—=Vx. Qx
[ZTODEH 2 IZDOVWT PAEVIDEEQr BRIV DBSIE,PAKD DR SIELET
DEB 2 Z2WT Qa DY ILD]
o alll ET7# 1 1. AX.VX. P— Qx =P = Qx
MEEOEB 122V T, 2 TD 2 IZDOVWT PAEVIDRSIEQe bR IDLE PO
BOIMDRSIEQx DD LD
e spec EfFE: 1. AX.P=P —Q(7x4x) = Qx
MEEDER 2 IZOWVWT PORROEDHRSIE,PHHEIIDEEQDHz41Z 2 ZRALE
EDOWEONDHESIEQa AERD LD
o mp Ef7t4
I.\Xx.P=P
2. X. P=Q(Mx4x)—Qx
MEEOEMz IZDVWT PAEOIMDHRSIE,PAEVID]
MEEOEB 2 IZDODVWT PBEOMLDERSIEX,Q DH24 2 2 ZRALZE DMK ILDA
S5IXQx RO LD]

R DMEDPRE T2 EERV_DORENE SRINZZ EPHERTESL (ZhEN [P=
Pl,Qx=Qx] EEWHAONE-D, ELIZIFHIET T 3).

LRI S, FEHOFPA D AT A 5 REIEZ < v, BT CER) PR, £EENEHICHK
A THO THHERMZIZ NN T 5 WA 5. — AT, RXOSEEICIXME~DBEARE 0, 1,2, ...) X



HEEFNTVWEEOD, TSNS [2TOHRKIZOWT] 2ERT S Z I3 TE W (BFEERE
WAV —ZRFETIROBERBUZIED D). TBE ® TE£E8] —RIZOVWTHFAKTH 5.

1.4 EFHIEIE%Z B\ CEER

WNiRERTER z, 9, 2 CRHUT, ERZRTERX, Y, Z 260, e R X ITETS] 20D
BEikE A E2HWT lze X OLSIZERT I LT, RIEFOESSZHWSZ L E A HETH
5. 72X Tn BERBTHS] Z2iF VX. (0 XAVz.(z€X o +1€X)>3neX)]
LEIRBFINDVE®RTZDIE, 0 2E8A+1LIZOVWTHUTWAEALRES X 2 n3ET
%) X OERIZKRET 2705, [BEANRNEEZFZ 2 D0 EHRKE] L5 (2]

Bl UT,E 21 U EOBERBTH S L &,2°% >n] % Isabelle | THEEMIRHNTEZ FIW
TRET B8k 2 L NITRT.

theorem

fixes n :: “nat”
shows 2"(Suc n) > Suc n”
proof (induct n)

case 0

show ”2%(Suc 0) > Suc 0” by simp

next

fix k :: ”nat”

assume “2"(Suc k) > Suc k”

then have ”2*2"(Suc k) > 2*(Suc k)” by simp

then have ”2°((Suc k)+1) > 2*(Suc k)” by simp

then have ”2*(Suc k) > ((Suc k)+1) = 2"(Suc (Suc k)) > (Suc (Suc k))” by simp
then have P1 : ”(Suc k) - 1 > 0 = 2"(Suc (Suc k)) > (Suc (Suc k))” by simp
have P2 : ”(Suc k) - 1 > 0” by simp

from P1 P2 show ”2"(Suc (Suc k)) > (Suc (Suc k))” by simp

ged

Isabelle (21 0 % & 4 HAREX (nat) HEHERE SR & U TRLAIA ENTW A (Suc n i Isabelle D HR
Bnat 282 n+10R). 2L, FFHALZWHBEIZHE LT n =1 OBE&%2HL, KT n=k
IZDOWTC, ZOMENEH D LD LW IREDIG, n = (Suck) TEHY DI L ZFHT 5 &0 5 K
& HARR LB ENIRINEDIE N TH 5.

ZERAER 43 (4 47 B proof (induct n) BAR) D EATOERIFIRD X 51272 5.

e 417H :n IZHET BARMIEDMHHAEES

e SIFH :n=00¢ & (MEFDn NET (Sucn) THE72D,n=1DZ2EKT D)

e 61TH :2°1 > 1 IXHHA.

e 7.8,9fTH : IRIZn =k IZD2WT, ZOMENK D LD LIRKET S
(CAF, flfHD 728 Suck % k £ EX)

e 10,11 /7H : W0z 2 2HNT T A0 % 5

. 1277H
. 13770
. 1477H

« 1597H :

« 1617H

2%k >k4+1725En=k+ 1 IZDOWTa@EINED LD
C(ELEBELOE-1>0%m0En= F+ 1L IZDOWTHEI KD 2D

ck—1>01Z8H
1314 7HE D, n=k+ 112D\ Ta@ED AL D 37D
D REHASE T



FEZHOTHEEERT, B LIBHRBRAREZESIZLVERT 2 FRERADOEDTH 5.
OWTIE, LR THIR L R XTIRESZ TRIBABRWI ERMEE WA 5. 2L, BEITH
JIGTE D EDIZSFEOHIRZAAD &, TNE TRILS N T W HE D R W ER E’J@E (BE$¥B?
% - e - PERRENE) X2 b E b Rb s 2L & B 2] THUE ATP OFLRIT B\ T [HEEAR
AR TH 5.

1.5 FEDESZR% A VEEHA

RFERDH D VFREABETH > CHHFRIHPRCHEHATE LWV WIDIFTIEARW. fle L
T, Isabelle EIZHRiE D ZIHBIGR 28 72 ITAEK S kT2 R 7.

locale Rule_1 =
fixes Relation :: ”term = term = bool” (infixr “[#]” 50)
assumes rev : [P [#] Q)= Q [#] P”
and trans : [P [#] Q; Q [#] R]— P [#] R”

UL, B2 5 2 7 T IHR O] S D DEAFRIZ DWW T, MR (rev), HERSAE (trans) % 5- 2 B kkF
TH5. ifHERAOERNTREIUTD L 5124 5.

P[#]Q P#]Q QI#R
Q#P P [#]R

I THEEE S A TITHB RO AZT AT, HOKND XS a—HiBfToOBREE#RT
H5ZEHHEETHS. 205 2 WIatH OB %2 LA NIZAR T,

theorem (in Rule_1)
assumes P [#] Q” "R [#] Q”
shows "P [#] R”
proof -
have ’Q [#] R” using assms by (simp add:rev)
thus P [#] R” using assms by (blast intro:trans)
ged

BATDERIZIRD K 127225,

o 117H : WEL DB & FERL L 72 —IHBIFR (Rule 1) HHDES
2,347H : fRE LFEIA U 72\ &G ([P [#] Q; R [#] Q)= P [#] R)

o 417H : GFHHBAMA

o 517H : I (rev) D, IKE R [#] Q) 25 Q [#] R HEIT 5.

o 617H : A (trans) & 0,5 THB L CIRE (P [#] Q) 7° 5 P [#] R AV E T 5.

o« 747H : FEEASET

FHEEIZB VT, D R XTRITE S &5 il A% — R sEiml, AR VWo 7z
EADOMREBMU, 2NAEAEL 26 D% “ERFERE LR, 2 s 3ER e Bz s, |
THE - L BHELRONELETH S [2].

e RTOFZ Y WO X2EH TE L8R IHRINFET 5 (5eeM)

o RTOZYN RO X 2B TE Z%RTIHRIIFEL W (FEek)

—HEB LN EORFEGREE (FRAFEERE) O ATP £ PId 5 2 L IZ DWW TIERAIC

RITBETH B . F D7 DAY T [sabelle/HOL % FI\N T — SR ZESH T CHEAA T & 2 #1558 8 ]
FOMATEERT.



HEFEHICB W T THECHOAEZIREL TRAEEFETEIL2RT] ZLPETH
2HENL V. e 2 TR P75 Q 2fEmL ThWv] WO EHOGHZ B Lz &, %
DHEL LT FHEP 26 -Q ZfFmLTE V] ZIKELT, INHRHEFIEFT 5 L 2RYE
FEWZ &z b, —THEGHD Vr.g(x) 26 ¢(t) 2L TEIWV] DLDIZkhd e, Z0
BRIZRLUTED LS4t #EARNIFFIZRETE 222 EITI AW [2].



2 EHEFIEAER

BiEi Tt 72 Isabelle 2 &4, ATP HBE2FRio 7=V 7 b = 7 %2 — I EBEFI A Bse s L <
IEEMAIH YRR IR (3], 2N ORI NZERITIE, ABDBBWHBEOHHE I Ea—
RERAWCTIT > BFOHHOM AD TIEL X % B ﬁﬁbf<%éﬁﬁﬁﬁbahk_
ERFIFoND. EFHEEHEZERDO P L R BT (=N LV D) NI\, ZTDEHZIZ
Th3H B AR IMEL, 2T NABRPENREOR WA 2R CEEINZAMTH S DT, IE
M S T2 RERM A ELR NI BT DRI N T WS, LB LR S, TOE WM & EiEME
D—FT, AEHDOIER DB, TRTOIHFRE 2B EMEL R niER s nwe W HES
WZxTW5 [3].

EMREEIH S B R T, NEEIICEEH 2T 5. EEGEHXERICEENS YV 7 by = TI3E%
BT E:0, F0N6M4DY 7 M7 27 IZO2WTHLWERIZTHLEWL. ZITIEFOHTH
FRZBIE =YD < BEATIIEDO N R & 72 > T\ 5 EERGEIH S 5852 Coq 2 HZ, SEHH D FERE
RBZERT.

F 7 MIZ B ARBFFEDMEFETIL, £ < ORI FHRGEIZIE T 6 L WhONAEETY 7 b v o
7 GeoGebra % AW/ ZFAA % #ET L 72 [4]. LD U GeoGebra (&2 —H AN U 7z FAFFAPIRIEIZ 03
A IIENIZBERE T 2 — A T, 5 A 75 U THIZEBDHETRETH B & v RIEIC
WEAMETH O, /A BIAEHOFEIIZEA L THVWHAE D Y&Jbﬂé EAVHIBHL 7=,

2.1 Coq

Coq X GNULGPL 71 2 VATERAINT WS 7Y =Y 7 M7 =7 TH5. Calculus of con-
structions(ZEFERR) &\ 5 ERERL > 2 5 L (Thierry Coquand & Gérard Huet % 1984 fEIZAIBA L 72 %
DT, TEETIX CoC LMEET Y AT L% Coq IZED) IZH DI IEUVWEEHIZIEL K BHBDL T A4
ﬂ‘ﬁf?)é EWVWIHY ==/ — RREENEZFHLUTWSDT,Coq DIEH S EEIZEIfT & T 4
REBEO—FTH 5. 1991 F LA Coq 23T\ 5 Calculus of Constructions D 2 f |, Christine
Paulin-Mohring 12 & % % @ T, RN L % B4 4, Calculus of Inductive Constructions (CIC) &
WA ZRIDIDNWT WS, Coq 12 & DIER I NZAARFEIIZI, MEEE (2004 F) », 7= b -
b TV Y DR (ABAEUER) (2012 4F 9 H) 7 EAMFEET 5.

Coq IIBAMNRER, EITAHER TN IV ALB L TERIZOWT, ¥V VY TF v 7 IN/-E
B % B ERCBESE, sl 9 A Z & 2 HIE LT W3 [5].

Coq TlE, FTEHD AN > THHO T A DBEE 5. RIZL— ﬁ‘?b‘uiEWﬁ@Z? DA N0
FLRZED, ZOFHDORMIDAT Y T2 ANTBE L, 52D IT =)WMD EL F2DDHF 778 I —
IHRREI NG, 2—FIEZTNSDT—)UIZ ﬁbfx&U7h®£ﬂ%%i5 ZOTak A%
WY Z & TEBRERCAE DIER AL &, IRA&HIZ —»#ﬂb@<&5~%®ﬁ£f£%#m7b
V7 bz T & BREEDMS L.

2.1.1 Coq fERHAI
IR IZ Coq 1T & B 72 GERHGI 2 R g .
P Q P

R Q P
R

N, TPBXRU QMO VIDLEIT RPN S, PDHEDNLDEE Q DK NLDHRS
W, PO DL E RV D] 2EKT 5. ZORMEZ Coq D ETRETHLLUTDLSIC
R5.

Lemma testl (PQR : Prop): P->Q->R)->(P->Q)->P->R.
intro HI1.



intro H2.

intro H3.

specialize (H1 H3).
specialize (H2 H3).
specialize (H1 H2).
trivial.

Qed.

Coq IZIFREHIHT DFFE U 72 AT TOMITRILZ Fon S DHEREVFET 2. fle LT, ERIOA
J1447H Tlintro H3.] & CHET I LA OREETRRIZATO L S ITREI N 5.

1 subgoal
P, Q, R : Prop
H1:P->Q->R
H2:P->Q
H3:P
(1/1)

R

FERAE R Z HI#H (subgoal) 25 1 D ThH D Z &, A P, Q, R DEIZ D\ T (Prop IZAEDE), A
S (H1~H3), 2 U TRl EI T R E @& R (= True) B ZNZTNRRINT WS, ASI 51T
H [specialize (H1 H3). (&, TH3 % H1 T#{LT 5] W5 a<v > RTHO, ZNIZ k> TIRD
HEFRIEUATDO X 51274 5.

1 subgoal
P, Q, R : Prop
H1:Q->R
H2:P->Q
H3:P
(1/1)

R

(PBLO QWK NDEEZIZ RHVED LD L\WWIHEIEEHL A, [P D] WS
RH3IZED, TQHWRONDEEIZ RPN D] ITEE b 572 AN 6,7 F7HTEFEBRIZHT

ROFEIMWMZVITOND.

1 subgoal
P, Q, R : Prop
HI:R
H2:Q
H3:P
(1/1)

R

AJ1817H Ttrivial.) 12 & b, Hi$E & subgoal DK ToN D, S DEE, Bite Hl A Zh g
—HU, £22NICL DL TORIENRRINZZE T, AFD LI REXRIIYIDEFEDS.

No more subgoals.

AJI917H Qed.) IZ& D, M T. 2O &SI, G —ITHBOETRNEZEETEL I L

M,Coq DR ELFHMTH 5.
F 72 Coq IZ % Isabelle & [FAIRRIZ, FEE DIHBMRZ Hi 72 1T EHR T 2BEEVFIET 5. Z 2 CTldbhig
D%, Tk Uiz e 2L I__]LQIEB@M%J:U‘FEJK’E Coq D RIZEET ST 2.

Inductive Relation : Set -> Set -> Prop :=

10



| rev : forall (X Y : Set), Relation X Y -> Relation Y X
| trans : forall (X Y Z : Set), Relation X Y -> Relation Y Z -> Relation X Z.

Notation ”( X [#] Y )” := (Relation X Y).

Lemma test2 (P QR : Set): (P [#] Q) -> (R [#] Q) -> (P [#] R).
intro HI1.

intro H2.

specialize(rev R Q).
intro H3.

specialize(H3 H2).
specialize(trans P Q R).
intro H4.

specialize(H4 H1).
specialize(H4 H3).
trivial.

Qed.

Inductive 2* 548 F 5 =71 12— EHRD “JHRAREZES B TH b, [EFL D Notation SCIX LA

DANBLORREGLTEH-DDOESHMI 2IERT I TH 5. Lemma 7 S8R F 5 EEHA % B
REMDHFEAAA B 17H, intro H2.) F TETLUDRENUTOL 51245,

1 subgoal

P, Q, R : Prop

H1: (P[#] Q)

H2: R[#]Q)

(/1)

(P [#]R)
AFETCHERLUZESZSOMHHZ2EE L TWVWA. ZIZTHREINT VB ES rev I ZMHD T Set

ML TS (EEA) BB THE-D, ZITIEZDOFHNTERIZEREINTWS Set £ R,Q
ERELTVWS. ZORMTOHRNALITD L 51274 5.

1 subgoal

P, Q, R : Prop

H1: (P[#] Q)

H2: (R [#] Q)

(1/1)
(R[#1Q) -> (Q [#]R)) -> (P [#] R)

ZDEIITCoqi3fEEINAEREEBIZL > TEHEH I N HGRZIEHT R E@MBUTIA

5E5HIEBENERES. TDROEL SITHT, HUIMA SN/ ZD—X 2 ik LT
WO THAAFET NS,

1 subgoal

P, Q, R : Prop

H1: (P [#] Q)

H2: (R [#] Q)

H3: (R[#] Q) -> (Q [#]R)

(1/1)

(P [#]R)
6 fTHIFEDFEMHAITH R U2 K 512, Bt H3 % H2 TRMMEL TWad. 2D X 512 U THFR

11



E(rev) Z2MHE & UTHRDM SO ZIHBER%E Coq LTS 22N TE 5.
T~10 17 HIZ 2 & FRRIZHERE A (trans) 2 T 2 —HOENTH 5. 8THE T, BLU 10
THF CETIEZRRNEZ ZNENLLTITRT.

1 subgoal

P, Q, R : Prop

H1l: (P[#] Q)

H2: R[#] Q)

H3: (Q [#]R)

H4: (P [#] Q) -> (Q[#]R)-> (P [#] R)
(1/1)

(P [#]R)

1 subgoal

P, Q, R : Prop

H1: (P[#]Q)

H2: R [#] Q)

H3: (Q[#]1R)

H4: (P [#]R)

/1)

(P [#] R)

ORI & R TR HA LR R E A — B L 7272 &, BABED trivial 3UIT & O GEID
wrInd.

2.1.2 Coq R4

INFETOMEL LT, Coq & Isabelle #H\WT, 2—2 U v NEG [6] OEH % ZEHH T 5 158
EREUE. FOHMIXATP IZB135 7075 I Vv JOHETH 5.

Z Z T, [6] D Bookl DE 12 525N IZEWT, B2 S5NZMOITEL WED %
DBl EXNHRET S (ME 12 OFERICIE, Ak 1.1 OFEIAE, HEMHE EDMIZET 5
EBVDRESLD, 2 ZTIZEWT ).

RO, MBI OMN 2RI EEDOEHEETD.

Definition Point := nat.
Definition Line := Point * Point : Set.

Point IZ HARE—D2 DI Line 12 DD Point 55 EE L WO TEZE I NS, Line AGRS
A)ZEBLZEEStAB LT “snd A TEHL, M0 A 2B T2TNTNDEEIRETE S.
BT, H-IcEH LU BIICET 2B EE T 5.

Definition LPL := Line * Line : Set.

Inductive L_eq : Line -> Line -> Prop :=

| L_ref: forall (1: Line), L_eq11

| L_rev : forall (11 12 : Line), L_eq 1112 -> L_eq 1211

| L_suii_1 : forall (111213 : Line), Leq1112->L_eq 1213 ->L_eq1113
| L_P_rev_1 : forall (p1 p2 : Point), forall(l : Line), L_eq 1 (p1, p2) -> L_eq 1 (p2, pl).

4O EGHEIZRTLT AL, UTDOLSITR 5. LTFTIE, A LEAB 224 <H4S AB &
AB ¢ X T 5.

o L_ref: AB = AB (JKii7E)

12



14.

e Lrev: AB=CD 7 53 CD = AB (XfFrf)

e L.suii_l : AB=CD #»> CD =EF 7 & ¥ AB = EF (#t#1#)
e Lprev.l: AB=CD % 51X AB=DC

FARIZ LT, BERANHEAZBEKE LTERELTWVL.
Definition LPL := Line * Line : Set.

Inductive LPL_eq : LPL -> LPL -> Prop :=

| LPL_ref : forall (Ip : LPL), LPL_eq Ip Ip

| LPL_rev : forall (Ipl 1p2 : LPL), LPL_eq Ip1 1p2 -> LPL_eq Ip2 Ipl

| LPL_suii_1 : forall (Ip1 1p2 1p3 : LPL), LPL_eq Ip1 1p2 -> LPL _eq 1p2 1p3 -> LPL_eq Ip1 1p3
| LPL_trans_1 : forall (11 1213 14: Line), LPL_eq Ip1 1p2 -> LPL_eq Ip2 1p3 -> LPL_eq Ip1 Ip3.

Definition LPL trans_2 : forall(11 12 13 14 : Line), LPL_eq (11,12) (13, 14) -> L_eq 11 13 -> L eq 12

LPL I3 0 +8 0 O TH 5. SEBEEMEIZEKLT DL, UMD L 51245 (BT, 4 AB+

#4> CD # AB+CD ¥ £ %).

o LPL_ref : AB+CD = AB+CD (/< 5 ).
o LPL_rev : AB+CD = EF+GH 72 513 EF+GH = AB+CD (W FR£E).
e LPL_suii_1 : AB+CD = EF+GH %* EF+GH = J+KL 72 5 1Z AB+CD = IJ+KL (H54).

e LPL_trans_1 : AB = CD %2 EF = GH 7% 513 AB+EF = CD+GH.
(F#D Bookl AH 2 FELWEHDIZELWHDOMMA s, 2KRIFEL W] & D)

LPL _trans_2 : AB+CD = EF+GH /> AB = EF 7 5 |¥ CD = GH.
(F#®D Bookl A3 IFELWVWHDRSFELWVWEDROLNNE, D IZFLW] &)

DABE, LPLeq 2MFETE 5 X512 L THK.

Notation ’(x [@@] y )” := (LPL_eq x y).

FEHlIC e %, i 11 THEX SN D LIZIE=/ARE 252, (BAoNkHR

DM, ZD2RENETNEBSZILTE=ZMARLRE L5582 05<2) %, ZITRUTO LS 7%
EFRE LTEET 5.

Definition def Prop1_1 (1 : Line) (p : Point) : Prop :=L_eq1(fst1, p) /\ L-eq1(snd I, p).

“Fi5r AB LR P A 1.1 OBIfRIZH D LIX,AB=AP 2*D AB=BP TH 5" £\ NAIZ
8o TWE (FEOFEHIZ B EZREHFOAZKEHLZETH B).

ZIMOREIHIZAS. £TIFHOTHE 12 DNE%ZRT.

MBE12. 525N HIIBWTEZ SN E L WG E DB L.

-

al.
a2.
a3.
ad.
as.

i

=

;e

Hzonlm%x A 0% Bl L9 5.

35> AB O _REIZEN =4 AAB 22< 5 (fidE 1).

AA ZIERE U THRI> AE,AB ZER U TH#D BZ 2 2 Z <.
HFODB, PREBL 26> THEHE,BZLDORKE HET 5.
FDACEREAHZE > THERE, AE L OR A% A 2T 5.

HA

13



1: a—2Y vy NG i 1.2

Pl. a5 & U,AA = AH (AA+AA = AB+BH).

P2. a4 £ Y ,BH=BI. & > T AB+BH = AB+BI.

P3. P1P2 £ 0, AA+AA = AB+BI.

P4. a2 £ v, AA = AB.

S1. P3P4 £ Y,AA =BT.
- S1 &V, HAIZBWTHS BLIZE L WD AL B3O 5T W5,
INSDREL LUK EZ Coq ETREULZHDIPIRD L 512725 (X 2).

Variable A B A T H A : Point.
Proposition Propl 2:

def Propl 1 (A,B) A ->

L_e'q (E!I‘) (EIH] -

L_Eq (ﬂ'!H) (-"—"lrﬂ-] -

LPL _eqg ((A,A), (A,A)) ((B,4), (B,H})) —->
L_=qg (B,T) (A,1).

1 subgoal
sl, s2, s3 : Line
rl, &2, B, A, I', H, A : Point
HO : def Propl 1 (A, B) A
H1 : ((B, T) [@] (B, H))
HZ : ({a, H) [B] (&, A))
H3 : ((&, A, (A, 1))
[@@] (B, &, (B, H)))

((B, T) [B]1 (&, A))

2: fRESB L i %E Coq TRELZHD

HifE 1. AB @ FIZE 0= AAB 725 ADBDL 5NTW5.
HifE 2. BI'=BH.
Ai$E 3. AH = AA.
HifE 4. AA+AA = BA+BH.
fhEm. BI = AA.

14



(T—=7 1 ¥ Rk intros. % 247 L 724K A8)

HO 32 S ORHETH 5. ZD & D RHiRIL intros. TR I NWzd, LFDa<v v
KNEHHT 5.

destruct HO.

HO : ((», B) [B] (fst (A, B), A))
H4 : ((&, B) [@] (snd (&, B), A))
H1 : ((B, T) [@] (B, H))
HZ : ((a, H) [@] (&, nh))
H3 : ((&, A, (&, L))

[BE@] (B, A, (B, H}))

((B, T) [B] (&, 1))

3: FiE DA Z AN R - DDER

3D &SI, itk HO A3 2 DO 7= 2R HO, HA I R X N7z, IRIZ, 8 DE S Ha 2 D &I ZHT
P2 HO Difiidx AN X 7-hife 2 ERT 5.

specialize (L_rev (A, B) (fst (A, B), A)).
intro.
specialize (HS HO).

KIFRERIZ 72 5 E FBE Lrev IZHTHE HO D5 “(A,B)” L “(fst (A,B), A’ =48 L, BN
N-HHEHS 2 HO CEE#z 5.

HO : ((A, B) [B] (fst (A, B), A))
H4 : ((A, B) [@] (snd (A, B), 4))
H1 : (B, ') [@] (B, H))

H3 : ((A, &, (A, 7)) [@GR] (B, A, (B, H}))

(
(
(
HZ : ((a, H) [@] (a, A))
(
H5 : ((fst (&, B), &) [B] (&, B))

(1/1)

((B, T) [B] (&, n))

4 BMENiHe e ES A D

EFEN =12 12=11", §i{E “AB = AA” L b, 5742 H5 “AA = AB" D ERK X Nz,
RIZ, HiTHE HS & H4 % Line D#EBRIZ Y TIIDEZ L2 FE R 5.

specialize (L_suii_1 (A, A) (A, B) (B, A)).
intro.

specialize (H6 H5).

specialize (H6 H4).

FE B Losuii_1 (2 H5 & H4 D51z 77E, BT N-fifg H6 2 ThEnefiie L TH S
Z5.
TFHEN=12—->12=13 =11 =137, §it¢ “AA=AB”,“AB=BA” & 0, #7787 H6 “AA =BA”
NERI N,
RIZ, HifE H3 & H6 % LPL OEHBEEIZ U TIZD 5.
specialize (LPL_trans_ 2 (A, A) (A, A) (B, A) (B, H)).
intro.
specialize (H7 H3).
specialize (H7 H6).

TS LPL trans 2 12 H3 D[ Z457E, BN /-8 H7 % H3 & H6 TE S 3.

15



HO : ((&, B) [@] (fst (&, B), 4))
H4 : ((A, B) [@] (snd (&, B), A4))
H1 : ((B, T) [€] (B, H))
HZ : ((aA, H) [@] (A, R))
H3 : ((A, &, (A, 1)) [@€@] (B, A, (B, H)))
H5 : ((fst (&, B), 4) [€@] (&, B))
H6 : ((&, &) [@] (B, A))
(1/1)
| (B, T) [B] (A, 7))

5: Fr 7= IR ETHR D Ak

HO : ((a, B) [@] (fst (&, B), 4))

H4 : ((&, B) [@] (snd (R, B), 4)})

H1 : ((B, T) [@] (B, H})

HZ : ((a, H) [@] (&, n))

H3 : ((A, A, (A, A)) [GGR] (B, A, (B, H)))
H5 : ((fst (&, B), 4A) [B] (&, B))

He : ((A, A} [€] (B, A))

H7 @ ((&, n) [€] (B, H))

(1/1)

((B, T} [B] (&, n))

6: B e At & Wl O FH Sz

EFH U2 =13+414 — 11 =13 — 12 =147, §i#2 “AA+AA = BA+BH”,“AA = BA” & b, ¥ 7= 7250
2 H7 “AA =BH” DMER S N7z, RIS, BOEE X DA, §ift Hl Ol E ANz 5.

HO : ((&, B) [@] (fst (&, B), A4A))
H4 : ((A, B) [@] (snd (&, B), A4))
H1 : ((B, T) [@] (B, H))
HZ : ((a, H) [B] (4, A))
H3 : ((&, A, (&, 7)) [@GEB] (B, A, (B, H)))
H5 : ((fst (A, B), A) [@] (&, B))
HE : ((A, A) [B] (B, A))
H7 : ((&, 7) [B] (B, H))
HE : ((B, H) [B] (B, T))
(1/1)

| (B, T) [@] (&, R))

7: H1 Ojd AN 2

I, HiHd H7 & H8 % Line OHERBAL (Lsuii_1) IZH TIIDH 5.
BRI, 2 A HO IZ&bE - IcESTmZ 5.

apply (L_rev (A, A) (B,I)).
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HO : ((&, B) [@] (fst (A, B), A4))
H4 : ((&, B) [@] (snd (A, B), A4))
H1 : ((B, T) [B] (B, H))
HZ : ((a, H) [@] (a, n))
H3 : ((&, &, (, n)) [€e] (B, 4, (B, H)))
H5 : ((fst (&, B), 4A) [€] (&, B))
H6 : ((&, A) [B] (B, 4))
HY : ((&, p) [B] (B, H))
HE : ((B, H) [B] (B, T))
HS : ((&, n) [B] (B, T))
(1/1)
4 ((B, T) [@] (&, 1))

8: HERBRIZYTIED D

HO : ((&, B) [@] (fst (&, B), 4))

H4 : ((&, B) [@] (snd (&, B), A4))

H1 : ((B, T) [@] (B, H))

HZ : ((a, H) [@] (4a, A))

H3 : ((&, &, (&, n)) [GG] (B, 4, (B, H}))
H> : ({fst (A, B), A) [@] (&, B))

He : ((A, a) [@] (B, A))

H7 : ((a, n) [@] (B, H))

HE : ((B, H) [@] (B, T))

HS : ((&, n) [@] (B, T))

(1/1)

| (&, 1) [E€] (B, T))

9: LA D& T

HHEDOHIZHEER E BT % 5 DAEN- D T trivial TREIEHEHZK X 5. £ TORIEN G X
N7=DT,Qed TilHHEZKRT T 5.
BB, FEHDO & XX ERT.

Variable AB AT'H A : Point.

Proposition Prop1 2:

def_Propl_1 (A,B) A ->

Leq(B,I') (B,H) ->

L_eq (A,H) (A A) ->

LPL,Cq ((Av A)’ (A5 A)) ((B’ A)» (B5 H)) ->
Leq@B,T') (A A).

Proof. intros.

destruct HO.

specialize (L_rev (A, B) (fst (A, B), A)). intro.
specialize (H5 HO).

specialize (L_suii_1 (A, A) (A, B) (B, A)). intro.
specialize (H6 HS).

specialize (H6 H4).

specialize (LPL_trans_2 (A, A) (A, A) (B, A) (B, H)). intro.
specialize (H7 H3).

specialize (H7 HO).

specialize (L_rev (B, I") (B, H)). intro.
specialize (H8 H1).

specialize (L_suii_1 (A, A) (B,H) (B, I")). intro.
specialize (H9 H7).

specialize (H9 HS).

apply (L_rev (A, A) (B,I)).

trivial.

Qed.

2.2 Isabelle

Isabelle 1Z, L H TV TV wIRFEL I a VAV TRIAETHIEINT V=, Isabelle 1Z AT
IR F B2 HHT A D ARETH O MER LR LHHEZEL 0S8 T7 71
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(thy 7710 %, XA Ty b R¥aiy b @A, i) 2 BEIRIZERTE 2 LaTeX V — A2
Wi BT L 2 REE T ABRBIEMSIRME X N T W B, Tsabelle 1213, #1558 (H 7 ADF 5 H#
ROIERNZR L), 438 (MRER O MEE, EEEEL, F547), AE (Sylow DEH F T), £470 (Sylow DEH F
T) ¥, ERITHGEE I N BEOKIFBERHEHR A T2 UBMBELTWS [7]. £/, 8FEEV 7 b
VIV T ) IOMGIZHKT B, RO FR I NIMEEIE 2 ARY A1 b (Archive
of FormalProofs [8]) 2 S EAIGETH 5.

Isabelle DFELHEHNZ DO W TITRTEIZTRLUTE 24, 2 2 TIREKT 3.

Isabelle & Coq Z NV ENDFEHIFEHEIZ B 1T 2 IADAERI, Wz ES IO —HF A
Zh TR NS EHTHB.

Ho~H, D&MEPS A LW S fiRzEE T & &, Coq DLEIXEHT 5%M4H, BXUH; %
L, BELUMHEEZBRTEILT, VI ZTOMMOFERE U TR A 2IE T2 212
A

— i T Isabelle DE&, MO fE £ TIRILE (5 R3EHTHNITIBE DAL AIRE) TH S
M, ZDBI—FIIRD DM A ZEECL, TN TITHELZHAE» S T E S HE L0 e
WHMWEY 7 vz 7 AmghkbEEimoTW5,

ATP 2 WO BEIZEWT, TNSIFIRLTE LS BENT VAN EMEINDI DD TITRVA,
S0BAZDHBIZIR S T-BBEEZ R ODIZEL SN WD HTIRMNPRE LS. Tibb, EHETE
BHEWS RHIZ L0 HBEDIEESL S TH BRI, KD BEm%E LIZIEET 5BEF DN
WA THBEEZT-.

F72, INFETOHITHRUZIED, Coq 1Ml 2 22 GERHIR L D 2578 % 38 S FERE I BN T\ 5 K,
TR E O = DHMERL L B\ WS —H 2> T3,

X 517, Isabelle DFRF DR E LT, AT I —%2FKA LG EICZTNE2 ELTONE 2 RE
LTUBOXDETEZRAD LWV ERH B, ZnZ2FHL T Isabelle T, 8t kim0 o W
MEDIFHZ R IED I EDARETH 5. ZNIXHFIZ 17T OUHEZITW, T 5 —FAHER L
7ROV PR D PARED L% FRER L 72\ Coq TIHAEE Z D 3720,

Z OEREIX, AT TEL N & ORICER R X 2 3R] U T, M3 @s 3 ke
LiERMABEEHE I EPHEII T2 WS HIZBWTA TH S L L.

ZD & D RBENS, RS CTIAMEH T 2 EHAHZ R & U T Isabelle #3&RT BIZE - 7.

2.3 #BhenRE

AFFFENT & o T, DRATFIERERRD (9] DFEMADHIZ X NHE ORI - Z2FEHA W s 1, £ D
£ X CIEBGEN SR D LITHE T E R WEATHBBUR SN D Z e AV L 72, LR DR % HkiZ,
ZD—HlZRT.

4 10: #i[4

ML UTC, =R ABCH=Z=AFETHEZ L, AD RO BC LOETHEI L EZ5NTWS &
T5. 2D EMIBNTITIMHIZBE VT, Z/X ABD =X ADC A=A TH b 02 fbh:

18



o, L ODAFMPREIZETH S WS 5725 5. EBIZ [9] OHF T Iz Y =532
WTIRARE S LTI W7,

L L72h s, ST ERICBWT IO & 5 22 402 EET 5123, T o 0R
- EH - EHO LII=EMAETHRLEITEZI 2RI THHTINELRH S, Znh, ABDR
BIZ X DHAA L, EHIEH B RAANDEEDOMICE U D —HITH 5.

T2, EAEN SR 2R THE L OHMEDIIHEZERET212H720, [ZHNIAHPERDS
BHoMTHB] &UT, ZOHAENPHALENTWAWEDDOHEFIZEE L 2. FO¥EI3HE%E
TEETEHERKEIFBZEDTH EH, Isabelle N\DFEEEITS LTI, TOLETEFESHIIHEET S
ZENRDEND.

—filEe LT, ZZ TR DODADKR/NEBOME—IEIZDONWTEEITS.

S TODAaBLUTBITRHLTIRO=Z=2>DE4

a<fBAB>a.
a=0.
a>pAB<a.

DHHDME—DIEIZEKLT B.

Q1B WVWTIE, ADK/NMIETEIEHEZ DAL, LEPEBIZERTESZEINTWVWS. 25
S5H ABIDFEMRIPVTIZERINDZ LD TRV, CHIFHZERADPTEET S IZI, Th
FTORNHPER L E L SEH Ui s,

FTIZTAMETIEINSIZDWT, BFEOAH - B3 - L SEHTE B85 7- 2 didd % /EL
U, B2 H MR OMise e UTHXXET 2 Z & 2 ATz, TNSHTIT/ER L /2@ %, 2 Z Tl
Bl & 3N

RBAME TEESI NI, WD — R EEREL O HIPHIZ Y £ > T\ 5. Isabelle/HOL T
FAWT WS RIS S PSR EERFLOARRTH 5. TORRDOERE L UTIE, SR EERE > — ke
A > AR 7R 0, R AT RE, — B R R IR R TR, R FE AR I I E AN RE
ThbD. TDIOAMERIZE T 5 HIL, B2 RMREGmIZ B \WTEEA U 72 A DFERA % Isabelle/HOL
EHWT —BREROFMIAL LTXEBTE I L 205 e§5 (—BRERIZLIETEETH
O, BRI AZTS 2213 TET, ABOFETHATEZZ BB ETH D). X 5I2EMRER
PRI E RRE AR D T Isabelle/HOL (2 \\E DIZ 72 53, AP ETIFHT B LA RWE WS Z 2T
W, AEDHAZ ZEB T2 Z L TilHERORE2EHO D Z LN TE S, F 2|2 Isabelle/HOL
THW- HENEHETHOAGE A B 5.
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3 MBeEDRR -RAPERREZEME L T-

ARAFFETIE, BIfFET 2 i D RBIBS B DR LTINS 21— 27 V) v RIEGR, DWW TZ O
FIZXVEFN e SN RMAEBREZEM & LT, ThEhi ATP ETEEST L L 2707

31

a—72"Y v NR:#

a—2 Uy REGERI, fooal 3 ko FEEI -2V v MIZX ORES N 13257055

DEFETH D, T I TIXER, AU (i), AH GLEMR), M (TH L ) B L OdEO B
BEEIAR E D o5 T W3 [6].

AWETIE, =2V v NFEIRDHE 2 HEF TONE % Isabelle 2 VT ERIHTBHIZE 7=,
ZIZT, FDSHDH 1% (Bookl) ¥ TONEE EITRT.

W1 BOR (EX - A% - A BIUOKRMEONAENUTDO LS 1245,

- EFH
1 WD R RVWHEDTH S,
2. MEEWBEDHRNEXTHB.
3. MOWITINTH 5.
4, HRLIZFDO FIZHBEIZDWT—HRICH D2 TH 5.
5 MEIEZORILIEOAZEDEDTHS.
6. HODIFIIITH 5.
7. SEH X ZD EIZH B ELRIZOWT I b EHTH 5.
8. EMHiA L ITERm FIch o THWIRD Y O —EiiE LT I DRV DOHHHED D721
XTH5.
9. AAZIIILEHVERTHS L &, TOAITERA L LN 5.
10. ERRDERRO LI ToONTEAZEWVCELL T2 E, FLVAONGIZEMATHY, |k

11.
12.
13.
14.
15.

16.
17.

18.

19.

20.

21.

INLDEARIZZE DO FOEMIIK U TERE LIEND.

AL IIEAL D RKESVATHS.
PiALIFEALD NS WATHS.

BEREEIHLHODETH S.

ML iEF—2FZIF 22U LOBERIZL>THZIENZHDTH S.

HEix—208IZhZ ENLEHEBME T, FOMEONIRIZH 5 1 Hh o TN~ NET
RTDEAPEWNZELVWEDTH S,

ZORIEHOHILE X i‘?hé.

HoOBEZEIZHOFLEEY M HRTHAILE > TRERSNEZEEDMOTH D, Tl x /-
Mz2%075.

FHEREREZNIZE > TYOINSNZRMEIZL > TR ENLKETH S, FEHDOHL
BHOZNEFRUTH 5.

ERRXE & 3R D iﬂ’btlﬁfwfﬂ),gaﬂﬁ/ E=20, AR L ZMD D, £l &
B> &0 %< @‘f?ﬁ:f\ ZENHETHS.

SRl AD B RS %ﬁ BE20FLWilEE 250, “HEL=ZMF LI OFITHLY
WeEOHLD, FEL=ZAFLI=2DRELRLE2EDEDTH 5.

SHOIEZAROS L, BEA=ZARLBEAZE DL, HIA=ARL3HMAZE DL O, Hif
ZMPLRB =208z DD THD.
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22.

LN (B

WAED S 5, EHE L IZEATHOANREADL D, R L IZANEA T, HFLTRVED,
ZEW L ZELT, AVNBEATREVED, BRAK L1360 & /M 835% L wA, FEL TR AR
EHATREWEDTHS. ZNSUNDOILEIZ N IRV EIENS &1 k.

AT, A OWE EiCH o T, W ARICR Y RKIEELTE, WTNDOAHIZBWTSH

HWIZbSRWERMTH 5.

)

FEDEPSEEDEANEREZOLZ L.
BIUARERZERL C—EMIIEET S Z &,
BIOEEOR IR PR 2> THEHIC Z &,
BLOITARTOEAIZHEWNZZE LW &,

BLOTARTO 1 EMD 2 ERIZL ORI CHMONADONZ 2EA XL D/NX LT 5251,
ZD2EFMIBO BLIEEIND L 2BEAIDINIVAIZHZAIZBEWTEDBE Z L.

Ul

- NER (HE PR

« iy

b=

. ALHDIZHELVEDIZEZHEWVIZEL WY

2. FEHELVHDIZELWVWEDAMA S NAUXERIZE L.

3. FEFELVWEDORSELWVWEDROLNNE, D ITFEL V.

4, FEAREREDIZELVEDODBIA SNINELKRIIAETH S.
5.
6
7
8
9

FEFACEDD 2 FHEHENIEFEL.

. FZRAUBDODEFIZENITFEL .

D FEHWZEBRDED B DIREWIZEFEL .
B s Y/ NESH VRN -2

L 2R BT E S KA.

e

Bz 5N ABRZER G O LICSEL=AE 5L 5T L.
BEZ N RIZBWTEZONZMNIZHE LW Z DL BT L.
TODRERBOIPEZ SN E, RKEVEDODRS/NIVEDIZEL WS ZYI VIS Z L.

HULDDEMAER 2R 2B TNETNELL, ZDEFEL WV 2RI NS ADEL L
2ol EIFELIZE UL, ZAREEARICE UL EZD O 2 MR D2 MIZ, $hbb
FELWIIAT 2HIEZNETNELNTH S D.

THEAZMEORIED BIZHBMIFAVICEFELUL FULVEPERI NS L &, KILDO NDA
BHWIHELWTHA .

6. L =MD 2 ANHEWVIZELITNEL, FLWAILKNTZLEHEVIZELWTHS .
7. = DOOMDEELL LT, ZARERT 2MNICENENEFEL S, A UMICEZ > e TRD

10.
11.
12.
13.

D, RPID 28D EEICEE S DD 2802 DL B Z LI TER.

HEUDOD=ZMARIZBWT 2N 2017 NFNE UL, BUbELIZHELUITIE FL v
T ENZALEZELVWTHASD.

HronkEffz 2052 L.

RO Z22ENTHI L.

HEZONLERIZZDO EOEGEZS5Nm 0 EAIZEREZOLS Z L.
HZONTERERRIZZ D BIZRWEZ SNk 6 \iiE KA T I L.

E UEMMBERD LTSI ToONT o 20AZ DL B3K51F, “DODBEAPEITTOMM 2
EAIZZELWAZ2DOLB3THAD.

21



14.

15.
16.
17.
18.
19.
20.
21.

22.

23.
24.

25.

26.

27.

28.

29.

30.
31.
32.

HUEEOBERIZH L TED EDFUIZEWTH UANZ 2\ 2 EMLEA O 2 2 ERIZE L
T54551F, ZD2EMIAVII—ERZRTTHASS.

HU2EMPEWIIR D6, MHIEMZ2 EWVZELLT 5.
TRTOZABIZEVTAD —DODREEINS & &, AN AOVTNE D HKE W,
FTRTOZMABIZENWTED 22 L >THEZDOMIX2EM L D/NI W,
TRTO=ZMAFIZENTREWVLIFIREVHITHT 5.
TRTOZAFIIBEVTREVHIZIEIRE WAL T 5.
TRTOZABIZEVWTED 2UE L >THZOMIZELID 1 4L D KEW.
HL=MOMO—DIZF DMl & ZAFONMTRD 2 2 31D 6Nd 6, 2
HNZ 2T DB ZMAFOED D 2LOF L D/INI WD, LD KREVWAZ TSI,

BEZ2oN 3 ELWIEONS=AEE2 252 . ELED 22 >THF
DOFIIE L DFES L b KREL RITHIER S\,

EZoNFEMEZFO EORIZBVWTEZONZEHRAIZEL WERAEZ DL 3.
HELUD0=ZARIIBWT 2N 20IZEFNTNELL, FLWEMIZE->TIREENS A
DO—FMEE Y REWRSIE EUEELI D KE W,

HEUDOD=AFRIIBWT 240N 20IZF7NFNE UL, BUNEL LD KEWRSIE, FL
WERMIZIFE ENBAL AR FL D REVWTH A S.

HELUO0=ZARIZBEVWT 28R 2 AIZETNTNELL L LN 1B, THhOBEELWVW2 A
WX ENZADPEZFZFLVAD = DIZHTEUAPELITNIEL, FEY D 28K D 23U
WZHELUL,EBRDDALERIDHIZELWTH A S.

L 1 EHEA 2 BRI D o TRTEMANVEVIZELIFNIE, 20 2 BRIZEWIZETTH
A9,

H LU 1HEGEP 2EMRIRZ D> TRT—DONADE UMD IZE L W F 7 X EP A
OFM 2 EMIZELITNE, 202 BEIITE WIS ETTHAS.

— D DEMD D DEATHUZ L D > THR A EWIZEL < SMIRIAIcEL <, A
WADHNE 2 EMIZHFELW.

6] — D ERRIZ AT 2 ERIT F - HWIETTH 5.
20N EE2EY, 520N ERIETHRE 0L,

TRTDEZMFIZBWT I UEBEEINS L E AAIZDONNAOIIZEL L, =ATFO
ZEOONADHNE 2 BEAIZEL .

311 1—7Y v FRRDOEE

-7 w FEHRDFEE% Isabelle # W THT - 726F 2R 7. UIFOWIETIE, &aE% 0
L7=Db, Tk H=mBRe LTESE L, BOHBIZHHLTW E WS HRERHAL TNV,
IR, oM@ 12 £ TOHHTHS.

Isabelle FIZRTIZIZEIL B2 MERR T3 (Z 2 TIEAE 12 ETITEDLBEDDAIRRT B).
DAFR, BEIZBWTRERD, YORMHEDE LIZEK VD2 DTH B0 %ML T 5 (FFHEL S [Thn]
NUETR & [Pon] ANEEZR 5 [Ax.n] 72 &).

- MOEF

datatype point = ’char”

datatype segment = Se “’point
datatype circle = Ci point

39 99

point”
point”

99 99

EDSIEIZ, &, KRy, HOBESTH 5.
RIZ, 2SR Y OMEE2 -7 Th b Z e 2EHEDETEELTWL.
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MADOT =R DODHTERT 5. #59 AB % “Se AB”L T 5.

locale dist =
fixes 1dist :: ”segment = segment = bool” (infixl ”[@]” 50)
assumes dist_ref [simp,intro] : sl [@] s1”
and dist_revl : [s1 [@] s2] =2 [@] s1”
and dist_rev3: ”[(Se x1 y1) [@] (Se x2 y2)]—> (Se x1 y1) [@] (Se y2 x2)”

% assumes XOEIRIFLLTO@E O TH 5.
(BATF, #29 AB % AB, £#% AB+£#% CD % AB+CD &7 3%)
- AB=AB
« AB=CD 7% 51X CD = AB
« AB=CD 7% 51X AB =DC
- HE LD A

MHOF—X2BIZ = DDRIZE D EBETS. AL A FEAB 2L > THIKH“CIAB & T 5.
ZIZTIREBELLZME, ZOME LD SR OBGREBEBILT 5.

locale circledef = dist +
fixes Icircle :: ’point = circle = bool” (infix] ’[on]” 50)
assumes circle_dist1 : ”[p [on] (Cicr)] = (Se c 1) [@] (Se ¢ p)”
and circle_dist3: ”[p [on] (Cicr); p [on] (Circ)]= (Sepc) [@] (Sepr)”

fixes I, [MAMHE LIZH B & &) 2EEKT 5. % assumes XDRRIZLATDED TH 5.

(AT, FHAB &idHD A EREAB 25 > THIKHE T 5)
1. P2 AB OFJE LD TH 5 & E AB =PA [Th.15]

2. MPAMHABOHELEORTH Y P DOMBA EOF (CHORE) THDH L X
PA = PB [Th.15][Ax.1]

i 1-1. 52 o - ABRAERR (1) O RICEL=Ake 25T k.

- RE

al. B2 5N7=R50% AB &9 5.

a2. FID A EEAB 2H > THEHL.
a3. OB, ¥EBA 2 > THZHL.
ad. 2HDORmZET &5 5.

A
\/

X 11: fired 1-1
- AIFAA
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Pl. a2 X W, AB=TA
P2. a3 X V,AB=IB
P3. a4 X b, TA=TB
- P1P2P3 £ 0, %3 AB LIZFELD=/AF TAB 2’0 61TV 5.
Isabelle ETOEENUTD L 512725,

theorem (in areadef) Propositionl_1:
fixes A B I':: point
and AB I'A I'B :: segment
and CircAB CircBA :: circle
assumes "AB=Se AB” ’TA=Se[' A””’'B=Se ' B”
”CircAB =Ci A B” ”CircBA=Ci B A”
”T" [on] CircAB” T’ [on] CircBA”
shows "AB [@] 'A” and "AB [@] 'B” and "T'B [@] 'A”
proof -
from assms show "AB [@] I'A” by (simp add:circle_dist1 dist_rev3)
from assms show "AB [@] 'B” by (simp add:circle_dist1 dist_rev1 dist_rev3)
from assms show "I'B [@] 'A” by (simp add:circle_dist3)
ged

DR DGEHD &, T D% LS 5.

locale L_Propositionl_1 = areadef +
fixes L_Propl_1 :: ”point = segment = bool” (’[p1-1] _,_”)
assumes Prop1_1:”[[p1-1] pn,(Se p1 p2)]
= Se pl p2 [@] Se pn pl A Se pl p2 [@] Se pn p2 A Se pn pl [@] Se pn p2”

MRE12. 520N HIZBVWTHEZIONMNIZEL WD 2 DL B2 L.

- RE
al. 5260 7-8% A, f9% Bl &3 5.
a2. ¥#5> AB O _EIZEL =M AAB 2 D2< 5 (fidE 1.1).
a3. AA ZIER U TR AE,AB 2K U T2 BZ 2 2 Z <.
ad. FUL B, EEBlL 25> CTHEHE,BZ L ORNEH LT 5.
aS. FLh AP AH 2B o THERE,AE L DR ME A 2T 5.

12: fed 1-2

- FERA
Pl. a5 & U, AA = AH (AA+AA = AB+BH)
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P2. a4 £V ,BH=BI. £ 5T AB+BH = AB+BT
P3. P1 P2 £ 0, AA+AA = AB+BI'
P4. a2 X V,AA=AB
S1. P3P4 & b, AA=BT
©S1 &V, HAIZBWTHES BLIZE L WS AL D32 5N T WA,
Isabelle ETOEENUTD X 512725,

theorem (in L_Propositionl_1) Proposition1_2:
fixes ABT' A A H:: point
and AA AA AB BI' AB BH AA AH :: segment
and AA_AA AB_BI"' AB_BH :: seg_list
and CircBI" CircAH :: circle
assumes
"AA=Se A A””AA=Se AA””AB=Se AB”
"BI'=Se BI"””AB=Se AB” ’BH=Se BH”
"AAN=Se AA””AH=Se AH”
"AA_AA =Sel AA AAN””AB_BI' = Sel AB BI"” ”AB_BH = Sel AB BH”
"AAN[@-@] AALAN”’AH [@-@] AB_BH”
”CircBI' =Ci B I ”CircAH = Ci A H”
”A [on] CircAH” ”H [on] CircBI"” ”H [on] CircAH” T [on] CircBI™”
”[pl-1]A,AB”
shows ”AA [@] BI™”
proof -
from assms have P1:”AA_AA [@ @] AB_BH” by (simp add:circle_dist2 dist_rev2 dist_list_list)
from assms have P2:”AB_BH [@ @] AB_BI"” by (simp add:dist_list1 list_rev2 circle_dist2 dist_rev2)
from assms P1 P2 have P3:”"AA_AA [@ @] AB_BI™ by (blast intro:list_trans)
from assms have P4:”AA [@] AB” by (simp add:Propl_1)
from assms P3 P4 show "AA [@] BI'” by (simp add:list_dist3)
ged

-2y REMF %2 ATP IZEET A Yo THEE Lo 72D, AL \Wo 72/ EED
EBMRTH D, [z TERECEETEA ® [Eho/mb O =& Hxfban-es
PEHELBRVEDEL L, ORI, SESHERVWENS X, MZLAT “ZE RS e v
SR E D EEPEENE I 2 REETE 2.

Z ZTAWIZETIL, FEDOR R 2 IR & D kR BB M FEBERAN BT I 7.

32 BRIV MDA - M EER

T2 BEE 3R D (9] 12 1899 4EIZ L L~V MMZ X o TEMEINEBFETH S, ZOEEIIZA
HEZR BATEEMCL>Ta—2V v NEMZOAEREZ R HMBICKKLUZEEL LTEA
HTHD.

LU M [9) D 1 FIZHBWT, 2—2 Vv NEMZOMB LR HERZ2T-72. T2 TR, S
FREHONHEEENFIZE I N, 32 DD FEHI N T WS, AMEHL, HEEAHE (11~13), HF A (11
~14), EE A (M1 ~15), FATERAE (IV), BEEMEAE (V1 ~V2) D 15 DA 5725 (ZER%
IZBE T AN 4~I8 IERL). 2S5 DAL EH A, Z Z Tk Z ¥ 1, Hal-1~HaV-2, Ht-1
~Ht-32 ¥ KT 5. B NDABERTIE, MPERE W ARSI, EEBEHEE L
T, NTZEOBEBELZIPHEINS.

321 HMPEMRORE

MM F LR ER D% % Tsabelle 2 W CTiT > 2Bk F 2R 7.

ZH oL, FEBH U 2K T D F FLBEOIEIHIZ A RE R EM L 70 b & 5 BREEICHR L
TV, BT, FEAH (I1~13) £ T, BLUOZEN SIS 2HiREDFIITH 5. Isabelle 71 2
T AEIZDOWTI, (ke UTERICER L TWAM, 8] I2HFwLT WA,
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MOEE

datatype Point = ’char”
datatype Segment = Se ’Point” ’Point”
datatype Line = Li "Point” ”Point”
datatype Geo_object =
Poi ’Point”
| Seg ”Segment”
| Lin ”Line”
datatype sign = add | sub
datatype Geo_objects = Emp | Geos "Geo_object

93 99

sign” ”Geo_objects”

locale Eq_relation =
fixes Eq :: ”Geo_objects = Geo_objects = bool”
and Inv :: ’bool = bool”
assumes Eq,reﬂ [simp,intro] : "Eq obs obs”
and Eq_rev : [[Eq obs1 obs2] = Eq obs2 obs1”
and Eq_trans : ”[Eq obs1 obs2; Eq obs2 obs3] = Eq obsl obs3”
and Inv_def : ”Inv bl <— = bl’

ISR, Ry, BAR S, TS 2 EFET AR (Geo_object), X 5 IZHEED Geo_object & ;5
Geo_objects BIDE Z &, Z DOEAfl, KKEHE, WIRE, #HBEB LT OHRETH L. 0B, TI TIEE
B LT\ D5, AR B I 2 ADERICIIABIZHBELE ZN TV R\, Bl
EHEHALTVWS

EF, NHL

locale Definition_1 = Eq_relation +
fixes Line_on :: "Line = Point = bool”

locale Axiom_1 = Definition_1 +
assumes Line_exist : ”[- Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp)] —>

dl. Line_on I p1 A Line_on I p2”

and Line_unique : ”[Line_on 11 p1; Line_on 11 p2; Line_on 12 p1; Line_on 12 p2;
— Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp)] —>
Eq (Geos (Lin 11) add Emp) (Geos (Lin 12) add Emp)”

and Line_on_exist :
”3Jp q. Line_on 11 p A Line_on 11 g A = Eq (Geos (Poi p) add Emp) (Geos (Poi q) add Emp)”

and Line_not_on_exist : ”Jp qr. — Line_on (Li p1 p2) p A = Line_on (Li pl p2) q
A = Line_on (Li pl p2) r A = Eq (Geos (Poi p) add Emp) (Geos (Poi q) add Emp)
A — Eq (Geos (Poi q) add Emp) (Geos (Poi r) add Emp)”
A = Eq (Geos (Poi r) add Emp) (Geos (Poi p) add Emp)”

% assumes XOEIRIZLATO@E O TH 5.
o MHELD ZHRIZHL, INS ZHDOR L EHEETELRL L —DOEMIPEIZFET S.

[Hal-1]

om£&54W\%ﬂ, INSHOEX EREST AERMIZ—D L D% IIFEE LR\, [Hal-2]
ERR EIZ m&<&%;ﬁﬁﬁf?é[mﬂﬂ

o —HREIZ mw\m & E T HOFEIET B, [Hal-3]

[9112BWT, TFEET 5] LW ESEDORDLVIZ EfaP ABLIUB 2@ rAybi‘aom

WZH3] ,TAIZaDETH5], laD EIZHAPEFLET D] atwm%%ﬁm\é L, X5
fai‘n‘é%ﬁa@ﬂ:&)b#oﬂﬁ@@ﬁﬁb DLEZHBeE, HFablTAIZBWTIEDS] , Fﬁ%ﬁa,b
MEAZEETS] RO Iza0nERTEHEINTVWS

- Isabelle NEHET 25 FTCHEL - 7= 3HA]

locale Incidence_Rule = Axiom_1 +
assumes Point_Eq : ”[P1(p1); Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp)] = P1(p2)”
and Line_on_trans : ”[Eq (Geos (Lin 11) add Emp) (Geos (Lin 12) add Emp); Line_on 11 p1] =
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Line_on 12 p1”
and Line_on_rule : ”Line_on (Li pl p2) pl A Line_on (Li pl p2) p2”

% assumes XDOEWRIILFOEY TH 5.

e AA ﬁ§ﬁ*@,ﬁ'ﬁﬁ)3’blf,P(A)=P(A’).
e a2 NAI—DEMTHNIE, aD LIZhEFa DLEIZHEDH S,
o« EHXtAB X%, " ABAREDEBTHD.

- flE (—ERHR)
-THABVRERLIETHD L Z,ERAB LEMRBA XA —DEIRTH 5.

lemma(in Incidence_Rule) Line_rev :
assumes = Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp)”
shows "Eq (Geos (Lin (Li p1 p2)) add Emp) (Geos (Lin (Li p2 p1)) add Emp)”
proof -
from assms have P1 : ”Line_on (Li p1 p2) pl A Line_on (Li p1 p2) p2” by (simp add:Line_on_rule)
have P2 : ”Line_on (Li p2 p1) pl A Line_on (Li p2 pl) p2” by (simp add:Line_on_rule)
from assms P1 P2 show “Eq (Geos (Lin (Li p1 p2)) add Emp) (Geos (Lin (Li p2 p1)) add Emp)”
by (blast intro:Line_unique)
ged

- CHVERAB LIZRVWARSIE, R A CIRHELRSRTH 5.

lemma(in Incidence_Rule) Line_not_on_Point :
assumes N :
”= Line_on (Li pl p2) p3”
shows ”— Eq (Geos (Poi p1) add Emp) (Geos (Poi p3) add Emp)”
proof
assume W : ”Eq (Geos (Poi p1) add Emp) (Geos (Poi p3) add Emp)”
have P1 : "Line_on (Li p1 p2) p1” by (simp add:Line_on_rule)
from W P1 have P2 : ”Line_on (Li p1 p2) p3” by (simp add:Point_Eq)
from N P2 show False by simp
ged

STHABBIUODHACHENEFNHERZEHTHD, B AB FIECHEET I HSIE E
¥ AC BIZHE B B EAET 5.

lemma(in Incidence_Rule) Line_on_rev :
assumes
”= Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)”
”= Eq (Geos (Poi pl) add Emp) (Geos (Poi p3) add Emp)”
”Line_on (Li p1 p2) p3”
shows “Line_on (Li p1 p3) p2”
proof -
have P1 : "Line_on (Li p1 p2) p1” by (simp add:Line_on_rule)
have P2 : "Line_on (Li p1 p3) p1” by (simp add:Line_on_rule)
have P3 : "Line_on (Li p1 p3) p3” by (simp add:Line_on_rule)
from assms P1 P2 P3 have P4 : "Eq (Geos (Lin (Li pl p2)) add Emp) (Geos (Lin (Li pl p3)) add
Emp)Q?
by (simp add:Line_unique)
have P5 : "Line_on (Li p1 p2) p2” by (simp add:Line_on_rule)
from P4 P5 show “Line_on (Li p1 p3) p2” by (simp add:Line_on_trans)
ged

322 TR AOERYIRWL

WATZHBRIC B 2AOEBELEIZEZTE, —o0E» o A HEL S DY EKHD
WMl s, £, 00N (EA) BIOBYEREIZHZ2EEDHEZUT, AZ2KT = N9 5
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Z e NHORTEDTNS
%@tbj@%&%i%ﬁ BIBADOFEEIZIZ, UTO=20ARXMEZ 515 [10].

o AT ERRL m ORT Im THEKR D SER m I XKEHE O CTRET A5 2 KBS
55 (BAF, S L IER),
o THN A & EEMLEDSB,CH5MA BAC 2K 5 /51 (LT, fA L IER).

[10] TIEARAIZDOWT, HORECHIZHET 2 HHED 2 RN THIHTH 5, $hAPEALA
7R EATRRIC BT A B2 EH T E A LM MREDOREEZ T B TH D L\ o7z, mAICKH
ITHEMEERL TV

INERIHELUTRD &S RWAE T S5 NT WS,

Eftk=AB L HEAR I =DC 2 EFTHO, B mIZEMREBIOI EHAD TRboTWVW5
LDELT 5.

13: #8A8 - sSSAIZBIT BE8EMIZDONT

Eifl EONCOMNBIZE>TEAELSPDRIZGERITINS.

ZDLEMAB XUOHATETROEAPHEMNAZ TNTNRT L BATHNEEE SDX
DGETH, fAimk EAml DM, A km A Im DEMNATH S EREIZEREIN, KADGE
B COMMENPEDL SDXDIRETH 5 H % SBIZHHREIZ LT id 52,

— kA, ARG 2 E 2 250, SAROGRSM 2R T OVRRETH 2 LikRTW»
5 [10]. ZDFRFITMAPAEDOMEDIEREZEFLIEVHERERTH D, T 2 TIHRRO 7D IZHim
PREEIZLSBRVWE D BRSO BN TEREZINDIRZ S X 5122 HiEEERK, BT %
FHRELTWS.

I N%ZIT CTARIFE TIX, [sabelle IZFEBET B I12H7-0 SAZERHL -,

Z DI D — iz inmf%ﬁmbMTma@O@%@@%&ﬁf%mbMéwﬁﬁﬁfb
L2 EENDD, RMAZEEBERICB VL, MOEHR L FHIZE T 2 EED[OEHE LY, il
R AR/ iV (D /N2 (B ) ﬁﬁa:%ﬂz%’r SFEHELTWBZ ERKREN.

FDHITHNIK, BERE m [T DOWT I B,C fﬁ‘ﬁl Uz 2 e 202 5 H 2D 3%
ENADEEFTRICED S THREL R ATWREMEN S V. 2D K S IZADOEMNMEZFHTE 214
WEDRNWEHBI L7272 Th 5.

33 HRAFEMEROMT

[9] DEFRADHIZ I, TZ NI AP EEPSHONTH S L UT, ZOIHHIEX/ILEINT
WERWEDOPDEFINEET S, T REENSICEL T TIIHEREAM, EFHE X CHEIZ OV
TRTY.

Hal-1 —JSABIZXHL, INSDFMOKL LEEETED0L 2 —DDOEMBE IFET 5.
Hal-2 — S ABIZHL, Z2NODHOKL LHEATHEMEI—D LD Z IIFELR.

O ODOAMIZEMD —EMEERLTWS. ZZTUTOL S RfiErEZ 5.
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HE1 “EMAbDLEIZFNTFTNMHERS HABMEET DL E,ab XA~ DEHETHS.
7, CEGEAR—DEBRTHEEE, —HDOLIZECHEET B2 6, FD Eizd CHEE
35,

MRS R ABZEETAEGIIHA2 L0 ==X THEIEDHSNLTHY, LD ->TI
DFEDORD B L ZANRZIZEINS,

Hal-3 —Ef{ RIZIEEICAR L3 ZRDPFET 2. —ER EIZR0D R &b =R ET 5.
ZORMIZED, 5ZONZEHRITTLZD LI WKOFEPRIET N 5.

EE —EMEOHBZEWIHIBEBREETS. ZNE2TARTLI0I TR WS SEL2HWS.
Hall-ll S BMEACEHCEOMIZHANIEABCIE—EMEOHERSEZ=HTH>T »DOB
ZELCEADRICHB.
Hall-2 A CIZHUERAC RIZEIZAR e —HMBYBEFEHELT,CH A LB DM
H5.

ZZT I EWOIBEENTERIND. R XTI, TRHBAMALECEOMIZHS] 2D
#% Bet (A,C)BJ D& HIZXKHLTS. ZONMII=HETNETNDOIE—FE, F—EHE EANDELE,
X 51Z1E Bet (A,C)B 751X Bet (CLA)B TH H 5 Z & 2RI L TW3.

Hall-3 —EHRLCHIEEOEZHDILT, MO EHOMIZH 0 EZEDIE—EHEDEITmW.
ZORAEMNS U TOMMENENND.

B2 —EMREICHEZRS ZAABCHHEZSNZE ¥ Bet (A,C)B THNIE ~Bet (A,B)C
7D = Bet(B,C)A TH 5.

Bl H U Bet(A,B)C THNEBBLUVCHMMDOSOMIZHEZ e, ZTD & D mh
—m& 0% B, ZD72H Bet (A,B) C TIXA VA, Bet(B,O) A HHKTHS. L7zh-T,
MEORD B & ZANEPND,

EE —EHMaDLRIIHBHABEEZ, ZOTAEABOMAE THSI L8441, AB £721%
BAYRT AL BOMIZHDEEMD AB D, HD WL AB DL L, 5 A,B % AB DU s,
F/-a BIZH D, ABDHEB LI OVIATRWETDE%E AB DA LT 5.

Hall-4 A,B,CHA—EHLEIZRWEZMTHD,a% AB,COMNESHES RWVERRE T 5. adMiR
5 AB D EBNVEZINIZEMMD ACH UL IS BCOEERES.

14: Hall-4

ZORBEEBNIZEREIE, TEHRVA=ZARONREZEL 2o HUIMNEEZIES. 2O E 2R
DESDBFBESRN] LWV T EIThD (EZUIDRRTRELZARNERIN TRV
O, Tidd < X THEHANZREMICH X D).

ZZETORMPSEODPOEIPENPNS. TD I LAMIZEDL D ZATITRT.

Ht-4 —EHREIZHBEZEDO=ZINABCDDHT, MO NOMIZH B mHHEITHEET S.
Ht-5 —EFLIEEOUSNEZSNZEE, INS5DM% AB,CCDZUTEL,BZALC
DRIZHY PDOAELDODEIZHBEEIIT, F-CE2ALDDOHIZHD OB & DOMIZHB
DT BZEWHEIZARETH 5.
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Ht-5 13— EfF LIZHERZUEPEET DL &, TOIEHREMPA A TH I I L 2Rl T 5 E
HMTH5. ZOAMHHIZEWT, 2O LD RMUMDOMNBEIZDWT, Hall-3 B LU Ht-4 £, AFD XS
IZRBIAEETH B L BRT NS,

—EAR LR DVSPFETA L E, FTEDI>H = RIEHT 5. Ht4 K 0o =KD
FIZH 2 —HDPEIZFEET DD, ZOLOBE2QLEE HVDO A2 ZNTNPR &<
Bz on-mEDEEZS B L, ZBHEOMEIIUATOADDEAIZRANING.

(1) Bet (P,S)R.
(2) Bet(R,S)P.
(3) Bet (P,R) S A Bet (P,S) Q.
(4) Bet (P,Q) S.
(5) Bet (Q,S)P.
PA%,Bet (P,R)Q TH 5 & 572 —HEAR LD EA BP0 P,Q,R, S 12X L T,Ht-5(1~5) & FKit

LT, ZOMBOBEG2ET. ISICUTOZ2OMEE R L, FNENDOESIZ&GEIIH L T
W3 ZEERT.

B3 ABCDMV—HEHGLOMERLNUAL TS, DL %, Bet (A,C)B A Bet (B,D) C —
Bet (A,D) B A Bet (A, D) C.
B4 ABCDMRHEMEOHERLUEE TS, 2D X, Bet(A,C) B ABet (A, D) C =
Bet (A,D) B A Bet (B,D) C.

INS DOFEDIIZ [9] TIHHNT WS, Ht-5(1~5) DEEEIZHEWT, MUE P,Q,R, S & 4
U T A,B,C,D ZATEBFIEUTFD LS 127425,

(P,Q,R,S=A,B,C,DI¥P=A,Q=B,R=C,S=D %2 %7)
Ht-5(1) P,Q,R,S=A,B,C,D = Bet (A,C) B A Bet (A, D) C.
Ht-5(2) P,Q,R,S=C,B,A,D = Bet (C,A) B A Bet (D, A) C (Hall-2 & b Bet (A, C) B A Bet (A, D) C).
Ht-5(3) P,Q,R,S=A,B,D,C = Bet (A,D) B A Bet (A, D) C A Bet (A, C) B.
Ht-5(4) P,Q,R,S=A,C,B,D = Bet (A,D) C A Bet (A, C) B.
Ht-5(5) P,Q,R,S=B,C,D,A = Bet (B, D) C A Bet (C,A) B (Hall-2 & » Bet (B,D) C A Bet (A, C) B).

Ht-5(1~4) (488 4 55, He-5(5) 12/ 3 2569 5 2 L AVR S 4, He5 ASEF I n s,

331 FHEICHITHERDE
I B 1 B EMOM &0 S BRI, LFOEH e RITEHINT WS,

Ht-8 (EEOEMRalk,a LIZRWHAZROWEEET 5 DO 5 FHEZ 25D 5
HLEREDINAB2LBLE ZNSDTEDH HKED AB O LIt a DMBEAEL, [F— DFEE»
5L SEED AN DEDBRD AA FaDEEEE R,
EE MAAZ NEHIZBWTHERaDEUCMIZHE] 20\, HABZ MEEHIZBWTERRa
DOHHELRZANZH ST 20D,

[91iZBWVWT, ZDEHIFZTDE, EMOHE X OLADEZANLFHEINTE D, ZhED
ERIIABINTVAY. ULEALAERS, ZOEAIZET AU TORMEIZOWT, ZOEENSH S A
THD,H5VIFFRBZNEELR LICUD EL EFRTI2DIEFHLWEEZS.

BE1 HAFEMIBIFBAHERE = A,B,CIZOWT, BEifa OHEZ B2 =5 A, B 2MEE
U, ¥ ACH aDHBRLMANCHEAET 5L E,B,ClkadECHNCEFET 3.
BRE2 HAEMIIBIIIHERS =Z/HABCIZOWT, Bffa DFEUMIZ A A B MBEEL,
FTHACH aDHEZZHNFHET S & &,B,Clka DHELZZHNFHET 5.

Z OREN R T AHEFTO—H & LT, [9] TlE, 2ORIIETHDERIZBNT, —HOTESH
SHTTAZERT 2 ARKOFERD, FH LEORZAS ODDOMEEIZHITEELTWS. T LT

30



COHEADIPSHZ PEMRIIELADOREBIZE TN, HDEWVIFELADIRIZHED Z EBNERIT
THTED L BRRTVWE. ZHFEWZWE, THDHEBICEET S8 LT, MEZSHMIZH
ZFTRTOEIIFECHEBICH D) HEWE THUHEBIZEETEZHODDHD S LDV NI
XU CHIRR BB H 5 UL, MDA BT H D) 272, Th o ORMEDRTEZ
A2EFELTVWBEEEZOSND.

ARG T, [HEFHIBEVWT A ABPEMaDHECMAIZH L] B THDFEHIZEW
TZRABMEMaDRLZMIZH B %, P4t [Sameside : a (A,B)J , [Diffside : a (A,B)] @
ko EnETNEILTS.

MIEDMERD 7017, £FTIEA T OHES L % T 5.

TS5 Sameside: a(A,B) TH5 & &,Sameside: a (B,A) TH 5. £7- Diffside: a(A,B) TH 5
¢ &, Diffside: a(B,A) TH 5.
I, D DEBRIZEENSIHEDO MWL SR IZENPNS.

B 1 Sameside : a (A, B) 72 51X, - Diffside : a (A,B) TH 5.

SFEA EEELD,ABIEERa EIZARWHELR S A TH S, £ U Diffside : a (A,B) THNIZ, £
73 AB D L2 a DIEHMBFEIET S, UH L Sameside : a (A,B) SEHEL D, D AB W a Dz s
FRWIZLIZFETS. &> T Sameside : a (A, B) 72 5 E, - Diffside : a (A,B) TH 5.

BB 2 Diffside : a (A, B) 22 51E, - Sameside : a (A,B) TH 5.

SEBH  ® L Sameside : a (A,B) THNIL, M 1 £ v, Diffside : a (A,B) TH 5. T4b
%, Diffside : a (A,B) A Sameside : a (A,B) 1 9 &%\, X - T, Diffside : a (A,B) =51, —
Sameside : a (A,B) TH 5.

HENME3 Eita P I UMERS A, B IZDWT, - Sameside : a (A, B) 7»2, ZNFhhia b
DTN 5 (E, Diffside : a (A,B) TH 5.

SIE H UMD AB W a D2 &G0 INEBS L UEE L D, Sameside : a (A,B) &0, {E
ZFETS. EoT MO ABDaDEE2EERWN. REB LT ABRaDHZ2EERWED,
FE#H & v, Diffside: a (A,B) TH 5

FHHHEL EiHa B LUHELRS 5 A,BIZDWT, - Diffside : a (A,B) 22, FhEFhha I
DTNV 51X, Sameside : a (A,B) TH 5.

SFBH % L — Sameside : a (A,B) 72 5 1E, (REB & OB 3 & 0, Diffside : a (A,B) ¥ 720, K
EIWZFETH. > TIZ DL &, Sameside: a (A,B) TH 5.

SEEIZ BT B EMROBIOERIL, HEHT 2 M HEWITHER D 2 ONROERR EIZBWEE
IZBWTDOAERET S, WX 12, - Sameside : a (A, B) 72 5 IEE B 12 Diffside : a (A,B) £ 725 b T
37, L F-RDTHS.

RIZ, AR O DRI %2175 .

HENMEES Bet(A,CO)BTHDLE, MAZED D=/ ACBZELEMRE MRS ER
b & BiFIE, Sameside : b (B,C) TH 5.

A\ 1‘3/15(‘:

15: B E 5 (Diffside : b (B,C) ZfkE L7 & ¥)
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SFB Hal-3 &9, ZfHACB2E8LEMaD LIZRWEDZED, D AR ELEHEEZD &
T5 IOLERAZMY Da LHEZDEARDIZK L T,Sameside : b(B,C) TH 5 & FiRT
5, 29 EE b BHERIEMTHSI L2 RT. LU EHELEA—DEHETHNIE b DL
WD DPEET A7, #E1 L0, a0 EIZH DPEETAHI LI, a EIZEWED 22 5722
CIZFETS. Lo T,abidHELZERTHS. £ L Diffside: b (B,C) THE, €FE L D,Bet
(B,O)E A EMNFLEL,bDARE 285, 22T, “HAEDRR—DEATHNIE, Bet (B,C) A &
RO REBIUHE2 X0, -Bet(B,O)A TH D72, ZTNIZFETS. L>T,AE IZHERS
HTHD. 0L E, “EHHFabIZ L HIZHERZ “JHAELHKEETI2O, MiE1 IR —DE
ey, ZEMPMHEZDEMRTHS ZLIZFIETS. &> T, Diffside: b(B,C) TH 5. KT
BIOEBLD A CIHHRERS “HTHD. aWACEZELEHRTHV DR AZELERTH D
72D, b LbACEZELROIE, MEL XD, a b A—DEMEL>T, ZTNSHBHERZEHRTH
BZLIZFIETAH. LoTblECEEEHRV. £/, bDB2EFTHRVWI EEEBRIZLTEITS. %
LT IREBLUOEHELY,B,CIIMHERSZ = HTHS. #HELD A B,CIZ2W\WT - Diffside : b
B,C) 2, TNTNL Db EDOETHR W0, #ilimE 4 £ U, Sameside : b (B,C) TH 5. L7=D -
T, MAEDRD B L ZADEFAX /-,

HEIEEG6 Eftab I UHHEL S =/ A,B,C 22T, Diffside : a (A, B) % Diffside : a (A, C)
MDY Z,Sameside : a (B,C) TH 5.

16: fHiBhdE 6

B ETERDOLD—ENERS O LA T AEM EICEELRWESEEE XS, S C
DEMRAB B2z T, =/ A, B, CIE—EMRECRVHATHD, €EHELD,alXABCOV
THNEESBRVWEMTH 5720, Hall-4 L0, a =20 pofMnrz2@s501E, 63k 0~
BODEL LN — @5, ©FELD,al3iED AB B LU AC 2185 720, 55 BC 1358
57\, o TZ DA, Sameside: a (B,C) THD. D DHIZBEWTHFABRIZET 5.

RIZZ SR —ERR b LICH 2552525 T a ABOHEEAETEH% D 25<. Bet(A,B)
D% 5,Hall-1 £ D, DIFABIUB EHERZETHD. 22T, D, CHFE—DMTHNIX,D
da EOETHE72H,CHa LIZHBZ L0, anABCOVWITNEESRWI LIZFET
5. £oT,D,CIZHELRBHTHS. 405, M AB,CD IFMHELRSENTHSB. T ZT,Bet
(A,B)D 225 Hall-1 &9, =/ AB,DIZ—EHHFELOHTHS. bB IO DEMRITE HITHELR D
THABAREETAEED, ME1IIDDbDLEIZE DAEETS. Lo T, b IEMUA A, B,C,D &
5. 97%b5 AB,C,DIF—EMREOHRERLRLNUELTHS.

A,B,C,D B —ER EDHRERDIUNTH D ,Bet (A,B)D TH 5720, %5 5 C DALEI,
PQ,R,S=A,D,B,C 41322 & THt-5(1~5) TRUEEVIZGEDITTE S,

(1) Bet(A,C)B.
(2) Bet (B,C) A.
(3) Bet(A,B)C A Bet (A,C) D.
(4) Bet (A,D)C.
(5) Bet (D,C) A.
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I ZCfED L, MEIBLIT4 2D TOISIZEEHZ B,

#HE3 PQRSHPEMEDHELZZNMETS. ZDL X, Bet (P,R)Q ABet(Q,S) R = Bet
(P,S) Q A Bet (P,S) R.
HE4 PQR,SHEMEDHERDIEL TS, ZDE X, Bet (P,R) QA Bet (P,S) R = Bet
(P,S) Q A Bet (Q,S)R.

(1) D&, Bet (A,BYD ABet(A,C)B TH5. ZZT,A,B,C,D=PR,S,Q & EZH X NIL Bet
(PR)QABet(P,S)R & 725, &> THifE 4 & b Bet (P,S) Q ABet (Q,S)R. & 1z #EH(F, Bet
(A,C)DABet(D,C)B 7%, BEffamD 2@ 2= D,C,B2&aLEMEIIELRL I &
ZFRT.BLaNI0ERREA—-THNE HEL LIV, BBLXOCHa LizbdZ i, ad
ABCOWTNEBESBRWI LIZFETS. KoTaldiD2@EY »D=4D,C B &L HELE
CIIMERDEMTHD. Uzh > T, fifhamiE 5 B L OHE S £ D Sameside : a (B,C) TH 5.

(2) D&, Bet (A,B)D ABet (B,C) A TH 5. &> TC,Hall-1 &9,Bet(B,A)D A Bet (B,C) A
&%, ZZT,ABCD=RPS,QEXMHINIE Bet P,R)QABet(P,S)R &7%5. k- THi
B4 XY Bet(PS)QABet(Q,S)R. EXHaX ZHEHEIE Bet(B,C)DABet(D,C)A &75. EHiFa
MEDZEDY »DO=HD,CA%2EDERLIIBLREZZILERT. B LaBIOEKREE—-THN
W, 1 &0, CBXIUCANa EIZHBEZ D, adlABCOVWTNEBESR NI LIZFE
T35 . LoTaldiD%EY »DO=ZfD,CAZ2EGOEMRL IIHELRZERTH . ZTD-OHME
M S, fHE S B L OHBIME 1 £ v, - Diffside : a (A,C) &> T IREICFETS. Lo THC
DALE L (2) DGETIEAR.

(3) D&, Bet (A,B)C ABet (A,C)D TH 5. & - T,Hall-1 &£ b,Bet (B,A)D A Bet (C,A) D
&%, ZZT,ABC,D=R,PQ,S & EXHZNIE Bet PLR)QABet(Q,S)R &5, ko> THi
B3 X0, Bet(PS)QABet(P,S)R. Z&H#x ZEIX Bet(B,D)CABet(B,D)A &7, X 51
Hall-1 £ 9 ,Bet(D,B)C 7% 5. Hifa A D 2@V D=/ D,B,C 2EUVEME IR LLZ L
ZRT.BLaRZOEBEFA—-THIE, ME1 LD, BBXUOCHa kizhsrZehd,ad
ABCOWTNEBESBRWI LIZFETS. Lo TaldmD 2B »DOH=/&D,B,C28T
EFRE IR ZEETHS. LD > T, MBiaE S £ 0, Sameside : a(B,C) TH 5.

4) D4, Bet (A,BYD ABet (A,.D)C TH 5. &> T,Hall-1 &0 ,Bet(D,A)C 725, Effa
NEDZEY O=Z/MDACE2EUEMEIIERLZZILEZRT. B LaNZIOEMEFE—THN
W HELI IV ABLIOCHa kizdd 222D, anABCOVWTNEESRWI EIZFE
T5. &oTaldfD%EY »DO=MDACEELEMREIIMHERZEMRTH L. T D7D
WS BIOWHHI®E 1 X0, - Diffside : a(A,C) %2> T ANEIZFET 5. X > TR C DALE I
4) DEGETIER .

(5) D&, Bet (A, B)DABet(D,C)A THD. ZOL EREILFFETDHI &% (2) DGFHILE
WTHEEIZAEIEATH 5. £ o Tl C DALEI (5) DIFETIEAR.

FMCOMBBLELTHVEZTRTOEE (1), 3) IZBWT Sameside : a (B,C) TH B Z & HVE
b, U2io T, BEDRD 5 & Z ADGFEHI 7z,

HEEIHET Bet(A,O)BTHhDHLE MBAEEY D= ACB2EUEMRE ML 2 ER
% b & B 1FIE, Diffside : b (A,C) TH 3.

SFB Hal3 &0, =/ ACB2EBLEHFaD RIZRWED 2L Y, ZHD,B 2 EAEME b &
T5. 20L& X, Diffside: b(A,C) THDH L FiRTS. £I _EfFa,bWHERLEMRTHEI L%
AT L EREPE—DEMTHIVUE, FIE1 L0, aD Z@EBZLIZRD, aDEIZRWED %
EoZZEIZFETA. Ko Ta,blIHERIEMRTHS. ZOL &, ##0 AC LIEMRbIEMAB 23k
95, XoTEH LY, Diffside: b(A,C) TH5. LE=h>T, MEDRDZ & ZAHEHI NI,

FHENMES Eita B IUMHERS=HA,B,CIZDWT, Sameside : a (A, B) 7> Diffside : a (A, C)
7% 51X, Diffside : a (B,C) TH» 5.

FTZHDIED—EHNERD DKL LIEST HEMEICTFELRWEEE2EZS. MCH
ERt AB EiZZ2Wne 3, /M AB,CIE—EMEZRVWETHY, €FELD,alZABCOVT
NEBASTLWEMMTHB7-0, Hall-4 £ 0, a B=EDDMESDANDEES 51, BT D _H
DDOELSN—E2E5. EHZLD, a3k AC 2D R0 AB 2385 2\W\WD T, K55 BC %
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17: t#iBhanE 8

W3, & TDiffside: a(B,C) TH 3. FHODEIZBWTHAKRIZET S,

WIZZ D —ERRD EiChd56%E2 5. £3 a0 ACOMET 55% D &<, Bet
(A,C)D 75, Hall-1 £, DIFABLVC LHERZENTHS. 22T, ZfD,BLBA—DHTH
NIEDIFa LOFETHE72D,BMRa LiZdHd2L20,anABCOVTNEESR NI LI
FIET A EoT, 2D BIHERSLHTHB. T4b5, A AB,CDIIHELRSLHTHS.
Bet (A,C)D #* 5, Hall-1 & 0, =X A,C,D IZ[FA—EMR EDORTHS. b B LT DEMRIE, & HITH
Hab A CEREETE-O, MELILDbDEIZEDMEFEETS. Lo T,bidMHAA,B,C,D
5. 9705 AB,C,D T B EOMHBEARZIUNTHS.

A,B,C,D B — B EDHEZZVUNTH D ,Bet (A,C)D TH 5720, %5 i B DALEI,
P.Q,R,S=A,D,C,B &9 % Z & THt-5(1~5) TR UZED IZGEDITTE 5.

(1) Bet(A,B)C.
(2) Bet (C,B) A.
(3) Bet (A,C) B A Bet (A, B) D.
(4) Bet (A,D) B.
(5) Bet (D,B) A.

(1) D&, Bet (A,C)D ABet (A,B)C TH 5. ZIT,A,B,C,D=P,S,R,Q & EX#zNnIZ, Bet
(PR)YQABet(P,S)R &7%25%. ko> THliE4 L 0,Bet(P,S)QABet (Q,S)R. EX#1x Z#EHIZ, Bet
(A,B)DABet(D,B)C &7 %. BEftan D Z@ED 2D =M ABD2GLHEME IFRREI L
ZRT.BLaNIOEREE—THhIUE, fE1 LD ABIUOBWa bkizhdZ i, ad
ABCOWITNEBESRWI LIZFFETS. Lo TaldmDZ@EY D=1 A B,D 250 EH
CIIMHERAZERTHS. LD > T, #ilimE 7 8 X OREBI@EE 2 & 0, - Sameside : a (A, B) &
o T ANEIZFIET S, &> THB OMEL (1) DEETIERW.

(2) D4, Bet (A,C) D ABet (C,B) A TH 5. Hall-1 & 9 ,Bet (C,A)D ABet (C,B)A &7 5.
ZZT,AB,C,LD=R,S,PQ & EZ#x X, Bet PR)QABet(P,S)R &7%25%. ko> THiE 4 &
v ,Bet (P,S) Q A Bet (Q,S) R. H#E 1z ZE X, Bet (C,B)D ABet (D,B) A &7 5. [Efka A D
ZEY DPOZ/HCBDEZEDEMEIIELRL I EZRT. b LadlDEHEE—THNIL, fiE
1&0,CHBEIUBNabizdhdZLeD,alABCOVWITNEBESRNILIZFETS. &o
TaldiED @D »O=/HC,BD2GDHEMEIIMHELRLIERTHS. Lizh > T, HbhdE 7
B L UHE 5 & b, Diffside : a(B,C) TH 5.

(3) DA, Bet (A,C)BABet(A,B)D TH 5. ZDOEL EREWTFETHI L% (1) DEHEAIZH
WTHLIZEFFEATH 5. &> TH B DAEIX 3) DA TR,

(4) DA, Bet (A,C)D ABet (A,D)B ThH 5. ZZT,A,B,C,D=P,Q,S,R & EX#1z 1nIZ, Bet
(P,SYRABet P,R)Q &72%. ko> THli#E 4 L 0,Bet(P,S)QABet(Q,S)R. EX#1x Z#EHIZ, Bet
(A,C)BABet(B,C)D &7 0, X 5IZ Hall-1 £ »,Bet (C,B)D &7 %. Z D& ¥, Diffside : a (B, C)
THDZ L, Q) DEBIZBWTEIZEFAFEATH 5.

(5) D4, Bet (A,C) D A Bet (D,B) A TH 5. Hall-1 & »,Bet (A,C) D A Bet (B,D) A &7
%. ZZT,ABCD=Q,PS,R &EXHZNIE Bet (Q,S)R ABet(PR)Q &5, k- THif
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3> X U, Bet (P,S) Q A Bet (P,S) R. # & #i1x % H+tE, Bet (B,C) AABet (B,CO)D £7%4:%. ZD&
% Diffside : a(B,C) TH 5 Z &%, (4) DEE BV TEICHHFEATH 5.

MBOMEL LTHEDTRTOEE (2),4),5) 25T, Diffside : a(B,C) TH 5 I &M
EHOND., Uiz ->T, MEDRD D L Z AW -,

B 6,8 12k 0, ME 1,2 B ZENTENMARIND.

332 AORSM
ABLTAHDOHIDRIFATDOL I ICERINT NS,

EE AANOZ—EHa LOZFHEU,0FA AN DOBIZIERVWETE Z0EEHAA A
BMalZBLWTHODRILMAIZH S W, HODRUHNZH B EMa DETDEE, O o H
BLHERRE NS

TFE hkZ2 MO IWHTTHERLEMIBET I HERE TS, ZODDOFEMROME M
EELHT, Z(0,K) T2 Lk h) TET. EEM LKk ZADL, ;K0 ZADIESE WD . £/, THED
B, %D EIZ& %A CHHEA%, LJABC KT

Halll-4 526072 H EOGZ o/ EMRE —4L U, 2OEMCH L TEZ SN I(E:
BEOMZM—EBOIZERIIBT IV TE2. LEOAIXENEHIIZERTH 5, BB HEIZ ZL(h,k)
=/(hk). F-ADOERICBVTIEZOREOME 2RMEE LW, 20720, M FTOREEITLT
AE#HTH 5.

Z(h,k) = (0, k), Z(h, k) = Z(k’, 1), Z(k,h) = Z(0, k), Z(k, h) = Z(K’, ).

EE OFEGLIERLZBL, PEMKIZERKICETS TS hB8LTkiE, ZHIZH0 %
MAUE, SEH EDE D Of% ZODHEBIZH TS kiU Th EEUMAZH Y 2o hiz/ LT
kEFRCHZHZTRTOEEZZDOHADOHNETIZH S &V, TOMITRTDEE ZDADIERIZH
&S,

INSDEHENS, LFOFEIELNDS.

#B6 LABC DHERIZM D 2id 57 51X % 7=, Sameside : BA (D, C) A Sameside : BC (D, A) T
H5.

7 ZABC OAERIZE D 23 572 51X % 72, - (Sameside : BA (D, C) A Sameside : BC (D, A))
Thb.

T, ZOMAICET AU TOMEIZDWT, TNSDEBNSHLNTH S, H 5 WIFEI
AR LI EL EERT DR LVEEZ S,

B3 hklZ2ZhZTNHO0 1o HIMERDERIET 2 HEMRE U, LERZERTICE
T35 hkDPIIZHUTHEHUMIZS S & &, h D LK) OREIZH B0, HEWIT kD L(h])
DONIERIZH 5.

Z OMEIE Ht-15 OFEHOHF T, EB L DPS P TH B L EEINTWVS,

MBI D712, £T I T OMmEZ T 5.

BN RE9  /ABC ODWIRIZF D 23 % & ¥, Diffside : BD (A,C) TH 5.

SFBA EEK D, EFRBA,BC IIMHERZEMHTH D, £/ =5 A,B,C I3/ S HTH 5. Hall-2
X0, EMCB EIZFELT,Bet (CCE)B THB LI E 2L 5. EIFEC,BCIXEHIZ/HE
7235 B,CEBEDZD,FEL X, A—DEMTHS. ZZT, L UECHHAZEBEDLRSIE,
THEFEBAECIZE HIZHERS T HABEESD MEL L0, A—DEMRERD, ULzh>T
BA,BC 2 A —DELREE 7> T, ZHIHMKEICFET 5. KoTECIZAZBESZRW. ENALH
—DETHAGELRAROFENPIEI 2720, Z M E A IZMHRER B ETHD. £72 Bet (C,E) B H»
5,Hall-1 £ 0, =& C,E,BIRHHERSZ=Z/HTHS. > T=HAECIT—EMREIZRWHERS
ZHTHB.
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18: #BhnEE 9

REB L OHIE 6 & v, Sameside : BA (D,C) A Sameside : BC (D,A) T %. Sameside : BA
(D,C) S EHEL D, D IXESEBA D 22 <, £7/2 5D, CIZHER 55 TH 5. $ LESBD
DOLEIZADBNIE, ZELEBD,BA XX HIZHELS M AB%2EMA,BD LIZD W EFEET L7280,
M1 &0, BA LI DWFETEI LR >T, ZHIZFETS. £>T,BD LIZA RN £
72, ZHD,ADMERLETHY,BD LT CHRNI 2 E, THEPSHEKICEITS. 22 TH L
BD M E %3857 51X,EC,BD 23 H IZfH® 42 S B,E# @A EME 0, fiE@1 L v BDDE
WZCHEHETDEI LT, ZHUIFETS. K>TBDIXE Z@S5 A\, AE,C A3 —ERE EIC
BROWZHTHY,BDBZOVWTNHMS RWEMRTH > T, #5 EC DA B %35 728, Hall-4 &
D, EHEBD I35 AE © L < 130 AC 2@ 5.

BD 7#> AE 2 B 255 %2F52 5. ZOL EH@M%E F BI1HE,Bet (A,E)F TH 5. BHiR
BAD = AEF280EMEMHELRIEMRTHDI %217, 5 UBADRIDEFEFA—THN
EHE L XD, 2NSBXUEMRBC 1L HICHERS N B.E2&L7-0,#iE1 L 0,BA L
BC 23 E —DEREE 22> T REICFET 5. > TBAIRZRAEF 280 EMRE HEZ S EG
TH5.Bet (A, E)F BLUBADEHAZMEY O AEF280HEMEMHELRSERTHBZ
Eh s, i@ 5 £ 0, Sameside : BA (E,F) TH 5. B BAD =/ CEB2#&8OEHa bl
BEAEMTHE I 2md. EMa,ECIZE B ITHERSZ “HEC2M@57-0, M1 &0, a
¢ ECIEA—DEMTHS. 22T, b LUBA D a kE—DEHRTHINIE EC L BC &[HE—DER
TH5725,BA & BCHFE—DEMEZ D REIZFETS. Lo T,BAITa HELRZERTDH
%.Bet(C,LE)B BLUBADNEBA2ED »O=HCEB#%#&LEHa LHALRZEMTHSZ
& o, fiBhd @ 7 £ 0, Diffside : BA (E,C) T® 5. Bet (A,E)F 75, Hall-1 £ 0, 5 E,F I&fH
B2 HTH5. b UHCEDRRA—DOETHIIL, ZES AE,EC 23 HIZHEMR S S EF %
R, FT-AED LIZHAPGFEHET S0, 41 LD, ECOEIZAPMFEETHZ 2D ECH
AZBESRNWILIZFET D, Lo TR CFIXMHRERDHTHD, ULzD > T=HE,FCHAMHE
A FE B, RS =S E,F CI22\W\WT, Sameside : BA (E, F) %2 Diffside : BA (E,C) TH 5
Z e, MibhdEE 8 X 0, Diffside : BA (C,F) T» 5. H U1 D,F »'[d—®D s TH L, Diffside
: BA (C,F) & b Diffside : BA (C,D) &7 0, flig 5 B L O#iBhdE 2 & b, - Sameside : BA (D, C)
& 725 C,Sameside : BA (D,C) THAZ LIZFETSH. £o T, ZAD,FISHRELLHTHD, L
72> TC=m C,D,FOHERDHSL S HHEAR D =5 C,D,F 22T, Sameside : BA (C,D) 7
- Diffside : BA (C,F) TH» 5 Z &» 5, #ilhMmiE 8 B L i@ 5 & v, Diffside : BA (F,D) TH 5.
REL D Z M B,DIIHERLZEHTHS. U B, FAHE DM THNIE, ZERR AE EC 2 ®
AR “HB,E2 &8, £/ AED LIZE ADEET B0, i1 L 0, EC D LT A DMEE
TEHZELERD ECHAZBSRWILIZFETS. Ko T BFIZtHERSLETHY, LT
MNoT=/HB,D,FII—EHMEIIHIMAERDLHTHD. TOLEHABLOHE2 LY, 2=
HOMNBIILTO=Z2DBE XA I N5,

(1) Bet (B,D)F A — Bet (D,F) B A — Bet (F, B) D.
(2) — Bet (B,D) F A Bet (D,F) B A — Bet (F, B) D.
(3) - Bet (B,D) F A — Bet (D,F) B A Bet (F, B) D.

HUEMRBADZABD,F2EOEED CRA—DOEMBETHNIE, MEL LD, b D EIZAIE
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HITBHZeeind, —EHEDBDIZEHIZHERS “HBD%2&HA £/-bD EIZAPEHET B/
O, HE1 IV, BDDEIZAPEETEILERD,ADRBD D EIZAEWIEIZFETS. 5T
BA 3 b EHHEARBEMTH B, LA 5T (1) DA, Bet (B,D)F B LU BA M EB %20 »D
ZHBDFEELEMa CHERZEHRTHELZ 0o, MBS, MEs BLOHaE 1 &
v, - Diffside : BA (E,D) & 72 v, Diffside : BA (ED) TH5Z L IZFETS. &> TEHDOMEIX
(1) DA TIEZRN. [ARRIZ, B BA X =AM B, ED 280 EME HHBELRAEMTHS. L=d >
TR DEE, EFELD, Bet(B FIDB XU BADEB #@Y »2=fB,ED 25U EME IIMHE
f;é”éff?fz@é o, il S B X OHiBIWE 1 £ 0, - Diffside : BA (F,D) &7 b, Diffside
BA(FD)U% IIFIET B, Ko TEHDALEIX 3) DIHBAE TR, LEh> T, =

BIX Q) DEATHY, T4bb,Bet(D,F)B TH 5.

Sameside : BC (D, A) 25, € & 0 ,BCIXD 2ES5 2 WEMTHS.  LEMBC =& D,FB

ELEMBER—THNE, FHE1 LV, BCOLIZD B FEETLII LR, THIZFETS. £o
’C BCIZ=/M D,FB 28V EMRE IIMHERZBEHRTHS. L7zH>7T,Bet (D,F)B B LU BC H
WMBZ@EY »DO={D,EB 2EVEME FHERSERTH L Z 0o, MbdE 7 & L O
5 X 0, Diffside : BC(ED) THh5. £t UEMEC =M EAF 280 EMEA—-DHEMRTHN
X, ZHAECHE—EMEIZHARZ LT, 2NN —EHR LIZRW=25STHh D : a WZFIET
5. k> TECIF=ZMEAF2E0EREIIMHERLEMRTHS. Bet (A,E)F &0, T#EH 5 Bet
(E,A)F TH->T,ECHEE %@, =/HEAF %25 a‘fﬁﬁa i*ﬁ%&é‘ﬁﬁfa% o,
B 5 8L OWES X v, Sameside : EC (FA) Thb. ZZT,EC & BC IZ[A—DEMTH 5 7=
&, Sameside : BC (F,A) 7 5. Bet (A,E)F &0, /N A FIIMHERZEHTHS. LD -T, =
MEADIIHRLLETHS. RS =HF A, DIZ2DWT, Sameside : BC (F, A) 2 Diffside :
BC(ED) TH 5 Z &h 5, flihardE 8 & v, Diffside: BC(A,D) &7 v, #if 5 B L OHBIaE 2 &
v, - Sameside : BC (D, A) & 725 T, Sameside : BC (D,A) TH 5 Z L IZFET 5. & TC, B BD
I3HRD AE 2B S22\, TRbLHED AC 5. 2D & &, %L 0, Diffside : BD (A,C) TH 5.
L7223 T, DK D B & ZADEHHHE iz,

HEIDE10 ZABCOWNMIZAD A H D, EHAEBD ED " B,D $HHEMR B HE H»H > T, - Bet
(E,D)B TH 22 E,ElL LZABC ODNHDETH 5.

19: #fiBhaniE 10

Z OHEIE, D DY LZABC ONERD s TH NI, FEK BD X LZABCONIRIZH B Z %KL T
W5, AR CitHZ R 7.
SFEA  ZABC ONFRIZ D 3H B DT, EFH &L D, Sameside : BA (C, D) »*2 Sameside : BC (A, D) T
% %. Diffside : BA (C,E) TH 3 tTé. IDEEEHLD, SN CERMHEREETHY, £-1K
ELD, ZHCDBIUVEADEDFATNTNHERSZNTHS. $72b5, =5 C,D,E IZHR
HBETHS. HE LD = C,D,E iZD\\T,Sameside : BA (C,D) »* Diffside : BA (C,E) T®
5o, fmliamE8 L 0, Diffside: BA(D,E) 2745, ZDE ETH LD, BA LIZEAFRH-T
Bet (E,D)FTH%. H LA FEB M — D THNIE, Bet(E,D)B 70 REICFET 5. &o
T, EBIIMHEREETHS. ZZTIREL D, —EIEBD,ED & £ IZMHELR 5 S ED %
G, - Bet (EED)F S EH LV, EDMRF 28870, 61 L0, BDMWF2E5. 2Dk &,
THEMRBABD X BITHERSZ ZHBFEEMA Z1-BDAD EELO, MiE 1 LD, BADD
PELHIL RO, INFMEEIZFIET 5. &> T, Diffside : BA (C,E) T3 %. Sameside : BA
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(C,D) DS THELD,BAIXCAEESKR\N. 22T, “EHMED,BD X & HITHERS SHED %24
A, £7-BDAB 2&L7-0, flifE1 XV, EDAB #3E5. H L BA HE 2@, ~EHF ED, BA
MEBIZHERLZ HCE2EM £/-EDMPD 285070, #E1 LD, BAMXD Z2ES. Lh
L, Sameside : BA (C,D) 5 EFHFE LD, BA I D 2@ WIZ LIZFETSH. Lo T,BAIZE 28
57\, ME 2 D 5 C,E 122\ T, - Diffside : BA (C,E) 7*2, TNFNH BA LD HTR\Wd,
fBaEE 4 X v, Sameside : BA (C,E) T® 5. Sameside : BC (A,E) TH 2 Z & b [FAKEIZ LTI T
5. LWoT, ZABCONEIZD 23H D, EFEBD EDO A B,D B 455 EHH-> T, Bet
(E,D)B TH 5L E,Eld LZABC ODNEDIETH B, 2T, MEDRD B & ZAWEFHI .

HEIME 11 ZABCIZXH L T,Bet (A,C)D %2 51E,D 1 ZABC DNIDHTH 5.

SEBA  Sameside : BA (D, C) 7> Sameside : BC (D, A) TH D Z & Z/R7. EHE LD, “ERBA,BC
ISHHELDERTH D, F/-=/MAB,CIIHERLZETHY, IHIZ=ZHACD D ELHRLS
MTH5. BL, EHEBA & = AC,D Z2E5LEMH a D FE—DEMTHNIX, BA O EIZE B HF
ET57-0,#E1£0,anB2E80. T4, HMBCL ad b IlHERS N B,CE2EL7-
O, ME 1 LY ZNSHE—DER, T4 5 BA,BC E—DERRE 2> T, “EHEIPHERSE
MTHDBZEIZFETS. Lo T,BAIZa LHBRRAEMTHS. BC & alZDWTHEBRIZHER
LZEMTHDIL%2EITS. Bet(A,CO)D THYH,BAN=HA,C,DZ2ELEHREIHERELRDEHRT
H57-8, wllhaE S5 & U, Sameside : BA (D,C) TH 5. ¥ 517, EFL D Bet (C,A)D TH H,BC
NEFRACD 2EEGEHERZEMTH D720, fliliaiE 5 X v, Sameside : BC (D,A) TH
5. Sameside : BA (D, C) %2 Sameside : BC (D,A) TH 5728, €&E LD ,D I LZABC DHNERD 5%
THb. T, MEDKDZ L ZADEHE Nz

#BhEpRE 12 Sameside : BC (A,D) T® b, —[Ef% BA, BD M MR 2 R 51, ZABC DN
IZDAH D 9D LDBC DAEIZ A DD 5 Z &z,

SEBR & U, ZABC OAMEBIZ D A3 52D /DBC OAIZ A DD D56, #iEHT L0, UTD
FODGEIZKHE NG,

(I) — Sameside : BA (D,C) A Sameside : BC (D, A) A = Sameside : BD (A, C) A Sameside : BC
(A, D).

(2) — Sameside : BA (D,C) A Sameside : BC (D, A) A Sameside : BD (A,C) A = Sameside : BC
(A, D).

(3) — Sameside : BA (D, C) A Sameside : BC (D, A) A
— Sameside : BD (A, C) A = Sameside : BC (A, D).

(4) Sameside : BA (D,C) A — Sameside : BC (D,A) A — Sameside : BD (A,C) A Sameside : BC
(A,D).

(5) Sameside : BA (D,C) A — Sameside : BC (D, A) A Sameside : BD (A,C) A — Sameside : BC
(A, D).

(6) Sameside : BA (D, C) A = Sameside : BC (D, A) A
— Sameside : BD (A, C) A = Sameside : BC (A, D).

(7) — Sameside : BA (D, C) A — Sameside : BC (D, A) A
— Sameside : BD (A, C) A Sameside : BC (A, D).

(8) — Sameside : BA (D,C) A — Sameside : BC (D, A) A
Sameside : BD (A, C) A — Sameside : BC (A, D).

(9) — Sameside : BA (D,C) A = Sameside : BC (D, A) A
— Sameside : BD (A, C) A = Sameside : BC (A, D).

5 & b, Sameside : BC (A,D) THB728, 2D S5 (4),(5),(6),(7),(8),(9) DHGEIFAE Y 1572
W, F7/-fHE S & b, Sameside : BC (D, A) £ 757280, 0 DHAD 2),3) DHELEEINS. £
D=, %5 (1) DHBEIZOWT, FHEEZIHE IV,

ZABCIZDOWTHHT 5. ®FE LD, ZEMBABC IZHAELZEHRTH D, /=M A,B,C X
TR DR THB. Hall-2 & v, B CB LIZIFEL T, Bet (CLE)B THE LSRN E%R2 L 5. &
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MREC,BCIX L HIZHHEZL S "M B,C2E57-, i1 &0, A—DEMTHS. 22T, HUEC
DA ZEDOIE, ZEMEBAEC XL HIZHERS MR AB 2 @S0, fiE1 KO FA—DE
Wb, ULz ->T,BABC A E—DEME LD, THIIMKEICFET 5. > T,ECIT A %@
S50, TIT,EDNALREI—DETHIGE, TNIZFET A2, S EA IFHERSETH
%. X 51Z,Bet (C,E)B 5, Hall-1 & V),;ﬁC,E,B WBHHER D =ZHTHD. F>T=HAECIKK
—ERECRWHEZRZ=ZHTH S, (1) DEHEIZBWT, - Sameside : BD (A,C) TH» 5. H L BD
MAZBELL 6L, ZEEBA,BD e b $ﬁ£7&é#ﬁA B%a&L720, &1 £ Y,BA,BD 7b=
FE—DEHE 2> T REIZFETS. E>T,BDIZAZESRW. 5 UBDMC 2@S%51F
TEMBD,BC AL HIZHAELRSLZ ZHB,CE284,BDAD 25870, MiEH1 LY BCAD 24
. UL Z DL E,Sameside : BC (D, A) 25 EHEL D, BCIED Z2EFRWVWILIZFETS. £o
T,BDIZ CZESZ\. FHEZR D — A A, C 122\ T, - Sameside : BD (A, C) 72, TN ZF 1A BD
LEOETRWED, filiaE 3 X v, Diffside: BD(A,C) TH53. ZZT, b UBDMWE 2@57225
IX,EC,BD 73 £ IZHH 42 B, E Z @A HEAME 2D, i1 L0, BDD EIZCHFHET ST
e oT,BDAWCEZESRWILIZFETS. K> TBDIFEZESZ\W. ULZD3>T,A,E,C
M—ER IR WZETH Y BDABZTDOWTNEES B WEMRTH > T, O ECDEB 2572
&, Hall-4 & v, E4% BD 134724 AE © L < [3#3#4 AC 2@ 5.

BD 730 AE Z @28 %25 X 5. €HFP L OHBES5 & v, Diffside : BD (E,A) TH 5.
U,BD »=Z/fCEBZaUEMRLA 2SI, BDREZ2BESRVWI LIZFETS. T, 2D
_“E‘ﬁ IHEZBEMTHS. LW >T,Bet (CCE)BB LU BD 2B 280 »O=%C,E,B
EADEME SRR LERTHD Z h o, Milha#E 7 3 L OHIE S X b, Diffside : BD (E,C) T
H5.FTixbb, = A E,CHHELS =T - T,Diffside : BD (E, A) »*D Diffside : BD (E, C)
TH57-8, il 6 8 L OHBIaE 1 £ v, - Diffside : BD (A, C) & 75 T, Diffside : BD (A, C)
THBEILIZFFETS.

BD 730 AC 2@ 258 % 52 5. ZDL & HHEZF L BIHE FIZBD EOATH-T,Bet
(AL,OFThd. /-0, #H@mEIl X9, Fl ZABCONHDETHS. L, ZmD,FH
F—DETHNIE, DM LABC ONH DL 5. D, F AR HTHIGEEEZS. H L,
FBEWE—DHTHNIE,Bet (A,C)F &V ,Bet (A,C)B 720, EHEL Y, =/ ACBEZELE
MadMFET D, oL E M1 L0, BERBABLUOBCHZENEN a LA—DERERD, L
TR o CZEMMBE—DEMRE 2> T INEIZFETS. Lo T, Z/HB,FIIHERZHTHS. T
bbb, =K B,D,FlE— ‘E‘fik@*ﬁiﬁeaéﬁ’@&)é. ZDEEHA4BLUHE2 &Y, ZO=H0
MEIZATD=Z2DGE5IZKA I NS,

(i) Bet (B,D)F A — Bet (D,F) B A — Bet (F, B) D.
(i) — Bet (B,D) F A Bet (D,F) B A — Bet (F,B) D.
(iii) — Bet (B, D) F A — Bet (D, F) B A Bet (F, B) D.

() DHEIZDWTEZRS. fliE 1 LD, EFEBD &, =& D,EB 2&LEMD IEFA—DERT
%5 HU, giD FEB 24 OHEMb L EAEC AH—OEHTHINIE, ME1 Lo, BEBD O |
CEWFETEIL R0, BDRERESRWI LICFIET 5. &> T,EC & b IdFHER 5 EE
f%é. F72,Bet (C,E)B DT, i 1 &V, EMEC ¥ =/ CEB 28 EMRIIFA—DEMT
HY,THROHLECHB Zi@5. LA >T,Bet(D,F) BB LIV ECHB 2EY D=/ D,EB %
AUEMEMHBRLRIERTHD Z 0o, filhadE 7 B X OHE S & v, Diffside : EC (F,D) T®
5. 5L, 2 ACF2E50ERc LEMMECHHE —DEMHRTHNIE, M1 L EC LT A DVEE
FTHEIELLRD ECHAZBSRNWI EIZFIETS. o T,EC & c iIMHERBELRTH 5. Bet
(A,CO)F 75, EH L D ,Bet (C,LA)F TH 5. L7z >T,Bet (CCA)FBEIUECHAC 2D 7D
ZHACF2E80HEMEMHERIEHRTHB Z L5, MibhaE 5 & v, Sameside : EC (F,A) T»
5. Bet(A,OF 26, &L, “HAFIIHERLETHS. £72,Bet(D,H)B 15, EHLD, =
MD,FIIMERLETHE. ZHDADPHERLHTH L0, =M FEADIIMHERSETHS.
= F A,D 22\, Sameside : EC (F, A) 7> Diffside : EC(E,D) TH B Z &H 5, filimE 8 &
v, Diffside : EC (A,D) TH» 5. £7=, —E## BC,EC 2[F —DEARTH % 728, Diffside : BC (A, D)
, T b B EBIME 2 X, - Sameside : BC (A, D) & 72 - T, Sameside : BC (A,D) TH 5 Z LIZF
Iﬁ@“é & 5T, (i) DEHATIEER .
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() £ 7212 (iil) PHE, - Bet (D,F)B TH 5. ZABC DNERIZ F A3 0, EfE BF EIZ " fB,F &
I B 1D MdH->T,— Bet (D,F)B DT, il 10 £ V,D X ZABC ONHDRTH S, o
TZDHED, ZABC DAEFIZD 3D Y 7D LDBC DABIZ A DD 5 Z L1370, £ TOHEIT
BWTFENEPNS. L7h - T, Sameside : BC (A,D) TH 0, [EfE BA, BD AHE 2 2 EfE
751X, ZABC OAERIZ D 235 D 93D ZDBC DIMBIZ A DD 5 Z & ide\v. TN T, mEDRD
5L ZADIHE N,

fENERE 13 hk1Z2ZNENR O NS EAHERDERICET S EME U, FEht 1 IXER
TWET2L T2 kDB TIZHUTHEHUMANZH S & &, h D LK) DREIIZH B H, HB0IF kA
Z(h,1) DWNEBIZH 5.
SEER FEREh k1 EOfAEZZFNEFNHKL &L, FEHR Lk BT NFNERLKICET S T 5.
HEUHPMKIZHELTNWE, “EHRLkDPETNTFNHERS MO HZEA7-0, i1 X0, hk
DA —DEME > T AREIZFET S, o T A HKIZHRERSHTHS. HLBLTKLIZ
DWTHFATHB. Lo T, ZHHKLIFHELRSEHTHS.

h 2 Z(k,1) ODNEBIZH B0, HE W0k D Z(h, 1) ONFIZH B Z L 2R TIZIE U FD=DOD
FMZOVWT, TNFNFEEZEITIE I V.

() hD¥ 21D DNIRIZH D DDk H L(h,1) DHIEFIZH 5.
(2) h DY Lk, 1) DANEBIZH D Dk HY L(h, 1) DIFIZDH 5.

(D) DFBEIZOVWTEZL AEL D, h D Lk, 1) DWNEBIZH D728, h LD H I Z(k, 1) DA
WZHD. koT, MBIME29 £V, - Sameside : h (K,L) TH 5. —J5,k D L(h,]) DREIZH B Z &
Mo, fE6 X D Sameside : h (K, L) & 720, ZHIZFIET 5.

WIZQ)DFEEEZD AREL Y, WD LK, ) DARIZH 728, h LD H I Lk 1) DAMNERIZ
H5. FARRKIZ, kDS Z(h, 1) DINBIZH 5728,k LD LK I Z(h, 1) DINFIZH 5. KE & D, Sameside
IHK THDE. 2o E MldE 12 0, HD Lk D) DHERIZH D 52D K DS L(h,1) DIMERIZ
HBHZ LIV ED, TNIZFET 5.

ETDEMHIZEWTFEREINDS. LD o>T, MEDKD B & Z AN N7z,

BN 1312 & 0 IR 3 I3 X n 5.

333 =AFOERE
ZAFBRUATOLSIZERZINT WS,

EFE 9 AB,BC,CD,....KL Dfl%Z M A 2 LIZERET 2R VW, 5 A,B,C,D,...,K,L
EFBORE WD RHZA AB,CD,... . K,LBETH—FH EIZHD PO L AL —HT

L& ZOWMEELARE LMD, HAB,CD,.... KEZLZAOHESE NS . 3E, 41, ..., n{#
DIES 2R A E2 T NETN =M, WAK, ... nfAEE2 WS,
EE ZAFROHEHENETHWIERLRY, ZAHAFXDEEADNZTO LD EIZHES Z L H#L o4 fA

DU 725 3 0b HEENRT Ve E, ChE2HE—ZAF WS,

OlIZBEWVWT, ZO_DDEBNPORAIBE—ZAILLIEIRNEXEEZ, BIZ=ZA R, AR
AHEBEOEHEIZHHAL TV, L2ALAaYS, ZOMARIZET AU TORMEIZODWT, 2TNSDE
HZDOOHONTH S, HDWVIFRAZREE LR LI EZL EFERTDHIDEFH L WEEZS.

B4 H5-MARICBENT, 20—l 2ELEMREIC, TOEMR EICH IR EHERSHE L >
722 E ZORBITZTDUDEHMRD—FHE, ZAFROEKRY DIEMIZ=ZAE2 DL 5.
ZOMENERT 2EARO—FlE LT H-12(EMAROHE—&HEH) OO T, =fAK
ABC, =l AB'C’ 252, BC#B'C’ Z{KEL,B’'C’ LIZBC=B'D’ 2 A5 L5 HED 2k >
TABD ICHUENDZARTH S L 2L 95 Halll-5 2 #@HL TWa. fi7%2 &RHICE
TZED—FEAREMEIX I ORI NTED, LER>TIDEEED R EB,C DWT
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NEEMHELRDETHAILIIARGIZEITS. D2FDZDEED=4A,B,D A=A x2 DL 3
ZEDOMERE, TOMEDRTEIAETRELTWEEEZONS.

BC < BC BC>B'C
C’
D’
A B’ A B’
20: Halll-5

ZIZTOEZADEZER, LTOLSIZEEHET.

EFE ZHABCHHERLIETHY, ZTDIHLED—FHE L >THMO HOMIZIES Z 272 <
MOEDTWAE L > THIFERI R VWEE, TNE2 =AML ABC WS, /2208 &, =& A,B,C
MNE=M ABC 20K 525 5,

AT, =5 ABCH=EMEABC 20< %) 284 TAABC) O X312 T 5.
ZDEENIS, LLNOMmEZHT 5.

HEIME 14 AABCOE &, YOIJHEMZ > TH, TN 5 2 BHEM EIZER D OTEAIE RN,
EFER EFHE D, S AB CIRHEZZRLZHTHD, ZTDIBLEYD—fiE &> THMD ZADOMIZIE
52D, B UEMAB EIZCHH 54 51E,A,B,Clk—ERLIZHIMHERLZ=HTHD7-
O, Ht-4 L0, MO FHOMIIH 2 —mBEIFET DI L 2RD, ZNIRIERIIFIETS. Lo T
EHAB EIZ ClEZ\W. B BC, B CAIZDOWTELEMETHS. LA -T, mEDRkD B L Z
ADEMPND.

HEIME 1S ZRPMHERZETHY, “HEREDER EIZED O—ED Wi s E, ZO= AT
A E DL S,
SEB MERBZZHIZOWT, ED—RE o T MO HOMIZTES Z &L, 2D s
oTHLEREFRWI R RTITIH HELREIZHE2ZINTNABC EEE, LTFTDOARDDE
HZDOWT, TNFNFEZEIFIE LV,

(1) Bet (A,B)C.

(2) Bet (B,C) A.

(3) Bet (C,A)B.

4) ¥ AB 2H30 BCIZHE RN H 5.

(5) %9 BC & 434 CAHLEEN D 5.

(6) #i7 CA L#5) AB IZH@EDH 5.

(D,2), R IZEVWT, THELV=Z/MAB,CHE—EMfa LICFEHET 5. a LEEAB IZZTNEN
R M ABZED, F/-a LIZCOEHET S0, i@ 1 ID,AB EIZCHOHEFEHET I
R AREIZFIET 5.

B IZBWT, 39 AB L9 BC O @HZ2 D &35, 374405 Bet (A,B)D ABet (B,C)D
Thb. EHFLD, 2S5 ABDIRE—EHD FICFEET S, B b, AB IZFNENMELR S 55
ABZED F/-b LIZDWEET A0, 61 L0, AB EIZ D P EHET 5. F/-FHERIZER
BC EiZ% D AME(ET 5. Bet (A,B)D 7*5,Hall-1 £ b, /5 B,D IZHELRZHTHB. ZDL =,
TEMBC,AB X FNFNHERS TS B.D 2B, ¥/ BC LIZCAEFEHET D20, M1 &b
AB FIZCHFMAET BRI R0 REIZFET 5.
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() IZBWT, ##7 BC i CADFELEZHE &35, 37425 Bet (B,C)E A Bet (C,A)E
Th5. ﬁaibg,ﬁBCEbﬂ Effc EIZFEET S, ZEffc,BCIXFZTNZENMHERS 5
BC%:;J) Fc LIZEDWEET 5720, 6 1 & v BC LICEWEFEET S, -FEMKICER CA

26 EWMEET B, Bet (B,O)E 7* 5, Hall-1 £ 0, "/ C,E3MHERZETHB. DL, A
%?CA BCIXFNFNHELS SN CEZED, £/ CA LIZAPEET A7, ME1 &0 BC

ZADPFET D, Uho T HER S =/ A,B,CHE—E E BC LITFETS. Zne &, A
ff?BC AB lZZNTNMHENRS HAB%2ED, £72BC LIZCHEETA7-O, M1 LD AB
BIZCHERETHIE D INEIZFET 5.

(6) IZH VT, 19 CA L 455 AB OIL@ %2 HF &35, 742405 Bet (C,A) F A Bet (A,B)F
ThHb. THELIV=ZFMCAFPEA—ERI LIZEETS. ZERMJCARRETNTNHELRS &
CAZED, £/2d FIZEWPEET S7280, %ﬁ%lc}:OEﬁCAL F 3 EET 5. F7-FERRIZERR
ABL H FEHET 5. Bet (C,A)F 225, Hall-1 &9, "X A FI3tHELR B ETHD. ZDL &,

EfE CA,AB 3 ZNFNAHERZ S AFZ2B0, £/2CA BIZCWEET A7, #EL &
ABJ: CHEFHETEI LR IREIZFETS.

ETOFERMFIZBWTFEPEINDS. LIz T, iEDORD S & 2 ADEFH I N -.

HBIME 16 AABC Ok ¥, ABCA A ACAB A ACBA A ABAC A AACB.

SFEA EHEL D ZRAB,CIIMHRALSZSATH O, WilhdiE 14 £ 0 B BC L2 A 1T, U7
Mo T, Ml 15 £ AABC D& &, ABCA TH 5. [AHRIZ LT, whiBhanE 15 oU) ABCA D&
%,ACAB.T&XG%,AABC@E% ACAB TH 5. IRIZ, EFE &L V)#ﬁA B,C 3R 5 R TH
O, fBaE 14 X 0 ERE BC LIZ AW, 22T, “a‘%ﬂ CB,BC ik Zzh TN 5~ B,C
D7, H LU CB LI ADELET I, fE 1 OU) BC LIZAWPFEHETSHZ D, ZHIiZ
FIETSD. Uhi> T, B CB EIZ AR, XoT, Mm@ 1550 AABCDO Y &, ACBA T
HA5. FARRIZLT, MBiamE 15 &0 ACAB DEE,ABAC. T72bbH, AABC D& &, ABAC T
5. ESZERRC, MBS 15 £ 9 ABCA ® ¥ & AACB. $72b5, AABC D& &, AACB T
5. LMo T, AABC@?:% ABCA A ACAB A ACBA A ABAC A AACB. ZNTHEDRD %
& ZADGEEH E 7z,

BEIGE1T HE25ARIIBEVWT, 2002 E0EMEIZ, ZOEREICH BTHA EAHEZ 5 5
ol E ZTORPICTOUDMMAD—HE, ZAKOED DTEHAIZ=ZAFKE DL 5.
IRl 5 XoN/-=AFE OB =M% AB,CLBEZ, IBC2E0UEMLEIZB,C CHHEL S A
D#%& 5722 & AABD A AACD %2 FiRT 5. EHE LD ZNA B CIIHERLETH Y, flibhdn
E14 KD EHEBC EIZARRW. F2IRELYV=ZEB,CDIE—Effa LIZHBHERSL=NT
H5. _Efkka,BD | i%ﬂ%maﬁaé MBDZEY, ¥/ma LIZCHEFEMET D720, i1 &
D BD LiZ CHFEHET 5. ZEMEBD,BCIEZTNFNHELS M B,C%2E578,H L BD EiZ
ADPFETIIE i1 L0 BC EICADPFEHETEZ 24D, BC EIZAPRWI LIZFET .
X ->T,BD LT A3\, 22T, BDJ: XD WEET S0, 5 L ED,ANRR—DETHN
12, BD L2 ADMEIET B 2 zaw ZHNIZFETS. o T /DA RBHERLZETHS. L
NoT, =N A,BDISMHERSNTH Y, E%%BDL ADRWOT, THE LY AABD. £/2H
##a, CDI i%m%mm:ﬁ\?&% HMC,DZED, £/-a LIZBWEET A7, M1 LY CD ki
BM?T@“ZD TEfR CD,BD 2 ZNFNHEL D 5 B,D #5778, H U CD _EiZ A BFEHET
AL, M1 L0 BD EICADEETEI 70, BD EIZADRWILIZFETS. X>T,CD
Bz AlARW. 22T, CDJ: WXCHWEFIET B0, H L CADE—DRTHNIE, CD LIz
APTFHETSEZ ?:2:7&0 ZHZFIETS. FoTomCARMHERDETHS. LIzWoT, =8
A,C,DIIMHERBHTH Y, ‘EﬁCDL AMRZVOT, EH 8 L AACD. ZTh TaiEORD B
& ZADEEH E .

FBLaTRE 17 12 & O R 4 3R S 5.

334 SRABZERSEM
WA EERIIBLEBLZLIZO2WTIE, M TOAMMEZ N T WS
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Halll-ll A, B#%—Effa LD uﬁtb% AN ZRIUEMEZIIMOER 2 Lo T8 &,
Efta EOA L TEZ SN IIAR s —/B 2RHE L, $#0 AB 2510 A'B’ 12
élﬁlif:ti*ﬁ%b<Eéiic:a‘é:aﬁftﬂ%é.

ARESLTIE, THR9 AB 2360 AB IZ&HE] 2% TAB=AB )] Ok DI1zRILT 5.
MODEZL LU HAI2 X0, U FEFNEFNHO DL END.

AB=AB — AB=B’A’,BA=AB’,BA=B’A’.
AB = AB.

AB =AB’ — A'B’ = AB.

AB=AB  AAB’'=A'B” = AB=A"B".

FRD@EY M EEFRIZBET I DO—EAEEMIE 9] 1B WTHEHE N TWS. ZZ T D
SO mEEERD.

ffRE ff%ai@ﬂﬁABc IBWVWT,ABMalZBWT COREUMANZH B 7% 51X, - Bet
(A, B)C fzﬁb ABDalZBWTCOELRLZMIZHZ751E,Bet (A,B)C TH 5. /7, =5
A, B, Cfau*a‘ff?ahmﬁfzm -~ Bet(A,B)C 2SI, A BMallbWVWT CHOELMIZH S

HENPE18S —EHBLO=HABCIZEVWTABBLIVACHENEFNHERSLEHTHY, -
Bet (B,C) A 7D AB=AC TH 2% 5, B,C IZ[A—DETH 5.

fRE 8 [P EMDEF D S FIEIZE» NS . AN IZHHBI A 18 DRt & R d .

B (NEB L UHES L0, B,CHA=ZH2E0ERIIBWVWT A LHUAZHS. £ LU,B,C 2
B 58ThhE, HADPSOHZ EREIZED AB L EFEL B DR ERBREZZ 2R,
MO ZERIIIE T EO—EMREMEIZPETS. LT, MEORDZ L ZADRELND.

T, BB TR E D, bR ERTAMAERT.

Halll-3 AB B LXUBC 2#Effa LOHBEHEDOLRWIGY, T5IZAB BLUBC 2FA UER
F MO ER a” FIZh o CRMRIZEBEOAZ W EH L T5. 2O E AB=AB »DBC=
B'C o, HicE AC=AC TH 5.

ZORMMOMMAD=d, LT Dan#E & it d 5.

HENRE 19  Bet (A,C)B %2 51X, ik AB,BC (3Ll %2 £ 72722\,
FIB EELD =AM ABCIX—EMEIZFEETIHERZ2=MTHS. AB,BCHILAERD 23
DEdEH ZDELE Bet(ALB)DABet(B,C)D ThH5. ZITEHLY, ZHABD B IU=EA
B,C,Db /- —EMEIIEETAIMHERLIZEHTH Y, TNFNWEET S ZEEPI VT NE FHE
B R ERET A7 Hal-2 KV [E—DHEMTHS. TbbH A,B,C,D IZ—HEHffa LOMHEL
LU THBH. ZZT,AB,C,D=—S,R,PQ EXHZNIZ, Bet(B,C)D A Bet(A,C) B— Bet
(R,P)QABet(S,P)R 525, EHEL D Bet (P,R)QABet (P,S)R 725, K> THliE4 £V Bet (P,S)
Q EEMZ ZHEE,Bet (C,A)D 7% Hal-3 & 0, Effa EIZ/WVEER2 XD, S ED#%i#%
EftZ b LT 5. “HEfKabAH - OEMTHIVUL, FiE1 LD a RHICEWFETII L EHR->TH
JET 5. XoTabl3HERDIERMTHS. ad’=HC,A,DZELD, fHhdE 7 & v, Diffside : b
(C A) £ 725, Bet (A,B)D A Bet (B,C) D &, [H#kiZ L T, Diffside : b (A, B), Diffside : b (B, C) »*
5. £/-#EE 5 & v, Diffside: b(B,A) TH 5. =1 B,C,A DAL L =ZHTH Y, Diffside : b
(B, C) 7> Diffside : b (B, A) 725 7=, fliBhiidE 1,6 & b, - Diffside : b (C,A) & 72 - T, Diffside
(b (CA)IZFETS. £oT, 245 AB,BC IZHilii 2 72400\, ZNTHEDKRD B & Z A0
RS U

Z ZC,Ht-15 OB @O —H %2R 7.
- hk1BXIORK, U, ZRNEFNE 0,0 26 H 5 ERR.
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X 21: Ht-15

ChkBIUOR K EENETNI B LT ICH LU CRRKICEUHIZSH 5.

“h A LK) OEIZH 5.

- K,.LikEhZEhk] Rz sz

- K,LEENFN,OK=0K,0L=0'L £ &% X512k, 1" Eiz& shrz i
-« H 3K KL & h D53

- IZOH=0OH &5 &5I1Th kit 57zl

- LK=LK BXULH=LH IZZEH A

[9] Tl&, ZZ CTHall-3 #fHWCHK=HK 2&|35 2 EiELTW5.

% & b Bet (L,K) H 235 728, Bet (L, K') H 23AA$ U, #ihaE 19 & » Halll-3 ©
BT e 05, A - Bet (KL, H)L 540581572, Hall-3 B LT
Ht-4 £ 9 ,Bet (L', K’ ) H’ A = Bet (', H’) K* £7z1% = Bet ('K’ ) H’ ABet (L', H) K’ TH 5 Z & 1IZ
ERBIWY &L

FIT, FEHOEMETFIZBIT5 Bet (L H)K OBHE2HME LT, UTORMER2EZZ 5.

BRES _—Effaa FIZFNFNZHABCBLUAB,C BEEL, MTOL&ENEZ oz
ETB. DL E DR LE=DDEMENEY THS.

(1) Bet(A,C)B.
(2) Bet(A’,B") C’.
(3) AB=AB".
4) AC=AC.

FIADIER D 728D, AT Otz A9 5.

HENRE20 A B,C%2Bet(A,OBTHhdLOH—Eifa EO=ZHET5. £/-EMK Liz=
HAB.COPEFEELAB BLUOA,C BENTNHERLZETHEETSH. ZOL E AB=
AB,AC=AC 2O B,C2a IZBWT A OFEUMANIZH 57 51F,Bet (A, C)B TH 5.

SR B AMa b0 THBZ S Hall-l & 0,2 EOBIZKUTA LEUMIZHA 2R
HUBA=BA” 95, %£7/2,B,CH»a EOHTHEHZ&h 5, Halll-1 £D,a° EOB 1T LT
A RGN C ZRHLU,BC=B'C” 295, &, €&EB L Halll-2 & H,B’A’ =BA ABA
=B'A’ 5> T,BA=BA". —Effa FOZHB A A LW REBLVEHENS,B A
BIUB A DPENTNHELRDEHTHY, MES KD, - Bet (A,A)B’ 27578, #iBhdE 18
KO AN A IFE—DRTHS. MliES LD ,Bet(A”,C”)B TH O, A, A IZFE—DHTH 5728, Bet
(A, CHB b5, T72bbMlmE 19 &b, Zfi5 AB,B'C” ITHi@ES %2 £ 7220, RE & Y Bet
(A,C)B THH 5 7-, FAERIZHBIME 19 &L b, Z##4 AB,BC LM% & 720\, E SITE,
EHB IO Hall-2 XY, AB=AB »2BC=B'C” £/ 57/, Halll-3 L, AC=AC” &2 5.
ZZTHRELY B,C B2 IZBWTA ORUHICH 2720, i8S £ —-Bet(B’,C)A TH D,
72 Bet(A,C") B’ 5 EFHEL D, Bet (C*,A)B TH5. £ L,Bet (C”,CHA 2 51F,A,B,C’,C”
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— R,Q,S,P L EXHZ 2L Bet P,R)YQABet (PSR £75. ko THiE 4 XY, Bet (Q,S)R.
EEWZ A EEIE, Bet (B°,C)A L7425 T,~Bet (B’,C)A IZFGT 5. Lzht5T,— Bet (C7,C)
AN THD. —Hifa EOZHA,C,CILBVWT RES L TEHENS,A,CBLITA,C BEN
FHERARBHTH D, - Bet (C°,C) A DT, MliHE 18 £ 0,C,C XFA—DHETH 3. Liz
Mo T,Bet(A’,C*)B” 7*5,Bet (A, C’)B’ &7%5. ZTNTa@EDRD S & Z AHGH S 7z,

HEIHE21 ABC%2Bet(ALOBTHBLOH—EHifa LOZ N L, E5IZ A 2FUER
FFMoER s LR T E Eifa LOA TN LTER SN, ZNFH AB =
AB,AC=AC 2 R2E5B"HB,C22N5. £-I0EB,CHa IZBWTA DR
iz 57 51E, Bet (A,C)B” £ 72 5.

SFAA Hal-3 k0,2 RIZA LHHERZEDA2E 5. ZHABMa LOZEHTHS I &H 5, Hall-1
0,2 EFOAIZHLTD EEUMANZAB 2RIL,AB=AB & U, ARRIZZHACHa kD
ZHRTHBZ NS, Halll-l KD, EOAIZHUTB ERIUMANCHC 2RHLU,AC=AC &
5. B 2D EALAMIABL, AKIZC 2RETIE, 2052 ZEB,C %a LD A X
LTEZoNEMIzENS. 2D & % Bet(A,C)B ThbEEETS.

A,B,CH2 Bet(A,O)B ThH s L >Hh—Elta LO=HTHY, F/-EfMfa LIZ=5A,B.,C
PEELTC, BHEID A B BIUTACHETNFNHERLHTHY,AB=AB,AC=AC" »
DB, C A2 IZBWTA OREUMIZH B7-0, #liBhaeE 20 & D Bet (A’,C)B’ TH5B. ZNTH
HORD B & ZADEHBHE Nz,

N 2R CUANEGRIZE T Z L T, N OB OBREPHR SN Z L DRIETH 5. [
L 72 % DFEIZ R S .

MEME 22 e e LIZENETN=MAB.CHEIUAB,C BFEL, IFO&RAENE X
LNl T D ZDLEDBRILEDDORMENRITHS.

(1) Bet(A,C)B.
(2) Bet(A’,B’) C".
(3) AB=AB".
(4) AC=AC.

SFER BB LUEHELD,AB,CH Bet (A,CO)B THI L5 —EMED=ATHb, X5
AB DA UEMEZIMOER 2 EORTHEIeh s, filimE21 v, EO A IZHLT
B YREIUMIZ, FNEFNAB=AB"  AC=AC L7323 Lk5% " HB,C %2 5%. B",C”Ha (2
BWTA OEUMNZH B7-8,Bet (A',C)B” TH 5. 5, EHFEP LU Halll-2 £ D, AB =AB A
AB=AB’ 455> T,AB =AB”. —Effta FOZHA BB IZBVWT, EHLD A B LY
AN B BENTNHERLZHTHD, MHES LD, - Bet(B,B)A TH>T,AB =AB” &H 5/
b, #iBhdE 18 £ 0, B’ B” XA — DR TH 5. L7z ->T,Bet (A,C?) B” 5, Bet (A, C”) B’ &
5. &l EFEB LU HAL2 £V, AC=ACAAC=AC’ £ B> T,AC=AC. 22 THIRES
&0, -Bet(B,CHA THY, FMBLIUOEHELY,Bet(B,A)C TH53. HL,Bet(C,CHA =5
X,A,B,C’,C”=R,PQ,S EXHx %% Bet(PRIQABet(Q,S)R &% 5. &> THiES &
D,Bet(P,S)R. EX# X ZEHHE|F,Bet (B, C") A £72>T,-Bet(B,CHA IZFFETS. Lzhto
T, Bet(C',CHA TH3. ~EMLEO=HAC.CIZEVWT, EHELD A,CBLTA,C” AT
NENHERBETHY, - Bet (C,CHA D AC=AC TH5-0, MhaE 18 Lb,C,C”
BR—DETHB. ULl >T,Bet (A, C”)B” 75, Bet (A, C)B’ &4 5. LI AW, &8 L0
Hall-3 & 0 ,-Bet(B’,C)A A= Bet(A’,C)B’ TH 570, ZTNIZFETS. Lo TINsDEME
DO eHE—DFEITHS. TN THEORD B & ZADGHI .

MHBhRE 2212 K D I S I X B, £z, ik U7z HT-15 OFEHEFR I B\ T, wihdr
B 22 DEA: (1), (3), (@) DEEHFEATH 5720, 5D 5M (2) 128725 Bet (L, H) K DEEMERK
INb.
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33,5 AOKNER

ADKRKNZDOWTIE, LTOEBMO T TERINT VWS,
Ht-20 EEO-fA /(hk) BLOLZW, ) BEA6NEEE /(WK 2 2L LTI DIED
iz fED 2 & kK BEDOHNEIZH B HEME L, Z0°,) # h 2 L& LTk DESHIZEN
W LT Z DI H B ERE 0D, WL FEZRVTHS.

22: Ht-20

EE ZOEHORITUL Lh,k) 2/FED LZ00,1) OREBIZH 2 EEM K 255 2 &, Z(hk) X
L) EOBNTHBE VN, 5T LZhk) < LW, 1) RS, 4B Hd K 285 L E,
ZKIFZW, 1) S0 B KTHB L0, 55T Z(hk) > L, 1) & £T.

INSB I OHBIMEE 10 L0, BUFO XS5 RPN ES IErNn 5.

A9 [FED "1 ZAOB B XU LZCIZH L, ZDOB = ZC %D Sameside : OB (D,A) ¥ 725 &
SKED%E2ED. ZDOLE DM /AOB ONEDETH B 6EFE7%,/C< /AOB THH, DM
Z/AOB OHNHDHTH B 561F, £C > LAOB TH 5.

7, ADEROWBMEIZ ODWTIX, UTOEH TIHEINT WS,

Ht-19 —20fi /(0,K) BT L0, k") BE=0M L(hk) 1Z&HRSI1E, Z00,K) EF7~
L0, K) ICBRTH 5.

ZZTOITIX UTOZODMER DN LIBRENT NS,
BE6 2D aBIUBITHLTIRO =204
a<fBAB>a.

a=p.
a>pAB<a.

DS5HDOME—DNHIZERT 5.

87 MOXNIRIIHEBNTHS, BB
I.a>B8A0B>n.
2. a>BAB=7.
3. a=8AB>.
BBZDDREDZENENDLS >y DEPND.
INSDMBIZOWT, EHBPSHSNTH D, H D \WVIINKFHIZREHEZ LICWy A< L ERT S

DIFHELWEER S,
FIRED R D 7212, ETIXLLFOMEZ NS 5.
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HE10 1 LAOB B LU CHE X 54, Sameside : OB (C,A) TH 5 & &,C A% LAOB DI
DTN 51X, CH LZAOB DRERDHTH S H, L < IETER OA, OC DFE—DEMRTH 5.
ME11  —f4 LAOB, ZCOB 7352 541, Sameside : OB (C,A) TH 5 & =, —[EHL OA, OC H3F—
DEMRTH B 51 E7-, ZAOB = ZCOB.

HHRE 10 1A DER, AONIIZET 2 EH#S K OFH & EMROMIZET 2ER LD ESICER
N5, AN CHIE 11 OFE &R 7.

B (NEBLPERID, ZHCARETNTNERROB O EiZZ\W. £ L Bet(A,C)0 4 51E, OB
DEIZRWZFHCAIZLDWT, TNSDTDH 5585 CA LIZ OB D0 BWEHET 570, EHE L
Y, Diffside : OB (C,A) &7 5. §5 L ffiBlE 2 & D, - Sameside : OB (C,A) £ 72> T, {REIZ
FETD. EoT,-Bet(A,C)0 TH5. Thbb, “EMOA OC ME—DEMTH 572 51F, &
HEPIORIEL L0, CIXFEHROA LIZdHb. LoTEHELY LAOB = ZCOB. — /T, ZAOB =
ZCOB T» > T,0A,0C BHELRZEMTH D LT, ZNIFEHRIZH L TEZ SN HANITHEE
DOAZHEBVIZERIIZBELZLIZFETS. LT, =1 ZAOB, ZCOB 7352 5 11, Sameside
OB (C,A) TH3 & &, /AOB = ZCOB 72 51F,0A,0C IZ[FA—DEMHETH 5. L= > T, fED
KDDL ZAMIFHI .

BN E 23 —f1 LAOB,/C BEZ2 6Nz &, - /C > ZAOB 745613, ZAOB = /C V /C <
Z/AOB.

SEBR  Halll-1,Halll-4 &£ 9, /DOB = ZC %* Sameside : OB (D,A) & 725 L5 %iD %22 5. 1
L D ZAOB OO THIUE, #iE9 £ 0, 4C > LZAOB 7> TIREIZFETS. Lzt »>
THiE 10 & ©, DAY LZAOB OO ETH 5D, H L X ELR OA, 0D 2FE—DEMETH 5. D
M ZAOB DHEBDHTHNLEZ LD, L/C < LZAOB TH Y, £7- OA,0D AFE—DEFETHNIL
FHEE 1L, Ht-19 B & U Halll-4 & 9, ZAOB = ZC. L72W > T, f@EDRD B & Z ADGEHE iz,

HEIMEE 24 A ZAOB,/C HEz2oN7ze & - /C = /ZAOB 7251, /AOB < /C V /C <
ZAOB.

SEER  Halll-1,Halll-4 £ 9, /DOB = ZC %D Sameside : OB (D,A) %25 L5 iD %22 5. B
L —EfR OA,OD 23— DEMREL S IE, IREB SO 11 XY, ZAOB = /DOB. 2D & EHEH
FU'Ht-19 &0, /C = LZAOB 22> TIREIZFET 5. L7225 T,0A, 0D (XHEZ 2 EHARTH
5. ¥ IREB I VOEZLD,0A £ OB,0D ¥ OB I3 ZFNFNMHERIEHRTH 5. Thbb, =2}
E#R OA,OB,OD 135 0 7 5 A HHE 2 B ERICE T 2L EHRTH 0, FERR OB IXERR OB IZE
U, ZmD,ADOBIZRUTHUMIZH 578, flifhandE 13 & 0, D 2% LZAOB OHNFRIZH 55, H
5\W0ME A DY /DOB ONHRIZH 5. A DY /DOB ODNHIZH B 72 5, (INEB L OHIE9I & b, ZAOB
</CTHy,%x7-DN LAOB DWRIIZH 575 1F, IRES L ORIE & v, /C < ZAOB TH 5.
L7=D3 o T, fMEDORD D & T ADEFIHI .

WBhEnE25 1 ZJAOB,/C Bz 65N/ &, /C=/A0B 7% 51F, - /C < ZAOB A - ZAOB
< /C.

SEBA  Hall-1,Halll-4 £ », /DOB = ZC »*D Sameside : OB (D,A) ¥ 23 L5 mD %22 5. Z
DL EHt-19 &Y /DOB = ZAOB & 75T, (REH KO 11 & b, ZEK OA,OD IX[H—D
ETH5. T5L,0DDLIZDBEMET B0, fMEHI LD OADLIZE DWEFEETS. £ L
/C < ZAOB 51X, (REB L UHIE 9 K0, DH LAOB DD TH 5. ThbbE6 &
Y, Sameside : OA (D,B) A Sameside : OB (D,A) & 7> T, EHE LD, D 2 0A O LIZH WA E 7
D, ZNIZFETS. LEN>T, - LC < LZAOB &5, £1-EH LU Halll-4 & b, /C = ZAOB
THEHDH7-OEBKIZLT, - LZAOB < ZC #FT 5. ZNT, figDKRD 3 & ZAHEHI -,

BN RE 26 A5 JAOB,/ANOB D5 X ohizd & /AOB < ZAO'B’ 7 51E, - ZAOB =
/ANO'B’ A /ANO’B’ < ZAOB.

SEBA  Halll-1,Halll-4 & 9, ZCOB = ZA’O’B’ 7D Sameside : OB (C,A) &b L5 mC L
v, [AREIZ, ZC°O’B’ = ZAOB %2 Sameside : O’B’ (C’,A) 2725 X575 C 22 5. REB LT
IO & D,C X ZAO'B OO TH 5. T72bbfilidE 10 L0, FEHOC 2 LAO'B
DODHREWIZH 5. 526N/ LAOB, /AO°B IZH LT, Z/AOB %2 OB’ 22— 0 LTA DS
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HNZEo 728 &,0C DNZDNEIZH B ELERME > TED, /JANOB 2 0B %2 U2 LULTAD
FEBMHNZE>TWB 720, Ht-20 £ O, 0C 1 ZDARIZH B LEMRTH S, TROLEHLD,C I
Z/AOB DHNERD STl L, F2HEMOA EI22WETHS. £ L LZANOB < ZAOB 72 51E,
EBIOHEI £V, C A LAOB ODNERDH L > THIET 5. £»>T,~ ZAO'B’ < ZAOB. £
72,5 L ZAOB = ZAO'B’ THNIE, Ht-19 £ U, ZAOB = ZCOB & - T, RESB L OHFHE 11 &
D, B4R OA,OC DAl —DHEMR L /5. T2 LELEOC DLIZHCWEFMLET S0, MiEHL LD
EAREOA D FIZE CHFEHET S, 2D &, CIEHEROA EIZARWERTHS7-0, K556 Bet
(A,C) O TH 5. Sameside : OB (C,A) 25, EE LD, = C,A IXEHK OB Liz7Z\. & L Bet
(A,C) 0 72 51F,0B LIZZR W C,AIZDWT, TN 5 DED 554> CA EIZ OB D A O HMEAE
I 57-%, € & 0, Diffside : OB (C,A) 272 5. T2 L #ibiamE2 £ U, - Sameside : OB (C,A) &
725 T, Sameside : OB (C,A) \Z¥JET 5. &> 7T, ZAOB = ZAO'B’. L7223 T, mEORD 5
& ZADFEHE .

W12 Ao, P50 E a<B RO B>

B HLU,-8>a b MllMmE 23 &, a=8VE<a TDEE a=87%5I1E, wBiMmE
25 &0, ma<BA-B<alBoTIREICFIET S, £72,8 < a2 olE, HilhddE 26 £ 0,- 3
=aA-a<BEROSTIHECFETS. THOLE,A>a i), mEHORDS & ZAHIEHI
na.

HENGWRE 2T “fia,BREAONZEE ROD=EZDDE

a<BAB>a.
a=p.
a>pBAB<a.

DSLDOYE—DNHIZELT 5.
SR a<BAB>a THAGE, M®mE20 LD, ~a=B8A-B<a THOLDLE a<BAB>
a=-a=FA"(a>BAB<a) b . a>FAB<aTHAEHEE R, fMbhaE 26 &
D, -B=aA-a<B. E-oTCHall4 £V, a>BAB<a=-a=BA-(a<BAB>a).iX
IZ,a=p ThHhEGE, MWmE25 L0, -a<fA-B<a £2T,a=8= - (a<BAB>a)
A=(a>BAB<) LIRoT, Z2D5HED 55 D EARERHZAERT 2 Z 213w,
BRI, ZETOGHENPERLRLRVAREZEZS. 988, ~a=800MMBdE24 L0, 8<
aVa<B ZOrEB<aBol L, MEI2ED,a>8THED,a>FAB<aEREINDS,
Flr,a<BTHBHEEEERIZLTC,a<BAL>a P ERING. LoT, 2TDHEEMNERLL
W W, ULz o T, Z20D5ED 5 bDM—DOWHICERT 5. 2 TmEokd s &
Z A DG & vz,

HEHE28 =20f LA /BOC B LUV /BOC BNE5xo6Nne & /A= /BOC A /BOC >
/BOC %5I1E, /A > /BOC.

SEBA  Hall-1,Halll-4 £ »,/DOC = /B’0’C’ »* Sameside : OC (D,B) ¢ %25 &k 5 HD &2 &
5. AEB K OHIBhRE 27 £ v, /B’0’C’ < ZBOC. &> T, i 9 £ v D X ZBOC DNERD i
TH5. Tibb, #ibharE 10 & v, FER OD 28 ZBOC ONIRIZH 5. ¥kIZ, Halll-1, Halll-4 &
v,/D’0’C’ = ZBOC %2 Sameside : O'C’ (D’,B’) &3 k5B EAD 225, 5xon"f
/BOC, /B’O’C’ IZ LT, ZBOC % O’C’ % —il & LT B’ DIESIIZ/E- 7= & &, 0D 23%F DAL
IZHBYEMRE R ->TED, /B'O'C’ 2 0C #3402 LT B DELMN/E->T WA 728, Ht-20 &
D, 0D IXZDHERIZHBLEMTHS. Tbb, THELD,D X BOC DHAFDETH 5.
/D’O’C’ = /BOC 7 S ARFE, Ht-19 B X O Halll-4 £ b, /D’O’C’ = /A TH5B. A /A, /BOC
IZX L, ZD’0’C’ = ZA 52 Sameside : O’C’ (D’,B’) £ 25 X575 D 220, D A /BO'C D
MEBD L TH D728, #iHI LV, /A > /B OC TH5B. LizD>T, EORD B & Z A WS
-,

AN 29 =DODf LAOB,/C B LU LD WEZ LML &, /AOB > L/CANLC=/D %35
&, ZAOB > /D.
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ZFBF  Halll-1,Hall-4 £ ©, ZEOB = ZC »* Sameside : OB (E,A) £ 725 K52 E 2 & 5. E
B OHiB@mE 27 £0,4C < LZAOB. K->, #i# 9 & Y ,E i ZAOB DAED S TH 5. LEOB
= /C H» S {R5E, Ht-19 3 X ' Halll 4 & v, ZEOB = /D THh 5. —f4 /D, ZAOB IZ%f L, ZEOB =
/D 7> Sameside : OB (E,A) 5 &5 mE%2 & D ED LAOB DD M TH 5728, fid
OBIUMIEI12 LD, LAOB > /D TH5. Lizio> T, mEDRD D & Z A MG X iz,

HE13 MHERLZ EiabBEAONELE, TNETND LIZ M ABFEET 2 561F, 2
D RIFA—DETH 5.

B U A BDHHEZRZETHIVUE, W1 XD a,b D F—DEMRE 2> TIREIZFIFET . &o
TINSEA—DHRTHS. LED>T, HEORDZ 2 ZADIFFHI .

BB 30 AODK A B,CDEIZDWC, UTFORENEAONLETE. ZDL &, kLS
EHL—DDRMENVED THS.

1. Diffside : AB (C, D).

2. Diffside : AC (B, D).

3. Sameside : AE (C, B).

4. Sameside : AE (D, B).

SER £ 1 BLUEE LD Bet(C,D)F £ 251N FBEME L, ABRF 25, 725820 56%
FfEZ Bet(B,D)G L 2 G MFEIE L, ACH G 2@ 5.

23: fifiBhfniE 30 (5 1,2 % w7z 3 1)

Bet(B,D) G 7*5 Hall-1 £ 0, =i B,D,G IIMHELR LK THY, B BDIE G 2b. HLUE
M CD MG 2B, ZEMBD,CD DO EIZFNTNHELS A D,GCWEFEHETE7-0, fE 1 &
DZNSME—DEMMERD. /22D EBD D LIZBAEET 5720, #iE1 £ CD D kI
+ B MF(ET 5. Diffside : AB (C,D) 25 E#H L D ,C,D IZEM AB L2\, 22 TH U EMK
CD, AB »3[d]— @Eﬁf%% 1E,CD O EIZ D FEET B2, i 1 &Y AB O EiZ$H D BFLE
FTBHEIEERD, ZNIZFETS. K> T,CD,AB I3HHE L 2 EHTH 5. Bet(C,D) F & Hall-1
X0, =Zf&CD,F Li*ﬁﬁiﬁé/ﬁ’éﬁ) D, B CDIXF Z#5%. %75 ZEk CD,AB O Eiz%
NTN_HBEFVPEAETE720, HEI13 L0 INSIEFA—DHTHS. T742b5 Bet(C,D) F &
v,Bet(C,D)B & 720 Hall-1 & ¥, [Eff CD = C,D,B %# 5. Diffside : AC (B,D) 7* 5 EH &
v,B,D IXELR AC EiZ4\W, 22 TH L EKR CD, AC A —DESETH UL, CD O _EIZ D 7
5720, f#EH1 LD ACDLEIZH D7b§ﬁX£’9“5 e, ZTNIFETS. Lo T,CD,AC
ISR B EFRTH 5. Bet(C,D)B THH,C 25T EM AC ¥ =M C,D,B 25T EKE CD 234
B 2EMTH S0, fibha@E 5 £ 0, Sameside : AC (B,D) 7253, ZD & ZHighaE1 L0,
Diffside : AC(B,D) &7 > T, &2 1ZFET 5. Lo T, CDIXGEESZ\W. ThbH CD,G I
—HEMEIZRWEHTHSE. H L AB DG 2ilNE, ZiEARE BD,AB ® EIZZNFNAHEZ: 5 A
B,G WFIES 5720, flifl 1 £ 0 ZNSAFE—DEME LS. $/-Z DL % BD O _LIZDWEET
5720, 1 XD ABOLEIZEDWEMLETEI LD, DAEMRAB EIZARWI LIZFET 5.
X->T,ABIZG %iﬁf_em\.C,D,GVJL@@chmxzﬁf‘%D,AB NZEOWTNHIES L \WE
MTH o> T, 89 CD DEF 25728, Hall-4 & 0, B AB 13589 CG £ L < 13519 DG D %
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B3, AB DR DG DRz B2 56%E 2 5. $2b5,Bet(D,G)H & 7425 i HWFEEL,AB
H %3®%. Bet(B,D) G »*5 Hall-1 8 LUl 2 £, - Bet(D,G)B T» 5. H L 5 B,H »[F—D
HMTHNIE,Bet(D,G)H &V Bet(D,G)B £ 7> T, ZNIZFIFET 3. K> T,B,HIZHELBET
H%. ZZT,Bet(D,G)H 75 Hall-1 & v, B DG ¥ H 23@%. £7-,Bet(B,D) G #*5 Hall-1 &
D, EMDGIEB 2@5. T5&, “EHiE DG AB D EIZFNFNHELS S B HMEET S
O, FfE1 LV INSDE—DEMERD. /2D EDGDOLIZD WEALET S0, fifidEl 1 &
DABDEIZHEDWHEETEHI LD DAEMAB LIZRWI LIZFETS. Lo T,AB iT#it
DG D EES RN, Uzh> T, AB I3 CG D %EES. 3725, Bet(C,G) 1 725 I M
FAEL,AB A1 2385, Bet(C,G) I 25 Hall-1 £ 0, = C, G 1IFMHELRZHTH D, EHfE CG 1T
[%2E5%. EIRAC,CG D EIZFNFNMHERS N C,.GWEAET DD, fME1 L Zhslk
H—DEMTHS. Lo>TACDLEIZADPFHET S0, i1 £, CCDLIZE AWVFET .
H U T EME CG,AB DA —DEMETHNIE,CGC D EIZ CHEFEET D720, i1 L b AB D LI
HECHEETBIE LR, CHAB FIZHEWI LIZFETS. &5 T,CG,AB [ZHERL A EKET
H5. LD EECGAB D EIZENTN A IPFET D720, 813 X0 ZhsiEE—
DETH5. T7205 Bet(C,G) I & ,Bet(C,G) A 725, H L 5 A, B DE—DETHNIE, AC
DEIZBPEETBEI LR BNAC LIZRWI EIZFETS. LoT,ABIRHELRBZET
H5.HL CGDEIZBMAHONIE, “EFE CG,AB O LIZHHEZ D — 5 A, B BEMET 5728, flifd
1EDZINEDFE—DELRE 4D, CC,AB IFHELZEMRTHDZLIIFETS. £>T,CCD
FIizB iAW, 405 ,C,GBIE—EH EIZAW=EHTH 5. Bet(C,G) A 5 Hall-1 £ v, —5
GARMHERLZEHTHD. FME3BICEHELD, B AE 1359 CB DSz & %9, /B, ClX
EFfAE O iz, 22 TH U AE © _EIZ G A3H L, EHE CG,AE O EIZZFNFNMHER S
TR GANGFHETEED,MEL LD INSDFE—DERE LS. T5L,CCDLEIZCHEFHET
5720,/ 1 LD AEDEIZE CHELETDI LR, ZNIFETS. K> T, AED EIZG
1370, C,G,B B —HEMF EIZRW=EHTH D, AERZTDOVWTNEES L WEIRETH - T, 59 CG
DA %ZES7-0,Hall-4 X 0, B AE 13589 CB $ L < 1389 GB D %@ 5. Z Z T, AE I3#4¢
N CBDEEEERN-D, K5 GB D %&ED. T7205,Bet(G,B) ] £ 725 I DFAE L, AE
J &%, Bet(G,B)J 75 Hall-1 & 0 ,Bet(B,G)J TH 5. 372 5,Bet(B,G)J A Bet(B,D) G TH
5. ZZT,B,J,G,D=PQR,S EXZHZ NIE Bet(P,R)Q ABet(P,S)R &7 5. Lo THiE4 &
v, Bet(P,S) Q A Bet(Q,S) R. E=H#1 % % 511E,Bet(B,D) ] A Bet(J,D) G £ 72 5. Bet(B,D) ] 75
Hall-1 & »,Bet(D,B)] TH D, EARAE D] 2 BD72D, AE DR DB Dk @bsZl b b
IADEMABIOEELD, EIF AE 13589 DB DEZE TRV, Lo TIhsDEMEDDL
EHE—DIFBROTHS. INTHEDRD S & Z A GHI N,

HEISHE31 Eifa B LUZHAB,CIZOWT, /A, CHMHEZRSHTH D, Sameside : a (A, B)
A Sameside : a (B, C) 72 5 X, Sameside : a (A,C) TH 5.

SEBA % L, Diffside : a (A, C) 7= &I, (K€, B 8 & X OHliBiaE 2 £, - Sameside : a (B, C)
o T AREICFET 5. &> T, —Diffside : a(A,C) TH 5. Sameside: a (A, B) S EHE LD, A
ida EDETIXA <, £72 Sameside : a (B,C) 225 HERIZ,CH a LD LTI, MRS 8
A,CIZD\WT,— Diffside: a (A, C) 2D, ZNFNH a LOFTHR W0, MifhdrdE 4 & 0, Sameside
:a(A,C) THS. INTaEDOKRD 2 & ZADGEHI N .

HHHE32 =20f LAOB,/ACBLUV /D WEZI5NZEE LAOB > L/CALC> /DS
¥, ZAOB > /D.

SEBA  Halll-1,Halll-4 & »,ZEOB = ZC % Sameside : OB (E,A) ¥ %35 k5% E% & 5. £
72 [@kEIZ U T, ZFOB = /D % Sameside : OB (F,A) ¥ 73 X5 A F 2 & 5. (REP L THB)
M 27 £V, /C < ZAOB. &> T, 9 £ 0 ,E ¥ ZAOB DHEDHTH 5. LEOB = LC A LC
> /D &7 5728, fiBhinE 27,28 £V, /D < ZEOB TH 5. k- T, lilhfE26 £ v,- /D=
Z/EOBA—-/EOB < /D. ZZTH L, “HEFA R —DETH L, €&FEP L Halll-4 £ v, ZEOB
=/FOB & 7:%. ZD¥ %, /FOB = /D 72®O T,Halll-4 8 X' Ht-19 & v, /D= Z/EOB ¢ 7> T
ZHIZFETS. $>T,EFIZMHER S5 TH5. Sameside : OB (E,A) 5 EFE L D,E, A 134
BB THY, £72 Sameside : OB (F,A) S5 HBRIZ,FA BHERSLHTHS. §hbbH, =&
F A E 3MHE72 5 51T 5. Sameside : OB (E,A) Sl 5 & 9, Sameside : OB (A,E) TH 5. &
% OB 8 L UHH 742 5 = F,A,E {22\ T, Sameside : OB (F,A) A Sameside : OB (A,E) T» %

50



728, B 31 & 0, Sameside : OB (EE) T» 5. {£E D~ ff ZEOB & L U /D IZxf L, ZFOB
= /D 7D Sameside : OB (F,E) £ 45 X5 M F 22 > T W57, #i#H9 X Y FAH LZEOB DA
WMOETHBHoEE~, /D< /EOB TH5B. 22T, /D < /EOB TH57-%,F 3 ZEOB DA
HORTHS. ZDOL HE 6 & ,Sameside : OE (F,B) A Sameside : OB (F,E) THh 5. ¥7-,E
M ZAOB DD EHTH 57-, #liH 6 B L OHiBhdEE 9 £ b, Sameside : OA (E,B) A Sameside
: OB (E, A) A Diffside : OE (A,B) T# %. Sameside : OE (F, B) A Diffside : OE (A, B) %> & #ifj
5 & 0, Sameside : OE (B,F) A Diffside : OE (B,A) TH 0, TH LD “HBFP LU ABAIZ
FNEFNHEZRBZHTHS. EALHERSEETHBE720, =SB, EAIIHERSEEHTHS. EHE
OE B X UtHE 75 =5 B,F, A 122\, Sameside : OE (B, F) /> Diffside : OE (B,A) T» 5% /=
&, Hibhdn i 8 B L OHiE 5 & v, Diffside : OE (A,F) T# 5. Sameside : OA (E,B) 7 5 #ifE 5 &
Y, Sameside : OA (B,E) TH VD, EH &L U ,B,EIIfHEL 5/ TH 5. B,F BLVE,F M HHEA S 5
TH57-0, =5 B,EFIZtHER LN TH 5. £ L,Diffside : OA (B,F) 72 5 (F, [E#F OA B L UH
H752 %=1 B,E,F 22\, Sameside : OA (B, E) »* Diffside : OA (B,F) T®» % 7=, fililifidniE 8
& v, Diffside : OA(E,F) £ 725. ZD & &, DD O,E, A, F,B iZDWT D D%, Diffside : OF
(A, F), Diffside : OA (E, F), Sameside : OB (A, E), Sameside : OB (E, A) 735: 2 55 5 =8, il iE
30 k0D e —DDEMNFEY THB. &> T, Diffside : OA (B,F) TH 5. Sameside : OA
(E,B) 5 EFHE L D, 0A D EIZ B 1F72\ . Sameside : OB (F,A) 7*5EF#H L D, 0B D EIZE A 13742
W, /C < ZAOB » S AfiBhan@E 26 £ 0, - /C = ZAOB A - ZAOB < /C TH 5. H L,Bet(A,F) O
THNE, EFMOB P LTFD LIZAEWTHAFIZHL, TN5DED S5 AF @ 112 OB DX
O DMEIET 5728, BF & » Diffside : OB (F, A) & 720, #BIaEE 2 £, - Sameside : OB (F, A) &
725 C,Sameside : OB (F,A) THBZ LIZFETS. Lo T, - Bet(A,F)O. T42bHHEHL,0A DL
WZERHEHSIEAFIZFVWITNE O XV HETAE—DOHEEMEIZHD. U oT, EHB IV
Halll-4 £ Y, /FOB = ZAOB ¢ %5, §5&,/FOB = ZAOB A ZFOB = /D & 72 5 72 &, Halll-4
BPLUH-19 £0,/D=/A0B. &> THREL YD, ZC> /DA /D= ZAOB k725 7-&, #iBhdn
27,29 &, /AOB < /C 275> T,~ ZAOB < LZCIZFET 5. &> T,0A D LIZFldZi\. Eig
OA B L UHHEL 5~ B,F 122\ T, - Diffside : OA (B,F) 22, ZNFNH 0A LDH TR
726, M@ 4 B X OHERE 5 £ 0, Sameside : OA (F,B) TH 5. $ 725, Sameside : OA (B,F) A
Sameside : OB (F,A) TH» 5728, #lil 6 & 0V, F A LZAOB ODRERIZH 5. FED A LAOB B L}
ZDIZX U, ZFOB = /D % Sameside : OB (F,A) 725 &5 F 2L >oTWA 72, flidd9 &
D FH LZAOB ODNHD R TH B 51X E7,/D< ZAOB TH 5. 2 ZT,FH LAOB DNIRIZH
57:28,/D < /ZAOB TH v, filhdnE 27 £V, ZA0B > /D TH 5. ULzD>T, mEOKRD B &
ZADEEIHE 7.

MR 6 XM E 27 \CNEINTH D, FE 7 (3B aE 28,20 B X O 3312 & » TEH X
na.

3.3.6 RO DOK/NEFEDEE
[9] IZHAWT, %790 D K/NEERIZ D W T, ADKNERITH IS T 2 BEBAAE B L EH LD
EHIZEPND L FERINTWE. —HT, MOOKRNFNAKZES L U THXLL TW AT
WBEELZW. LU S, RO LD REHPEFEEL TWS.
Ht-23 (EZDOZ=ZABITAWT KRR BT T A NAII/NR50IZ0T2HNAL0ERTHB.
X5IZIFZDEME HVWTIROEHDOIEHITTLRDLNT VWS,
Ht-24 —“OONMAPELW=ZMAIIHFLTH5.

AR TIZZ OFEO PO -2, Ht-23 % W7\ Hi-24 OEFHZ2 B8
FTIEMEOBIII BB KA EEP L OEE 2R T

Ht-11 &AEATIAETE2 =20 =AIIBWTZOHIZNT 2MIZEHTHS. ETHIT
LN =ZAITE W THEA TS LW,
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EE —OOMPHNE Lz L, M@z s X508 —EiRE LT & & ML V.

EEFE =AW ABCIZET 5 LABC, /BCA B LU LCAB # T D =AKONA, ThOifiz =
AXDOHNAEE NS,

Ht-22 =MABONHIEINCHEEI2NADMNLD ERTHS.
RIZ LA Oz FE T 5.

HE14 AABC#HS5IE, =/ A B,ClE ZABC 220K 5.

SEFR MhBhAnRE 14 L 0, M CIZEM AB LIZRWHTH 5. H U E#E AC, AB DA —DERE 5
W, M1 &0 ACOECHAB RIZHEFMRET AR, ZHUIFIETS. £ > T AC, AB I3H
BRAEBRTHS. THEHLIVABBSIVCACREINFNHERSZEHTH D, TbbEELR
AB,ACIZZNZTN—HA LYV HTTHELRZERMIZETAHERTHS. LD ->T, fliEHORK
HBEZANIHI N,

HEIHRE33 C A LAOB DAHD M TH S L Z, LAOB > LCOB.

SERR —f ZAOB XU LZCOB iZxf L, ZDOB = ZCOB #* Sameside : OB (D,A) 2745 & 5
RED#ELD. EHEBLOHIES L 0, Sameside : OB (A,C) TH 5. ~ i D,CHERSLHTHN
1¥, Sameside : OB (D, A) A Sameside : OB (A, C) » S i 31 & v, Sameside : OB (D, C) & 7
5. /COB = /DOB T»H 5728, H L _[EKE OD, OC BHEL 2 EMRTH L, EFR OB 125 LT
Bz on-IicEEZEOMEZHE— B ICERIZBED ZLIZFETS. &> T, ZE# OD,OC 1X[[
—DEBZETHS. 2D E, H LU Bet ((D,C)B w51, #4 DC @ EIZESR OB D1 B MMEET 5
7-8, % & b, Diffside : OB (D,C) ¥ 72 5. 5 L #iBiamE 2 & , - Sameside : OB (D,C) & 7 -
T, Sameside : OB (D,C) THBZ LIZF/ETS. £oT,-Bet(D,C)BTH5. /2D, &, =15
O,C,D D MHE LB 275, ZAOB DAFIZAM CAH D, B OC LD 0,C EMHEALS LD
7% > T,—~Bet (D,C)B TH 57, fliBhandE 10 & v, D 1% ZAOB DD TH 5. i DCH
FA—DETHB5EH,D 1 LZAOB ODNFEDHTH 5. TabbE9 kv, /COB < LZAOB & 7
D REEE 12 XD, ZAOB > ZCOB TH 5. L= T, MEDORDZ & ZADIFFHI -,

HEI®E34  AABCIZOWT,Bet(B,C)D A AC=CD % 513, ZBAC > ZABC.

A

24: ffiBhdniE 34

SEBR B aRE 16 XY ABACTH O, £/ 14 X0, =& B,A,C X ZBAC 22K 5. /BAC
2R LT, Bet (B,C)D TH 5728, fliBhandE 11 £ v, D 1% ZBAC DNEBDHTH 5. & > THihar
33 k0, /BAC > /DAC TH 5. ZZTBet(B,O)D 25 EHL Y, D IFERMBC Eizd 5 B,C
CHHEZRZHTHS. AABCIZBEWT, TDO—3U BC 2& 0 EM EIZ, TDEMEICH BHTEM B,C
CHHEZLZEDBEONT VWS, MlamE17 KW, DB 3 CBIU=AFEDOEY DIE
HAREMEEDLS. £>T,ACADBELU ADBA Th 5. $7-MKELD,AC=CD ThH 57
&, ACAD 3= U=AKTH 5. > THt-11 £ v,/DAC=ZCDA TH 5. THM D B LU DA
AL, LR S5 X530 DB,DC B —EEBC 223720, &L D, Z/ADB & ZADC 3 TH
%, £/-%EH LD, Z/CDA I3 ADBA ODHATHS. k> TH-22 £V, /CDA > ZABD ThH 5. %
7EFHLD, Z/ABD = ZABC TH 5. /DAC = ZCDA A ZCDA > ZABD TdH % /=&, il 28
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X b, /DAC > /ABD TH 5. £7-,/CAD > /ABD A ZABD = /ABC TH 5 7=&, flilhriE 29
X b, /DAC > /ABC TH 5. X 517, /BAC > /DAC A /DAC > ZABC TH 5 7=, #liBhariE 32
X0, /BAC > /ABC TH 5. LED->T, MEDORD B & ZANIEHI N,

MBI E3S  AABCIZDOWT,Bet(A,C) DA AB = AC %2 51E, ZADB > ZABD.

A

25: fifiBhdniE 35

SEFA {REH LU Ht-11 £ », ZABC = ZACB T 5. Bet (A,C)D 25 EFH L b, D IZEH AC L
IZHBACEHRLLEHTHS. AABCIZBWT, ZO—I AC 28 LEMG I, TOER EIZH
HZIHEHMACCHERZIZEDPEOoNTWAD, MHE 17 X0, D2 AFHEICEIUT=A
OB DEMS B I =AF%2>5<%. £>T,ADCB 8XU ADAB TH» 5. [H/ D 8 X4 DB
AL, @45 50 DA, DC A —Eff AC 27523720, €&FE L D, ZADB & /BDC l3#ifsi T
H5. £-EHELD,ZADB 13 ADCB DHAETH 5. k> T Ht-22 &0, Z/ADB > /DCB TH 5.
Z ZT,/ABC = ZACB A /DCB = ZACB T&% % 728, Hall-1 $ X ' Ht-19 £ v, ZABC = /DCB
Thd. ThbbEHS LU Hall-2 £ v, Z/ADB > /DCB A /DCB = /ABC & 75 7=, fliify
@29 X0, /ADB > ZABC ThH 5. HEB LT OHiphdiE 16 X0, ACBA TH Y, T2 14 &
DZD=CB,AlX ZCBA 22K 5. s LW Hall-1 & b ,Bet (C,A)D TH 5. ZCBA T4
L T,Bet (C,LA)D TH D78, #iBhdiiE 11 £ D 13 ZCBA DHEDHTH 5. & > i@
33 & 9,Z/CBA > /DBA. £7-E#H L' Hall-4 & v, /DBA = /ABD TH%. +5&,/CBA >
/DBA A /ZDBA = /ABD TH % 7-&, Wil 29 £ v, Z/CBA > ZABD TH 5. I HIIEHB &
' Halll-4 £ v, /ABC = /CBA T» Y ,/CBA > /ABD TH 2 7=, filifhdE 28 £ v, Z/ABC >
ZABD TH 5. 37bbH, ZADB > ZABC A ZABC > ZABD TH 5728, fiidE 32 & v, ZADB
>/ABD TH 3. L7zhi> T, fEDRD 2 & ZANIEHI N7z,

B & 72 5 EHLDFEHIZE 5.

Ht24 ZO0ONAPELVW=SAREIZELTHS.

SERR =ME% AABC, LW f1% JABCB LU ZACB £ 5. ZD& EHiBhadE 27 &b, -
(/ABC < ZACB A ZACB > Z/ABC) & U} = (LABC > ZACB A ZACB < ZABC) T# %. Halll-1
L0 EMAC FOEAIZDODWTCERUMAIZAB=AD 2425355458 D%2D2<K%. 22T,
AC=AD TH245E%%E2 5. A,C,DIZ—EHMAC EO=HTHO,F/-EHLD ACBLV
ADIFZENTNHERLETHS. £7-,C,DIFEMACIZEWT ADHEULUMIZH S L THD,
fifE 8 XV, - Bet(C,D)A TH5. LU C,DVA—DHETHNIE, il A5 HEHEREIC AB
CEABIEY DD EBELZ LD MOoEERIZBTZ 20 —EAgMIZFET 5. Lo
T,C,DLFEHMHERDETHD. Uz T, =5 A,CDIF—ERAC EIZHIHERDLEHTH
5. 2D EHABLIOHEE2 XV, ZOZHDOMEBEIZUTO=Z2088ICKAEh 5.

(1) Bet (A,C)D A - Bet (C,D) A A — Bet (D, A) C.
(2) — Bet(A,C)D A Bet (C,D) A A — Bet (D, A) C.
(3) — Bet (A,C)D A — Bet (C,D) A A Bet (D, A) C.

- Bet (C,D) A DMEIZELPNTWB 20, (2) DIGEITHE D ER .
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I, (1) DHBEIZDOWTHE RS, AABC B L Ol 16 £ 0, ABCA TH 5. 7z, Hall-1 &
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theory Incidence imports Main begin

datatype Point = ”char”
datatype Segment = Se "Point” "Point”
datatype Line = Li "Point” ”Point”
datatype Angle = An “Point” ”Point” Point”
datatype Triangle = Tr "Point” "Point” "Point”
datatype Geo_object =

Poi ”Point”

| Seg ”Segment”

| Lin "Line”

| Ang ”Angle”

| Tri ”Triangle”
datatype sign = add | sub
datatype Geo_objects = Emp | Geos ”Geo_object

99 9

sign” ”Geo_objects”

locale Eq_relation =
fixes Eq :: ”Geo_objects = Geo_objects = bool”
and Inv :: ”bool = bool”
assumes Eq_refl [simp,intro] : ”Eq obs obs”
and Eq.rev : "[Eq obs1 obs2]—> Eq obs2 obs1”
and Eq_trans : ”’[Eq obs1 obs3; Eq obs2 obs3]= Eq obs1 obs2”
and Inv_def : ”Inv bl +— - bl”

locale Definition_1 = Eq_relation +
fixes Line_on :: ”Line = Point = bool”

locale Axiom_1 = Definition_1 +
assumes Line_exist : [ Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp)]
= dl. Line_on1pl A Line_on 1 p2”
and Line_unique : ”[Line_on 11 p1; Line_on 11 p2; Line_on 12 p1; Line_on 12 p2;
— Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)]— Eq (Geos (Lin 11) add Emp)
(Geos (Lin 12) add Emp)”
and Line_on_exist : ”3p q. Line_on 11 p A Line_on 11 q
A — Eq (Geos (Poi p) add Emp) (Geos (Poi q) add Emp)”
and Line_not_on_exist: "dp qr. -~ Line_on11 p A = Line_on 11 g A = Line_on 11 r
A — Eq (Geos (Poi p) add Emp) (Geos (Poi q) add Emp)
A — Eq (Geos (Poi q) add Emp) (Geos (Poi r) add Emp)
A = Eq (Geos (Poi r) add Emp) (Geos (Poi p) add Emp)”

locale Incidence_Rule = Axiom_1 +
assumes Point_Eq : ”[P1(p1); Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp)|—> P1(p2)”
and Line_on_trans : ”[Eq (Geos (Lin 11) add Emp) (Geos (Lin 12) add Emp); Line_on 11 pl1]
— Line_on 12 p1”
and Line_on_rule : "Line_on (Li pl p2) pl A Line_on (Li pl p2) p2”

lemma(in Incidence_Rule) Eq_not_trans :
assumes N :
”— Eq obs1 obs2”
”Eq obs2 obs3”
shows ”— Eq obs1 obs3”
proof
assume W : "Eq obs1 obs3”
from assms have P1 : "Eq obs3 obs2” by (simp add:Eq_rev)
from W P1 have P2 : ”Eq obs1 obs2” by (blast intro:Eq_trans)
from N P2 show False by simp
ged

lemma(in Incidence_Rule) Line_rev :
assumes ”— Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)”
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shows "Eq (Geos (Lin (Li p1 p2)) add Emp) (Geos (Lin (Li p2 p1)) add Emp)”
proof -
from assms have P1 : ”Line_on (Li p1 p2) pl A Line_on (Li p1 p2) p2” by (simp add:Line_on_rule)
have P2 : ”Line_on (Li p2 p1) pl A Line_on (Li p2 pl) p2” by (simp add:Line_on_rule)
from assms P1 P2 show “Eq (Geos (Lin (Li pl p2)) add Emp) (Geos (Lin (Li p2 p1)) add Emp)” by
(blast intro:Line_unique)
ged

lemma(in Incidence_Rule) Line_not_on_Point :
assumes N :
”= Line_on (Li pl p2) p3”
shows ”— Eq (Geos (Poi p1) add Emp) (Geos (Poi p3) add Emp)”
proof
assume W : "Eq (Geos (Poi p1) add Emp) (Geos (Poi p3) add Emp)”
have P1 : "Line_on (Li p1 p2) p1” by (simp add:Line_on_rule)
from W P1 have P2 : ”Line_on (Li p1 p2) p3” by (simp add:Point_Eq)
from N P2 show False by simp
ged

lemma(in Incidence_Rule) Line_not_on_trans :
assumes
”Eq (Geos (Lin 11) add Emp) (Geos (Lin 12) add Emp)”
”— Line_on 11 p1”
shows ”— Line_on 12 p1”
proof -
from assms have P1 : "Eq (Geos (Lin 12) add Emp) (Geos (Lin 11) add Emp)” by (simp add:Eq_rev)
from P1 have P2 : ”Line_on 12 pl = Line_on 11 p1” by (simp add:Line_on_trans)
from assms P2 show ”— Line_on 12 p1” by blast
ged

lemma(in Incidence_Rule) Line_on _rev :
assumes
”— Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)”
”— Eq (Geos (Poi pl) add Emp) (Geos (Poi p3) add Emp)”
“Line_on (Li p1 p2) p3”
shows “Line_on (Li p1 p3) p2”
proof -
have P1 : "Line_on (Li p1 p2) p1” by (simp add:Line_on_rule)
have P2 : "Line_on (Li p1 p3) p1” by (simp add:Line_on_rule)
have P3 : "Line_on (Li p1 p3) p3” by (simp add:Line_on_rule)
from assms P1 P2 P3 have P4 : ”Eq (Geos (Lin (Li pl p2)) add Emp) (Geos (Lin (Li pl p3)) add
Emp)” by (simp add:Line_unique)
have P5 : "Line_on (Li p1 p2) p2” by (simp add:Line_on_rule)
from P4 P5 show “Line_on (Li p1 p3) p2” by (simp add:Line_on_trans)
ged

lemma(in Incidence_Rule) Line_not_Eq :
assumes
”— Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)”
”= Line_on (Li pl p2) p3”
shows ”— Eq (Geos (Lin (Li p1 p2)) add Emp) (Geos (Lin (Li p1 p3)) add Emp)”
proof -
have P1 : "Line_on (Li p1 p3) p3” by (simp add:Line_on_rule)
have P2 : ”Eq (Geos (Lin (Li p1 p2)) add Emp) (Geos (Lin (Li p1 p3)) add Emp) —-
Eq (Geos (Lin (Li p1 p3)) add Emp) (Geos (Lin (Li p1 p2)) add Emp)” by (simp add:Eq_rev)
from P1 P2 have P3 : ”Eq (Geos (Lin (Li p1 p2)) add Emp) (Geos (Lin (Li p1 p3)) add Emp) —>
Line_on (Li p1 p2) p3” by (simp add:Line_on_trans)
from assms P3 show ”— Eq (Geos (Lin (Li p1 p2)) add Emp) (Geos (Lin (Li p1 p3)) add Emp)” by
blast
ged

lemma(in Incidence_Rule) Line_not_Eq_on :
assumes N :
”= Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)”
”= Eq (Geos (Poi pl) add Emp) (Geos (Poi p3) add Emp)”
”= Eq (Geos (Lin (Li p1 p2)) add Emp) (Geos (Lin (Li p1 p3)) add Emp)”
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shows ”— Line_on (Li p1 p2) p3”
proof

assume W : "Line_on (Li p1 p2) p3”

have P1 : "Line_on (Li p1 p2) p1” by (simp add:Line_on_rule)

have P2 : "Line_on (Li p1 p3) p1” by (simp add:Line_on_rule)

have P3 : "Line_on (Li p1 p3) p3” by (simp add:Line_on_rule)

from N W P1 P2 P3 have P4 : ”Eq (Geos (Lin (Li p1 p2)) add Emp) (Geos (Lin (Li p1 p3)) add Emp)”
by (simp add:Line_unique)

from N P4 show False by simp
ged

lemma(in Incidence_Rule) Line_unique_Point :
assumes
”— Eq (Geos (Lin 11) add Emp) (Geos (Lin 12) add Emp)”
“Line_on 11 p1” ”Line_on 11 p2”
”Line_on 12 p1” "Line_on 12 p2”
shows “Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp)”
proof -
from assms have P1 : ”— Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp) —
Eq (Geos (Lin 11) add Emp) (Geos (Lin 12) add Emp)” by (simp add:Line_unique)
from assms P1 show "Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)” by blast
ged

lemma(in Incidence_Rule) Line_not_on_Eq :
assumes N :
”—= Line_on 11 p1”
”Line_on 12 p1”
shows ”— Eq (Geos (Lin 11) add Emp) (Geos (Lin 12) add Emp)”
proof
assume W : ”Eq (Geos (Lin 11) add Emp) (Geos (Lin 12) add Emp)”
from N W have P1 : ”Line_on 11 p1” by (blast intro:Line_on_trans Eq_rev)
from N P1 show False by simp
qed

lemma(in Incidence_Rule) Line_cross_not_on :
assumes
”— Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)”
”—= Eq (Geos (Poi p2) add Emp) (Geos (Poi p4) add Emp)”
”= Line_on (Li pl p2) p3”
“Line_on (Li p2 p3) p4”
shows ”— Line_on (Li pl p2) p4”
proof -
have P1 : "Line_on (Li p1 p2) p2” by (simp add:Line_on_rule)
have P2 : ”Line_on (Li p2 p3) p2” by (simp add:Line_on_rule)
from assms P1 P2 have P3 : "Line_on (Li pl p2) p4 = Eq (Geos (Lin (Li p1 p2)) add Emp) (Geos
(Lin (Li p2 p3)) add Emp)” by (simp add:Line_unique)
have P4 : ”Line_on (Li p2 p3) p3” by (simp add:Line_on_rule)
from P3 P4 have P5 : “Line_on (Li pl p2) p4 = Line_on (Li pl p2) p3” by (blast intro:Line_on_trans
Eq_rev)
from assms P5 show ”— Line_on (Li p1 p2) p4” by blast
ged

end

theory Order imports Incidence begin

locale Definition_2 = Incidence _Rule +
fixes Line_on_Seg :: ”"Line = Segment = bool”
and Bet_Point :: ”Segment = Point = bool”
and Seg_on_Seg :: "Segment = Segment = bool”
and Line_on_Line :: ”Line = Line = bool”
and Plane_sameside :: ”Line = Point = Point =- bool”
and Plane_diffside :: "Line = Point = Point = bool”
assumes Bet_Point_def : ”[Bet_Point (Se pl p2) p3]= — Eq (Geos (Poi p1) add Emp) (Geos (Poi
p2) add Emp)
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A — Eq (Geos (Poi p2) add Emp) (Geos (Poi p3) add Emp) A — Eq (Geos (Poi p3) add Emp)

(Geos (Poi p1) add Emp)”

and Bet_rev : ”[Bet_Point (Se pl p2) p3]=> Bet_Point (Se p2 pl) p3”

and Line_Bet_exist : ”[Bet_Point (Se pl p2) p3]= 3l. Line_on 1 pl A Line_on I p2 A Line_on 1
p3”

and Seg_rev : "Eq (Geos (Seg (Se pl p2)) add Emp) (Geos (Seg (Se p2 pl)) add Emp)”

and Plane_sameside_def : ”Plane_sameside 11 pl p2 «— — Line_on_Seg 11 (Se p1 p2) A — Line_on
11 p1 A = Line_on 11 p2 A — Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)”

and Plane _diffside_def : ”Plane_diffside 11 p1 p2 +— (Jp. Bet_Point (Se pl p2) p A Line_on 11 p
A = Line_on 11 pl A — Line_on 11 p2)”

locale Axiom_2 = Definition_2 +
assumes Bet_extension : ”[Line_on 11 p1; Line_on 11 p2; = Eq (Geos (Poi p1) add Emp) (Geos (Poi
p2) add Emp)]—> Jp. Bet_Point (Se pl p) p2 A Line_on 11 p”
and Bet_iff : ”[Bet_Point (Se pl p2) p3]= Inv (Bet_Point (Se p2 p3) p1) A Inv (Bet_Point (Se p3
pD) p2)”
and Pachets_axiom : ”[- Line_on (Li p1 p2) p3; Bet_Point (Se p1 p2) p4; Line_on 11 p4;
- Line_on 11 p1; = Line_on 11 p2; = Line_on 11 p3]=-
Line_on_Seg 11 (Se p1 p3) A — Line_on_Seg 11 (Se p2 p3)
V Line_on_Seg 11 (Se p2 p3) A = Line_on_Seg 11 (Se p1 p3)”
and Seg_move_sameside : ”[Line_on 11 pl; Line_on 11 p2; = Eq (Geos (Poi p1) add Emp) (Geos
(Poi p2) add Emp);
— Eq (Geos (Poi p3) add Emp) (Geos (Poi p4) add Emp)]|—>
dp. Eq (Geos (Seg (Se p3 p4)) add Emp) (Geos (Seg (Se pl p)) add Emp) A — Bet_Point (Se
pp2) pl A Line_on 11 p A = Eq (Geos (Poi pl) add Emp) (Geos (Poi p) add Emp)”
and Seg_move _diffside : ”[Line_on 11 p1; Line_on 11 p2; — Eq (Geos (Poi p1) add Emp) (Geos (Poi
p2) add Emp);
— Eq (Geos (Poi p3) add Emp) (Geos (Poi p4) add Emp)]|—>
dp. Eq (Geos (Seg (Se p3 p4)) add Emp) (Geos (Seg (Se p1 p)) add Emp) A Bet_Point (Se p
p2) pl A Line_on 11 p A — Eq (Geos (Poi pl) add Emp) (Geos (Poi p) add Emp)”

locale Order_Rule = Axiom_2 +
assumes Bet_Point_Eq : ”[Bet_Point (Se pl p2) p3; Eq (Geos (Poi p1) add Emp) (Geos (Poi p4) add
Emp)]|=> Bet_Point (Se p4 p2) p3”
and Line_on_Seg_rule : "Line_on_Seg 11 (Se p1 p2) +— (Ip. Line_on 11 p A Bet_Point (Se pl p2)
P’
and Seg_on_Seg_rule : ’Seg_on_Seg (Se pl p2) (Se p3 p4) «+— (Ip. Bet_Point (Se pl p2) p A
Bet_Point (Se p3 p4) p)”
and Line_on_Line_rule : ”Line_on_Line 11 12 <— (3p. Line_on 11 p A Line_on 12 p)”
and Seg_Point_Eq : "[Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp)]—> Eq (Geos (Seg
(Se p3 p1)) add Emp) (Geos (Seg (Se p3 p2)) add Emp)”

lemma(in Order_Rule) Line_Bet_on :
assumes
”Bet_Point (Se p1 p2) p3”
shows “Line_on (Li pl p2) p3” and "Line_on (Li p2 p1) p3”
and “Line_on (Li p2 p3) p1” and “Line_on (Li p3 p2) p1”
and “Line_on (Li p1 p3) p2” and “Line_on (Li p3 p1) p2”
proof -
from assms have ”3l. Line_on 1 p1 A Line_on 1 p2 A Line_on 1 p3” by (blast intro:Line_Bet_exist)
then obtain 11 :: Line where P1 : ”Line_on 11 p1 A Line_on 11 p2 A Line_on 11 p3” by blast
from assms have P2 : ”— Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp)”
by (simp add:Bet_Point_def)
have P3 : "Line_on (Li pl p2) pl A Line_on (Li pl p2) p2” by (simp add:Line_on_rule)
from P1 have P4 : ”Line_on 11 p1” by simp
from P1 have P5 : ”Line_on 11 p2” by simp
from P2 P3 P4 P5 have P6 : Eq (Geos (Lin 11) add Emp) (Geos (Lin (Li p1 p2)) add Emp)” by (simp
add:Line_unique)
from P1 P6 show P7 : ”Line_on (Li pl p2) p3” by (simp add:Line_on_trans)
from assms have P8 : ”— Eq (Geos (Poi p3) add Emp) (Geos (Poi pl) add Emp)”
by (simp add:Bet_Point_def)
from P2 P7 P8 show “Line_on (Li p1 p3) p2” by (blast intro:Line_on_rev Eq_rev)
from P2 P7 P8 show "Line_on (Li p3 p1) p2” by (blast intro:Line_on_trans Line_on_rev Eq_rev Line_rev)
from P2 P7 show “Line_on (Li p2 pl) p3” by (blast intro:Line_on_trans Line_rev)

61



from assms have P9 : ”— Eq (Geos (Poi p2) add Emp) (Geos (Poi p3) add Emp)”
by (simp add:Bet_Point_def)

from P2 P7 P9 show “Line_on (Li p2 p3) pl1” by (blast intro:Line_on_rev Line_on_trans Line_rev
Eq-rev)

from P9 have P10 : "= Eq (Geos (Poi p3) add Emp) (Geos (Poi p2) add Emp)” by (blast intro:Eq_rev)

from assms P2 P7 P8 P10 show “Line_on (Li p3 p2) pl” by (blast intro:Line_on_rev Bet_Point_def
Line_on_trans Eq_rev Line_rev)
ged

lemma(in Order_Rule) Line_Bet_not_Eq :
assumes N :
”Bet_Point (Se pl p2) p3”
”= Line_on (Li pl p2) p4”
shows ”— Eq (Geos (Lin (Li p4 p3)) add Emp) (Geos (Lin (Li p4 p2)) add Emp)”
proof
assume W : ”Eq (Geos (Lin (Li p4 p3)) add Emp) (Geos (Lin (Li p4 p2)) add Emp)”
have P1 : "Line_on (Li p4 p3) p3” by (simp add:Line_on_rule)
from W P1 have P2 : ”Line_on (Li p4 p2) p3” by (simp add:Line_on_trans)
have P3 : "Line_on (Li p4 p2) p2” by (simp add:Line_on_rule)
from N have P4 : ”Line_on (Li pl p2) p3” by (simp add:Line_Bet_on)
have P5 : "Line_on (Li p1 p2) p2” by (simp add:Line_on_rule)
from assms have P6 : ”— Eq (Geos (Poi p2) add Emp) (Geos (Poi p3) add Emp)”
by (simp add:Bet_Point_def)
from P2 P3 P4 P5 P6 have P7 : ”Eq (Geos (Lin (Li p4 p2)) add Emp) (Geos (Lin (Li pl p2)) add
Emp)” by (simp add:Line_unique)
have P8 : "Line_on (Li p4 p2) p4” by (simp add:Line_on_rule)
from P7 P8 have P9 : ”Line_on (Li p1 p2) p4” by (simp add:Line_on_trans)
from N P9 show False by simp
ged

theorem(in Order_Rule) Seg_density :

assumes ”— Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)”

shows ”Jp. Bet_Point (Se A C) p”
proof -

have ”Jp qr. -~ Line_on (Li A C) p A = Line_on (Li AC)q A = Line_on (Li A C) r

A = Eq (Geos (Poi p) add Emp) (Geos (Poi q) add Emp) A — Eq (Geos (Poi q) add Emp) (Geos
(Poi r) add Emp)
A = Eq (Geos (Poi r) add Emp) (Geos (Poi p) add Emp)” by (blast intro:Line_not_on_exist)

then obtain E :: Point where P1 : ”— Line_on (Li A C) E” by blast

then have P2 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi E) add Emp)” by (simp add:Line_not_on_Point)

have P3 : "Line_on (Li A E) A A Line_on (Li A E) E” by (simp add:Line_on_rule)

from P2 P3 have ”Jp. Bet_Point (Se A p) E A Line_on (Li A E) p” by (simp add:Bet_extension)

then obtain F :: Point where P4 : "Bet_Point (Se A F) E A Line_on (Li A E) F” by blast

then have P5 : ”Line_on (Li A F) E” by (simp add:Line_Bet_on)

from P4 have P6 : ”Bet_Point (Se A F) E” by simp

from P6 have P7 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi F) add Emp)” by (simp add:Bet_Point_def)

from P2 P4 P6 P7 have P8 : ”Line_on (Li A E) F” by (simp add:Line_on_rev)

from assms P1 have P9 : ”— Eq (Geos (Lin (Li A C)) add Emp) (Geos (Lin (Li A E)) add Emp)” by
(simp add:Line_not_Eq)

have P10 : "Line_on (Li A F) A” by (simp add:Line_on_rule)

from P2 P3 P5 P10 have P11 : ”Eq (Geos (Lin (Li A E)) add Emp) (Geos (Lin (Li A F)) add Emp)”
by (blast intro:Line_unique)

from P9 P11 have P12 : ”— Eq (Geos (Lin (Li A C)) add Emp) (Geos (Lin (Li A F)) add Emp)” by
(simp add:Eq_not_trans)

from assms P7 P12 have P13 : ”— Line_on (Li A C) F” by (simp add:Line_not_Eq_on)

from assms P7 P13 have P14 : ”— Line_on (Li A F) C” by (blast intro:Line_on_rev)

have "Line_on (Li A F) F’ by (simp add:Line_on_rule)

then have P15 : "Eq (Geos (Poi F) add Emp) (Geos (Poi C) add Emp) = Line_on (Li A F) C” by
(simp add:Point_Eq)

from P14 P15 have P16 : ”— Eq (Geos (Poi F) add Emp) (Geos (Poi C) add Emp)” by blast

have P17 : ”Line_on (Li F C) F A Line_on (Li F C) C” by (simp add:Line_on_rule)

from P16 P17 have ”Jp. Bet_Point (Se F p) C A Line_on (Li F C) p” by (simp add:Bet_extension)

then obtain G :: Point where P18 : ”Bet_Point (Se F G) C A Line_on (Li F C) G” by blast

from P18 have P19 : "Line_on (Li F G) C” by (simp add:Line_Bet_on)

from P18 have P20 : ”Bet_Point (Se F G) C” by simp

then have P21 : ”— Eq (Geos (Poi F) add Emp) (Geos (Poi G) add Emp)” by (simp add:Bet_Point_def)
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from P20 have P22 : ”Line_on (Li F C) G” by (simp add:Line_Bet_on)
from P7 P14 P21 P22 have P23 : - Line_on (Li A F) G” by (simp add:Line_cross_not_on)
from P6 P23 have P24 : ”— Eq (Geos (Lin (Li G E)) add Emp) (Geos (Lin (Li G F)) add Emp)” by
(simp add:Line_Bet_not_Eq)
from P5 have P25 : ”Eq (Geos (Poi E) add Emp) (Geos (Poi G) add Emp) = Line_on (Li A F) G”
by (simp add:Point_Eq)
from P23 P25 have P26 : "= Eq (Geos (Poi G) add Emp) (Geos (Poi E) add Emp)” by (blast in-
tro:Eq_rev)
from P21 have P27 : ”— Eq (Geos (Poi G) add Emp) (Geos (Poi F) add Emp)” by (blast intro:Eq_rev)
from P24 P26 P27 have P28 : ”— Line_on (Li G E) F” by (simp add:Line_not_Eq_on)
from P26 P28 have P29 : = Line_on (Li E G) F” by (blast intro:Line_rev Line_on_trans Eq_rev)
have P30 : ”Line_on (Li E G) E” by (simp add:Line_on_rule)
have P31 : ”Line_on (Li A E) E” by (simp add:Line_on_rule)
have P32 : ”Line_on (Li A E) A” by (simp add:Line_on_rule)
from P2 P30 P31 P32 have P33 : ”Line_on (Li E G) A = Eq (Geos (Lin (Li A E)) add Emp) (Geos
(Lin (Li E G)) add Emp)” by (simp add:Line_unique)
from P8 P33 have P34 : "Line_on (Li E G) A = Line_on (Li E G) F’ by (simp add:Line_on_trans)
from P29 P34 have P35 : ”— Line_on (Li E G) A” by blast
have P36 : ”Line_on (Li E G) G” by (simp add:Line_on_rule)
have P37 : ”Line_on (Li F G) G” by (simp add:Line_on_rule)
from P20 have P38 : ”— Eq (Geos (Poi G) add Emp) (Geos (Poi C) add Emp)” by (simp add:Bet_Point_def)
from P19 P36 P37 P38 have P39 : ”Line_on (Li E G) C = Eq (Geos (Lin (Li F G)) add Emp) (Geos
(Lin (Li E G)) add Emp)” by (simp add:Line_unique)
have P40 : ”Line_on (Li F G) F” by (simp add:Line_on_rule)
from P39 P40 have P41 : ”Line_on (Li E G) C = Line_on (Li E G) F” by (simp add:Line_on_trans)
from P29 P41 have P42 : - Line_on (Li E G) C” by blast
from P6 P14 P29 P30 P35 P42 have P43 : “Line_on_Seg (Li E G) (Se A C) A — Line_on_Seg (Li
E G) (Se F C) V Line_on_Seg (Li E G) (Se F C) A — Line_on_Seg (Li E G) (Se A C)” by (simp
add:Pachets_axiom)
then have “Line_on_Seg (Li E G) (Se F C) = Jp. Line_on (Li E G) p A Bet_Point (Se F C) p” by
(simp add:Line_on_Seg_rule)
then obtain D :: Point where P44 : “Line_on_Seg (Li E G) (Se F C) = Line_on (Li E G) D A
Bet_Point (Se F C) D” by blast
from P44 have P46 : ”Line_on_Seg (Li E G) (Se F C) = Bet_Point (Se F C) D” by simp
from P46 have “Line_on_Seg (Li E G) (Se F C) = — Eq (Geos (Poi D) add Emp) (Geos (Poi F) add
Emp)” by (simp add:Bet_Point_def)
from P46 have P47 : ”Line_on_Seg (Li E G) (Se F C) = Line_on (Li F D) C” by (simp add:Line_Bet_on)
have P48 : ”Line_on (Li F D) F” by (simp add:Line_on_rule)
have P49 : ”Line_on (Li F G) F” by (simp add:Line_on_rule)
from P16 P19 P47 P48 P49 have P50 : ”"Line_on_Seg (Li E G) (Se F C) —
Eq (Geos (Lin (Li F D)) add Emp) (Geos (Lin (Li F G)) add Emp)” by (simp add:Line_unique)
have P51 : ”Line_on (Li F D) D” by (simp add:Line_on_rule)
from P50 P51 have P52 : “Line_on_Seg (Li E G) (Se F C) = Line_on (Li F G) D” by (simp
add:Line_on_trans)
have P53 : ”Line_on (Li F G) G” by (simp add:Line_on_rule)
have P54 : ”Line_on (Li E G) G” by (simp add:Line_on_rule)
from P46 have P55 : ”Line_on_Seg (Li E G) (Se F C) = Eq (Geos (Poi D) add Emp) (Geos (Poi G)
add Emp)
— Bet_Point (Se F C) G” by (simp add:Point_Eq)
from P20 have Inv (Bet_Point (Se G C) F) A Inv (Bet_Point (Se C F) G)” by (simp add:Bet_iff)
then have ”— Bet_Point (Se C F) G” by (simp add:Inv_def)
then have P56 : ”— Bet_Point (Se F C) G” by (blast intro:Bet_rev)
from P55 P56 have P57 : “Line_on_Seg (Li E G) (Se F C) = — Eq (Geos (Poi D) add Emp) (Geos
(Poi G) add Emp)” by blast
from P44 P52 P53 P54 P57 have P58 : "Line_on_Seg (Li E G) (Se F C) —
Eq (Geos (Lin (Li E G)) add Emp) (Geos (Lin (Li F G)) add Emp)” by (blast intro:Line_unique)
from P26 have P59 : ”Eq (Geos (Lin (Li E G)) add Emp) (Geos (Lin (Li G E)) add Emp)” by (simp
add:Line_rev Eq_rev)
from P27 have P60 : “Eq (Geos (Lin (Li F G)) add Emp) (Geos (Lin (Li G F)) add Emp)” by (simp
add:Line_rev Eq_rev)
from P58 P59 P60 have P61 : "Line_on_Seg (Li E G) (Se F C) —
Eq (Geos (Lin (Li G E)) add Emp) (Geos (Lin (Li G F)) add Emp)” by (blast intro:Eq_trans Eq_rev)
from P24 P61 have P62 : ”— Line_on_Seg (Li E G) (Se F C)” by blast
from P43 P62 have “Line_on_Seg (Li E G) (Se A C) A — Line_on_Seg (Li E G) (Se F C)” by blast
then have ”3p. Line_on (Li E G) p A Bet_Point (Se A C) p” by (simp add:Line_on_Seg_rule)
thus ”Jp. Bet_Point (Se A C) p” by blast
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ged

lemma(in Order_Rule) Line_Bet_not_on :
assumes
”Line_on (Li p1 p2) p3”
”= Line_on (Li pl p2) p4”
”Bet_Point (Se p3 p4) p5”
shows “Inv (Line_on (Li p1 p2) p5)”
proof -
from assms have ”— Eq (Geos (Poi p5) add Emp) (Geos (Poi p3) add Emp)” by (simp add:Bet_Point_def)
then have P1 : = Eq (Geos (Poi p3) add Emp) (Geos (Poi p5) add Emp)” by (blast intro:Eq_rev)
from assms have P2 : ”Line_on (Li p3 p5) p4” by (simp add:Line_Bet_on)
have P3 : "Line_on (Li p3 p5) p3” by (simp add:Line_on_rule)
have P4 : ”Line_on (Li p3 p5) pS” by (simp add:Line_on_rule)
from assms P1 P3 P4 have P5 : ”Line_on (Li p1 p2) p5 = Eq (Geos (Lin (Li p3 p5)) add Emp) (Geos
(Lin (Li p1 p2)) add Emp)” by (simp add:Line_unique)
from P2 P5 have P6 : "Line_on (Li p1 p2) p5S = Line_on (Li p1 p2) p4” by (simp add:Line_on_trans)
from assms P6 have ”— Line_on (Li p1 p2) p5” by blast
thus “Inv (Line_on (Li p1 p2) p5)” by (simp add:Inv_def)
ged

lemma(in Order_Rule) Line_not_on_ex :
assumes N :
”= Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)”
”= Line_on (Li pl p2) p3”
”Line_on (Li pl p4) p2”
shows ”— Line_on (Li p1 p4) p3”
proof
assume W : "Line_on (Li p1 p4) p3”
have P1 : "Line_on (Li p1 p2) p2” by (simp add:Line_on_rule)
have P2 : "Line_on (Li p1 p2) p1” by (simp add:Line_on_rule)
have P3 : "Line_on (Li pl p4) p1” by (simp add:Line_on_rule)
from N P1 P2 P3 have P4 : ”Eq (Geos (Lin (Li p1 p4)) add Emp) (Geos (Lin (Li p1 p2)) add Emp)”
by (simp add:Line_unique)
from W P4 have P5 : ”Line_on (Li p1 p2) p3” by (simp add:Line_on_trans)
from N P5 show False by simp
ged

lemma(in Order_Rule) Line_on_dens :
assumes
”— Eq (Geos (Poi pl) add Emp) (Geos (Poi p3) add Emp)”
”— Eq (Geos (Poi p2) add Emp) (Geos (Poi p4) add Emp)”
“Line_on (Li p1 p2) p3”
”Line_on (Li p1 p4) p3”
shows “Line_on (Li p2 p4) p3”
proof -
have P1 : "Line_on (Li p1 p2) p1” by (simp add:Line_on_rule)
have P2 : "Line_on (Li p1 p4) p1” by (simp add:Line_on_rule)
from assms P1 P2 have P3 : "Eq (Geos (Lin (Li p1 p2)) add Emp) (Geos (Lin (Li pl p4)) add Emp)”
by (simp add:Line_unique)
have P4 : "Line_on (Li p1 p2) p2” by (simp add:Line_on_rule)
from P3 P4 have P5 : ”Line_on (Li pl p4) p2” by (simp add:Line_on_trans)
have P6 : "Line_on (Li p1 p4) p4” by (simp add:Line_on_rule)
have P7 : "Line_on (Li p2 p4) p2” by (simp add:Line_on_rule)
have P8 : "Line_on (Li p2 p4) p4” by (simp add:Line_on_rule)
from assms P5 P6 P7 P8 have P9 : ”Eq (Geos (Lin (Li pl p4)) add Emp) (Geos (Lin (Li p2 p4)) add
Emp)” by (simp add:Line_unique)
from assms P9 show “Line_on (Li p2 p4) p3” by (simp add:Line_on_trans)
ged

lemma(in Order_Rule) Bet_case_lemmal :
assumes
”Line_on 11 A”
”Line_on 11 B”
”Line_on 11 C”
”— Bet_Point (Se B A) C”
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”— Bet_Point (Se C B) A”
”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)”
”— Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)”
”—= Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)”
”= Line_on (Li A C) D”
”Bet_Point (Se B G) D”
shows ”dp. Line_on (Li A D) p A Bet_Point (Se G C) p”
proof -
have P1 : "Line_on (Li A C) A” by (simp add:Line_on_rule)
have P2 : "Line_on (Li A C) C” by (simp add:Line_on_rule)
from assms P1 P2 have P3 : ”Eq (Geos (Lin 11) add Emp) (Geos (Lin (Li A C)) add Emp)” by (simp
add:Line_unique)
from assms P3 have P4 : "Line_on (Li A C) B” by (simp add:Line_on_trans)
have P11 : "Line_on (Li B G) B” by (simp add:Line_on_rule)
from assms P2 P4 P11 have P12 : ”Line_on (Li B G) C = Eq (Geos (Lin (Li B G)) add Emp) (Geos
(Lin (Li A C)) add Emp)” by (simp add:Line_unique)
from assms have P13 : ”Line_on (Li B G) D” by (simp add:Line_Bet_on)
from P12 P13 have P14 : Line_on (Li B G) C = Line_on (Li A C) D” by (simp add:Line_on_trans)
from assms P14 have P15 : ”— Line_on (Li B G) C” by blast
have P16 : "Line_on (Li A D) A” by (simp add:Line_on_rule)
from assms P1 P4 P16 have P17 : ”Line_on (Li A D) B = Eq (Geos (Lin (Li A D)) add Emp) (Geos
(Lin (Li A C)) add Emp)” by (simp add:Line_unique)
have P18 : ”Line_on (Li A D) D” by (simp add:Line_on_rule)
from P17 P18 have P19 : ”Line_on (Li A D) B = Line_on (Li A C) D by (simp add:Line_on_trans)
from assms P19 have P20 : ”— Line_on (Li A D) B” by blast
from assms P1 P2 P16 have P21 : "Line_on (Li A D) C = Eq (Geos (Lin (Li A D)) add Emp) (Geos
(Lin (Li A C)) add Emp)” by (simp add:Line_unique)
from P18 P21 have P22 : "Line_on (Li A D) C = Line_on (Li A C) D” by (simp add:Line_on_trans)
from assms P22 have P23 : ”— Line_on (Li A D) C” by blast
from assms P1 P4 P11 have P24 : ”Line_on (Li B G) A = Eq (Geos (Lin (Li B G)) add Emp) (Geos
(Lin (Li A C)) add Emp)” by (simp add:Line_unique)
from P13 P24 have P25 : "Line_on (Li B G) A = Line_on (Li A C) D by (simp add:Line_on_trans)
from assms P25 have P26 : ”— Line_on (Li B G) A” by blast
have P27 : ”Line_on (Li B G) G” by (simp add:Line_on_rule)
from assms have P28 : ”— Eq (Geos (Poi G) add Emp) (Geos (Poi D) add Emp)”
by (simp add:Bet_Point_def)
from P13 P18 P27 P28 have P29 : "Line_on (Li A D) G = Eq (Geos (Lin (Li A D)) add Emp) (Geos
(Lin (Li B G)) add Emp)” by (simp add:Line_unique)
from P16 P29 have P30 : "Line_on (Li A D) G = Line_on (Li B G) A” by (simp add:Line_on_trans)
from P26 P30 have P31 : ”— Line_on (Li A D) G” by blast
from assms P15 P18 P20 P23 P31 have P32 : ”Line_on_Seg (Li A D) (Se B C) A — Line_on_Seg (Li
AD)(SeGO)
V Line_on_Seg (Li A D) (Se G C) A = Line_on_Seg (Li A D) (Se B C)” by (simp add:Pachets_axiom)
have ”Line_on_Seg (Li A D) (Se B C) = dp. Line_on (Li A D) p A Bet_Point (Se B C) p” by (simp
add:Line_on_Seg_rule)
then obtain A2 :: Point where P33 : “Line_on_Seg (Li A D) (Se B C) = Line_on (Li A D) A2 A
Bet_Point (Se B C) A2” by blast
from assms have P34 : - Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)” by (blast intro:Eq_rev)
from assms P34 have P35 : ”— Eq (Geos (Lin (Li A C)) add Emp) (Geos (Lin (Li A D)) add Emp)”
by (simp add:Line_not_Eq)
have P36 : “Line_on (Li B C) B” by (simp add:Line_on_rule)
have P37 : ”Line_on (Li B C) C” by (simp add:Line_on_rule)
from assms P2 P4 P36 P37 have P38 : "Eq (Geos (Lin (Li B C)) add Emp) (Geos (Lin (Li A C)) add
Emp)” by (simp add:Line_unique)
from P33 have P39 : "Line_on_Seg (Li A D) (Se B C) = Bet_Point (Se B C) A2” by simp
then have P40 : ”Line_on_Seg (Li A D) (Se B C) = Line_on (Li B C) A2” by (simp add:Line_Bet_on)
from P38 P40 have P41 : ”Line_on_Seg (Li A D) (Se B C) = Line_on (Li A C) A2” by (simp
add:Line_on_trans)
from P1 P16 P33 P35 P41 have P42 : ”Line_on_Seg (Li A D) (Se B C) = Eq (Geos (Poi A2) add
Emp) (Geos (Poi A) add Emp)” by (simp add:Line_unique_Point)
from P39 P42 have P43 : “Line_on_Seg (Li A D) (Se B C) = Bet_Point (Se B C) A” by (simp
add:Point_Eq)
from assms have P44 : ”— Bet_Point (Se B C) A” by (blast intro:Bet_rev)
from P43 P44 have P45 : ”— Line_on_Seg (Li A D) (Se B C)” by blast
from P32 P45 have “Line_on_Seg (Li A D) (Se G C) A — Line_on_Seg (Li A D) (Se B C)” by blast
thus ”Jp. Line_on (Li A D) p A Bet_Point (Se G C) p” by (simp add:Line_on_Seg_rule)
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ged

lemma(in Order_Rule) Bet_case_lemma?2 :
assumes
“Line_on 11 A”
“Line_on 11 B”
”Line_on 11 C”
”— Bet_Point (Se B A) C”
”— Bet_Point (Se C B) A”
”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)”
”= Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)”
”= Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)”
shows ”Bet_Point (Se A C) B”
proof -
have P1 : "Line_on (Li A C) A” by (simp add:Line_on_rule)
have P2 : "Line_on (Li A C) C” by (simp add:Line_on_rule)
from assms P1 P2 have P3 : ”Eq (Geos (Lin 11) add Emp) (Geos (Lin (Li A C)) add Emp)” by (simp
add:Line_unique)
from assms P3 have P4 : ”Line_on (Li A C) B” by (simp add:Line_on_trans)
have "dp qr. = Line_on (Li AC)p A = Line_on (LiAC)q A - Line.on (LiAC)r
A = Eq (Geos (Poi p) add Emp) (Geos (Poi q) add Emp) A — Eq (Geos (Poi q) add Emp) (Geos
(Poi r) add Emp)
A — Eq (Geos (Poi r) add Emp) (Geos (Poi p) add Emp)” by (blast intro:Line_not_on_exist)
then obtain D :: Point where P5 : ”— Line_on (Li A C) D” by blast
from P4 have P6 : "Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp) = Line_on (Li A C) D” by
(simp add:Point_Eq)
from P5 P6 have P7 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp)” by blast
have P8 : "Line_on (Li B D) B” by (simp add:Line_on_rule)
have P9 : "Line_on (Li B D) D” by (simp add:Line_on_rule)
from P7 P8 P9 have ”Jp. Bet_Point (Se B p) D A Line_on (Li B D) p” by (simp add:Bet_extension)
then obtain G :: Point where P10 : "Bet_Point (Se B G) D” by blast
from assms P5 P10 have ”3Jp. Line_on (Li A D) p A Bet_Point (Se G C) p”
by (simp add:Bet_case_lemmal)
then obtain E :: Point where P11 : ”Line_on (Li A D) E A Bet_Point (Se G C) E” by blast
from assms have P12 : ”— Bet_Point (Se B C) A” by (blast intro:Bet_rev)
from assms have P13 : ”— Bet_Point (Se A B) C” by (blast intro:Bet_rev)
from assms have P14 : = Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)” by (blast intro:Eq_rev)
from assms have P15 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi A) add Emp)” by (blast intro:Eq_rev)
from assms have P16 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi B) add Emp)” by (blast intro:Eq_rev)
from P14 have P17 : "Eq (Geos (Lin (Li A C)) add Emp) (Geos (Lin (Li C A)) add Emp)” by (simp
add:Line_rev)
from P5 P17 have P18 : ”— Line_on (Li C A) D” by (simp add:Line_not_on_trans)
from assms P10 P12 P13 P14 P15 P16 P18 have ”Jp. Line_on (Li C D) p A Bet_Point (Se G A) p” by
(simp add:Bet_case_lemmal)
then obtain F :: Point where P19 : ”Line_on (Li C D) F A Bet_Point (Se G A) F” by blast
have P20 : ”Line_on (Li B G) B” by (simp add:Line_on_rule)
have P21 : ”Line_on (Li B G) G” by (simp add:Line_on_rule)
from P10 have P22 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi G) add Emp)”
by (simp add:Bet_Point_def)
from P4 P20 P21 P22 have P23 : "Line_on (Li A C) G = Eq (Geos (Lin (Li B G)) add Emp) (Geos
(Lin (Li A C)) add Emp)” by (simp add:Line_unique)
from P10 have P24 : "Line_on (Li B G) D” by (simp add:Line_Bet_on)
from P23 P24 have P25 : ”Line_on (Li A C) G = Line_on (Li A C) D” by (simp add:Line_on_trans)
from P5 P25 have P26 : = Line_on (Li A C) G” by blast
from P11 have P27 : ”Bet_Point (Se C G) E” by (blast intro:Bet_rev)
have P28 : ”Line_on (Li C G) C” by (simp add:Line_on_rule)
from assms P1 P2 P28 have P29 : "Line_on (Li C G) A = Eq (Geos (Lin (Li C G)) add Emp) (Geos
(Lin (Li A C)) add Emp)” by (simp add:Line_unique)
have P30 : “Line_on (Li C G) G” by (simp add:Line_on_rule)
from P29 P30 have P31 : "Line_on (Li C G) A = Line_on (Li A C) G” by (simp add:Line_on_trans)
from P26 P31 have P32 : ”— Line_on (Li C G) A” by blast
from P27 P32 have ”— Eq (Geos (Lin (Li A E)) add Emp) (Geos (Lin (Li A G)) add Emp)” by (simp
add:Line_Bet_not_Eq)
then have P33 : ”— Eq (Geos (Lin (Li A G)) add Emp) (Geos (Lin (Li A E)) add Emp)” by (blast
intro:Eq_rev)
from P19 have P34 : ”Bet_Point (Se A G) F” by (blast intro:Bet_rev)
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then have P35 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi G) add Emp)” by (simp add:Bet_Point_def)
from P27 have P36 : "Line_on (Li C G) E” by (simp add:Line_Bet_on)
then have P37 : "Eq (Geos (Poi E) add Emp) (Geos (Poi A) add Emp) = Line_on (Li C G) A” by
(simp add:Point_Eq)
from P32 P37 have P38 : = Eq (Geos (Poi A) add Emp) (Geos (Poi E) add Emp)” by (blast in-
tro:Eq_rev)
from P33 P35 P38 have P39 : ”— Line_on (Li A G) E” by (simp add:Line_not_Eq_on)
from P14 P26 P35 have P40 : ”— Line_on (Li A G) C” by (blast intro:Line_on_rev)
from P34 P40 have P41 : ”— Eq (Geos (Lin (Li C F)) add Emp) (Geos (Lin (Li C G)) add Emp)” by
(simp add:Line_Bet_not_Eq)
from P34 have P42 : "Line_on (Li A G) F” by (simp add:Line_Bet_on)
then have P43 : ”Eq (Geos (Poi F) add Emp) (Geos (Poi C) add Emp) = Line_on (Li A G) C” by
(simp add:Point_Eq)
from P40 P43 have P44 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi F) add Emp)” by (blast in-
tro:Eq_rev)
from P27 have P45 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi G) add Emp)”
by (simp add:Bet_Point_def)
from P41 P44 P45 have P46 : ”— Line_on (Li C F) G” by (simp add:Line_not_Eq_on)
from P35 have P47 : ”Eq (Geos (Lin (Li A G)) add Emp) (Geos (Lin (Li G A)) add Emp)” by (simp
add:Line_rev)
from P40 P47 have P48 : ”— Line_on (Li G A) C” by (simp add:Line_not_on_trans)
from P19 have P49 : ”Bet_Point (Se G A) F” by simp
from P48 P49 have P50 : ”— Eq (Geos (Lin (Li C F)) add Emp) (Geos (Lin (Li C A)) add Emp)” by
(simp add:Line_Bet_not_Eq)
from assms P44 P50 have P51 : ”— Line_on (Li C F) A” by (simp add:Line_not_Eq_on)
have P52 : ”Line_on (Li C F) C” by (simp add:Line_on_rule)
from P27 have P53 : ”— Eq (Geos (Poi E) add Emp) (Geos (Poi C) add Emp)”
by (simp add:Bet_Point_def)
from P28 P36 P52 P53 have P54 : ”Line_on (Li C F) E = Eq (Geos (Lin (Li C G)) add Emp) (Geos
(Lin (Li C F)) add Emp)” by (simp add:Line_unique)
from P30 P54 have P55 : ”Line_on (Li C F) E = Line_on (Li C F) G” by (simp add:Line_on_trans)
from P46 P55 have P56 : ”— Line_on (Li C F) E” by blast
have P57 : ”Line_on (Li C F) F” by (simp add:Line_on_rule)
from P34 P39 P46 P51 P56 P57 have P58 : ”Line_on_Seg (Li C F) (Se A E) A — Line_on_Seg (Li C
F)(Se GE)
V Line_on_Seg (Li CF) (Se G E) A — Line_on_Seg (Li C F) (Se A E)” by (simp add:Pachets_axiom)
have ”Line_on_Seg (Li C F) (Se G E) = Jp. Line_on (Li C F) p A Bet_Point (Se G E) p” by (simp
add:Line_on_Seg_rule)
then obtain D2 :: Point where P59 : “Line_on_Seg (Li C F) (Se G E) = Line_on (Li C F) D2 A
Bet_Point (Se G E) D2” by blast
then have P60 : “Line_on_Seg (Li C F) (Se G E) = Bet_Point (Se G E) D2” by simp
then have P61 : ”Line_on_Seg (Li C F) (Se G E) = Line_on (Li G E) D2” by (simp add:Line_Bet_on)
have P62 : ”Line_on (Li G E) G” by (simp add:Line_on_rule)
have P63 : ”Line_on (Li G E) E” by (simp add:Line_on_rule)
from P27 have P64 : ”— Eq (Geos (Poi G) add Emp) (Geos (Poi E) add Emp)”
by (simp add:Bet_Point_def)
from P27 have P66 : ”Line_on (Li G E) C” by (simp add:Line_Bet_on)
from P59 have P67 : ”Line_on_Seg (Li C F) (Se G E) = Line_on (Li C F) D2” by simp
from P60 have P68 : "Line_on_Seg (Li C F) (Se G E) = Eq (Geos (Poi D2) add Emp) (Geos (Poi C)
add Emp) =
Bet_Point (Se G E) C” by (simp add:Point_Eq)
from P27 have "Inv (Bet_Point (Se G E) C) A Inv (Bet_Point (Se E C) G)” by (simp add:Bet_iff)
then have P69 : ”— Bet_Point (Se G E) C A = Bet_Point (Se E C) G” by (simp add:Inv_def)
from P68 P69 have P70 : ’Line_on_Seg (Li C F) (Se G E) = — Eq (Geos (Poi D2) add Emp) (Geos
(Poi C) add Emp)” by blast
from P52 P61 P66 P67 P70 have P71 : ”Line_on_Seg (Li C F) (Se G E) = Eq (Geos (Lin (Li G E))
add Emp) (Geos (Lin (Li C F)) add Emp)” by (simp add:Line_unique)
from P63 P71 have P72 : “Line_on_Seg (Li C F) (Se G E) = Line_on (Li C F) E” by (simp
add:Line_on_trans)
from P56 P72 have P73 : ”— Line_on_Seg (Li C F) (Se G E)” by blast
from P58 P73 have “Line_on_Seg (Li C F) (Se A E) A - Line_on_Seg (Li C F) (Se G E)” by blast
then have ”3p. Line_on (Li C F) p A Bet_Point (Se A E) p” by (simp add:Line_on_Seg_rule)
then obtain D3 :: Point where P74 : “Line_on (Li C F) D3 A Bet_Point (Se A E) D3” by blast
then have P75 : ”Line_on (Li C F) D3” by simp
from P74 have P76 : ”Bet_Point (Se A E) D3” by simp
then have P77 : ”Line_on (Li A E) D3” by (simp add:Line_Bet_on)
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from P19 have P78 : ”Line_on (Li C D) F” by simp

from P2 have P79 : ”Eq (Geos (Poi C) add Emp) (Geos (Poi D) add Emp) = Line_on (Li A C) D”
by (simp add:Point_Eq)

from P5 P79 have P80 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi D) add Emp)” by blast

from P44 P78 P80 have P81 : ”Line_on (Li C F) D” by (simp add:Line_on_rev)

from P11 have P82 : "Line_on (Li A D) E” by simp

from P1 have P83 : "Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp) => Line_on (Li A C) D”
by (simp add:Point_Eq)

from P5 P83 have P84 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp)” by blast

from P38 P82 P84 have P85 : ”Line_on (Li A E) D” by (simp add:Line_on_rev)

have P86 : ”Line_on (Li A E) E” by (simp add:Line_on_rule)

then have P87 : "Eq (Geos (Lin (Li A E)) add Emp) (Geos (Lin (Li C F)) add Emp) = Line_on (Li
CF) E” by (simp add:Line_on_trans)

from P56 P87 have P88 : ”— Eq (Geos (Lin (Li A E)) add Emp) (Geos (Lin (Li C F)) add Emp)” by
blast

from P75 P77 P81 P85 P88 have P89 : "Eq (Geos (Poi D3) add Emp) (Geos (Poi D) add Emp)” by
(simp add:Line_unique_Point)

from P76 P89 have P90 : ”Bet_Point (Se A E) D” by (simp add:Point_Eq)

have P91 : ”Line_on (Li A E) A” by (simp add:Line_on_rule)

from assms P1 P2 P91 have P92 : "Line_on (Li A E) C = Eq (Geos (Lin (Li A E)) add Emp) (Geos
(Lin (Li A C)) add Emp)” by (simp add:Line_unique)

from P85 P92 have P93 : ”Line_on (Li A E) C = Line_on (Li A C) D” by (simp add:Line_on_trans)

from P5 P93 have P94 : - Line_on (Li A E) C” by blast

from assms P1 P4 P20 have P95 : "Line_on (Li B G) A = Eq (Geos (Lin (Li B G)) add Emp) (Geos
(Lin (Li A C)) add Emp)” by (simp add:Line_unique)

from P24 P95 have P96 : "Line_on (Li B G) A = Line_on (Li A C) D” by (simp add:Line_on_trans)

from P5 P96 have P97 : = Line_on (Li B G) A” by blast

from assms P2 P4 P20 have P98 : ’Line_on (Li B G) C = Eq (Geos (Lin (Li B G)) add Emp) (Geos
(Lin (Li A C)) add Emp)” by (simp add:Line_unique)

from P24 P98 have P99 : "Line_on (Li B G) C = Line_on (Li A C) D” by (simp add:Line_on_trans)

from P5 P99 have P100 : ”— Line_on (Li B G) C” by blast

from P21 P62 P63 P64 have P101 : ”Line_on (Li B G) E = Eq (Geos (Lin (Li G E)) add Emp) (Geos
(Lin (Li B G)) add Emp)” by (simp add:Line_unique)

from P66 P101 have P102 : ”Line_on (Li B G) E = Line_on (Li B G) C” by (simp add:Line_on_trans)

from P100 P102 have P103 : ”— Line_on (Li B G) E” by blast

from P24 P90 P94 P97 P100 P103 have P104 : "Line_on_Seg (Li B G) (Se A C) A — Line_on_Seg (Li
BG) (SeEC)

V Line_on_Seg (Li B G) (Se E C) A - Line_on_Seg (Li B G) (Se A C)” by (simp add:Pachets_axiom)

have “Line_on_Seg (Li B G) (Se E C) = dp. Line_on (Li B G) p A Bet_Point (Se E C) p” by (simp
add:Line_on_Seg_rule)

then obtain B2 :: Point where P105 : ”Line_on_Seg (Li B G) (Se E C) = Line_on (Li B G) B2 A
Bet_Point (Se E C) B2” by blast

then have P106 : "Line_on_Seg (Li B G) (Se E C) = Bet_Point (Se E C) B2” by simp

then have P107 : "Line_on_Seg (Li B G) (Se E C) = Line_on (Li E C) B2” by (simp add:Line_Bet_on)

from P105 have P108 : ”Line_on_Seg (Li B G) (Se E C) = Line_on (Li B G) B2” by simp

have P109 : ”Line_on (Li E C) E” by (simp add:Line_on_rule)

have P110 : ”Line_on (Li E C) C” by (simp add:Line_on_rule)

from P28 P36 P53 P109 P110 have P111 : ”Eq (Geos (Lin (Li C G)) add Emp) (Geos (Lin (Li E C))
add Emp)” by (simp add:Line_unique)

from P30 P111 have P112 : "Line_on (Li E C) G” by (simp add:Line_on_trans)

from P106 have P113 : ”Line_on_Seg (Li B G) (Se E C) = Eq (Geos (Poi B2) add Emp) (Geos (Poi
G) add Emp) =

Bet_Point (Se E C) G” by (simp add:Point_Eq)

from P69 P113 have P114 : “Line_on_Seg (Li B G) (Se E C) = — Eq (Geos (Poi B2) add Emp)
(Geos (Poi G) add Emp)” by blast

from P21 P107 P108 P112 P114 have P115 : ”Line_on_Seg (Li B G) (Se E C) = Eq (Geos (Lin (Li
E C)) add Emp) (Geos (Lin (Li B G)) add Emp)” by (simp add:Line_unique)

from P109 P115 have P116 : "Line_on_Seg (Li B G) (Se E C) = Line_on (Li B G) E” by (simp
add:Line_on_trans)

from P103 P116 have P117 : ”— Line_on_Seg (Li B G) (Se E C)” by blast

from P104 P117 have “Line_on_Seg (Li B G) (Se A C)” by blast

then have ”3p. Line_on (Li B G) p A Bet_Point (Se A C) p” by (simp add:Line_on_Seg_rule)

then obtain B3 :: Point where P118 : ”Line_on (Li B G) B3 A Bet_Point (Se A C) B3” by blast

from P24 have P119 : ”Eq (Geos (Lin (Li B G)) add Emp) (Geos (Lin (Li A C)) add Emp) —>
Line_on (Li A C) D” by (simp add:Line_on_trans)

from P5 P119 have P120 : ”— Eq (Geos (Lin (Li B G)) add Emp) (Geos (Lin (Li A C)) add Emp)” by
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blast

from P118 have P121 : ”Line_on (Li B G) B3” by simp

from P118 have P122 : ”"Bet_Point (Se A C) B3” by simp

then have P123 : ”Line_on (Li A C) B3” by (simp add:Line_Bet_on)

from P4 P20 P120 P121 P123 have P124 : "Eq (Geos (Poi B3) add Emp) (Geos (Poi B) add Emp)”
by (simp add:Line_unique_Point)

from P122 P124 show ”"Bet_Point (Se A C) B” by (simp add:Point_Eq)
ged

lemma(in Order_Rule) Bet_case :
assumes
“Line_on 11 A”
”Line_on 11 B”
”Line_on 11 C”
”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)”
”— Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)”
”— Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)”
shows ”Bet_Point (Se A C) B V Bet_Point (Se C B) A V Bet_Point (Se B A) C”
proof -
from assms have P1 : ”— Bet_Point (Se B A) C A = Bet_Point (Se C B) A = Bet_Point (Se A C) B”
by (simp add:Bet_case_lemma2)
from assms have P2 : ”— Bet_Point (Se C B) A A = Bet_Point (Se A C) B— Bet_Point (Se B A) C”
by (simp add:Bet_case_lemma?2)
from assms have P3 : ”— Bet_Point (Se A C) B A — Bet_Point (Se B A) C = Bet_Point (Se C B) A”
by (simp add:Bet_case_lemma2)
from P1 P2 P3 show “Bet_Point (Se A C) B VV Bet_Point (Se C B) A V Bet_Point (Se B A) C” by blast
ged

lemma(in Order_Rule) Bet_case_fact :
assumes
”Bet_Point (Se A C) B V Bet_Point (Se C B) A V Bet_Point (Se B A) C”
shows
”Bet_Point (Se A C) B A = Bet_Point (Se C B) A A = Bet_Point (Se B A) C
V — Bet_Point (Se A C) B A Bet_Point (Se C B) A A = Bet_Point (Se B A) C
V = Bet_Point (Se A C) B A = Bet_Point (Se C B) A A Bet_Point (Se B A) C”
proof -
have ”Bet_Point (Se A C) B = Inv (Bet_Point (Se C B) A) A Inv (Bet_Point (Se B A) C)” by (simp
add:Bet_iff)
then have P1 : “Bet_Point (Se A C) B = — Bet_Point (Se C B) A A — Bet_Point (Se B A) C” by
(simp add:Inv_def)
have ”Bet_Point (Se C B) A = Inv (Bet_Point (Se A C) B) A Inv (Bet_Point (Se B A) C)” by (simp
add:Bet_iff)
then have P2 : ”Bet_Point (Se C B) A = — Bet_Point (Se A C) B A — Bet_Point (Se B A) C” by
(simp add:Inv_def)
have ”Bet_Point (Se B A) C = Inv (Bet_Point (Se A C) B) A Inv (Bet_Point (Se C B) A)” by (simp
add:Bet_iff)
then have P3 : ”Bet_Point (Se B A) C = — Bet_Point (Se A C) B A — Bet_Point (Se C B) A” by
(simp add:Inv_def)
from assms P1 P2 P3 show “Bet_Point (Se A C) B A = Bet_Point (Se C B) A A = Bet_Point (Se B A)
C

V — Bet_Point (Se A C) B A Bet_Point (Se C B) A A = Bet_Point (Se B A) C
V = Bet_Point (Se A C) B A — Bet_Point (Se C B) A A Bet_Point (Se B A) C” by blast
ged

lemma(in Order_Rule) Bet_swap_lemma_1 :
assumes
”— Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp)”
”Bet_Point (Se A C) B”
”Bet_Point (Se B D) C”
shows Line_on (Li A D) B A Line_on (Li A D) C”
proof -
from assms have P1 : ”Line_on (Li A B) C” by (simp add:Line_Bet_on)
have P2 : "Line_on (Li A B) B” by (simp add:Line_on_rule)
have P3 : "Line_on (Li B C) C” by (simp add:Line_on_rule)
have P4 : "Line_on (Li B C) B” by (simp add:Line_on_rule)
from assms have P5 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi B) add Emp)”
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by (simp add:Bet_Point_def)
from P1 P2 P3 P4 PS5 have P6 : "Eq (Geos (Lin (Li B C)) add Emp) (Geos (Lin (Li A B)) add Emp)”
by (simp add:Line_unique)
from assms have P7 : ”Line_on (Li B C) D” by (simp add:Line_Bet_on)
from P6 P7 have P8 : ”Line_on (Li A B) D” by (simp add:Line_on_trans)
from assms have ”— Eq (Geos (Poi B) add Emp) (Geos (Poi A) add Emp)” by (simp add:Bet_Point_def)
then have P9 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)” by (blast intro:Eq_rev)
from assms P8 P9 have P10 : "Line_on (Li A D) B” by (simp add:Line_on_rev)
have P11 : ”Line_on (Li A D) D” by (simp add:Line_on_rule)
from assms have P12 : "= Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp)”
by (simp add:Bet_Point_def)
from P4 P7 P10 P11 P12 have P13 : ”Eq (Geos (Lin (Li B C)) add Emp) (Geos (Lin (Li A D)) add
Emp)” by (simp add:Line_unique)
from P3 P13 have P14 : ”Line_on (Li A D) C” by (simp add:Line_on_trans)
from P10 P14 show ”Line_on (Li A D) B A Line_on (Li A D) C” by simp
ged

lemma(in Order_Rule) Bet_swap_lemma_2 :
assumes
”Bet_Point (Se pl p3) p2”
”— Line_on (Li pl p3) p4”
”— Line_on (Li p2 pS) p3”
”= Line_on (Li p2 p5) pl”
”= Line_on (Li p2 p5) p4”
”Bet_Point (Se p3 p5) p4”
shows ”Jp. Line_on (Li p2 p5) p A Bet_Point (Se p1 p4) p”
proof -
have P1 : ”Line_on (Li p2 p5) p2” by (simp add:Line_on_rule)
from assms P1 have P2 : ”Line_on_Seg (Li p2 p5) (Se pl p4) A — Line_on_Seg (Li p2 pS) (Se p3 p4) V
Line_on_Seg (Li p2 p5) (Se p3 p4) A — Line_on_Seg (Li p2 p5) (Se p1 p4)” by (simp add:Pachets_axiom)
then have ”Line_on_Seg (Li p2 p5) (Se p3 p4) = Jp. Line_on (Li p2 p5) p A Bet_Point (Se p3 p4)
p” by (simp add:Line_on_Seg_rule)
then obtain p6 :: Point where P3 : “Line_on_Seg (Li p2 p5) (Se p3 p4) = Line_on (Li p2 p5) p6 A
Bet_Point (Se p3 p4) p6” by blast
from assms have ”— Eq (Geos (Poi p4) add Emp) (Geos (Poi p3) add Emp)” by (simp add:Bet_Point_def)
then have P4 : ”— Eq (Geos (Poi p3) add Emp) (Geos (Poi p4) add Emp)” by (blast intro:Eq_rev)
from P3 have P5 : ”Line_on_Seg (Li p2 p5) (Se p3 p4) = Bet_Point (Se p3 p4) p6” by simp
from P3 have P6 : “Line_on_Seg (Li p2 p5) (Se p3 p4) = Line_on (Li p3 p6) p4” by (simp
add:Line_Bet_on)
from assms have P7 : ”Line_on (Li p3 p5) p4” by (simp add:Line_Bet_on)
have P8 : "Line_on (Li p3 p6) p3” by (simp add:Line_on_rule)
have P9 : "Line_on (Li p3 p5) p3” by (simp add:Line_on_rule)
from P4 P6 P7 P8 P9 have P10 : "Line_on_Seg (Li p2 p5) (Se p3 p4) =
Eq (Geos (Lin (Li p3 p5)) add Emp) (Geos (Lin (Li p3 p6)) add Emp)” by (simp add:Line_unique)
have P11 : ”Line_on (Li p3 p5) pS” by (simp add:Line_on_rule)
from P10 P11 have P12 : “Line_on_Seg (Li p2 p5) (Se p3 p4) = Line_on (Li p3 p6) pS” by (simp
add:Line_on_trans)
have P13 : ”Line_on (Li p2 p5) pS” by (simp add:Line_on_rule)
have P14 : ”Line_on (Li p3 p6) p6” by (simp add:Line_on_rule)
from PS5 have P15 : ”Line_on_Seg (Li p2 p5) (Se p3 p4) = Eq (Geos (Poi p6) add Emp) (Geos (Poi
p5) add Emp) =
Bet_Point (Se p3 p4) p5” by (simp add:Point_Eq)
from assms have “Inv (Bet_Point (Se p5 p4) p3) A Inv (Bet_Point (Se p4 p3) p5)” by (simp add:Bet_iff)
then have ”— Bet_Point (Se p4 p3) p5” by (simp add:Inv_def)
then have P16 : ”— Bet_Point (Se p3 p4) pS” by (blast intro:Bet_rev)
from P15 P16 have P17 : ”Line_on_Seg (Li p2 p5) (Se p3 p4) = — Eq (Geos (Poi p6) add Emp)
(Geos (Poi pS) add Emp)” by blast
from P3 P12 P13 P14 P17 have P18 : Line_on_Seg (Li p2 pS5) (Se p3 p4) =
Eq (Geos (Lin (Li p3 p6)) add Emp) (Geos (Lin (Li p2 p5)) add Emp)” by (simp add:Line_unique)
from P8 P18 have P19 : "Line_on_Seg (Li p2 pS) (Se p3 p4) = Line_on (Li p2 p5) p3” by (simp
add:Line_on_trans)
from assms P19 have P20 : ”— Line_on_Seg (Li p2 p5) (Se p3 p4)” by blast
from P2 P3 P20 have "Line_on_Seg (Li p2 p5) (Se p1 p4)” by blast
thus ”3p. Line_on (Li p2 p5) p A Bet_Point (Se p1 p4) p” by (simp add:Line_on_Seg_rule)
ged
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lemma(in Order_Rule) Bet_swap_lemma_3 :
assumes
”Bet_Point (Se pl p3) p2”
”Bet_Point (Se p3 p5) p4”
”= Line_on (Li pl p3) p5”
shows ”Jp. Bet_Point (Se p1 p4) p A Bet_Point (Se p5 p2) p”
proof -
from assms have P1 : ”— Eq (Geos (Poi p1) add Emp) (Geos (Poi p3) add Emp)”
by (simp add:Bet_Point_def)
then have P2 : ”Eq (Geos (Lin (Li pl p3)) add Emp) (Geos (Lin (Li p3 pl)) add Emp)” by (simp
add:Line_rev)
from assms P2 have P3 : "= Line_on (Li p3 pl) p5” by (simp add:Line_not_on_trans)
from assms have P4 : ”— Eq (Geos (Poi p3) add Emp) (Geos (Poi p5) add Emp)”
by (simp add:Bet_Point_def)
from P1 have P5 : ”— Eq (Geos (Poi p3) add Emp) (Geos (Poi pl) add Emp)” by (blast intro:Eq_rev)
from P3 P4 PS5 have P6 : ”— Line_on (Li p3 p5) pl” by (blast intro:Line_on_rev)
from assms have P7 : ”Bet_Point (Se p5 p3) p4” by (simp add:Bet_rev)
from P4 have P8 : ”Eq (Geos (Lin (Li p3 p5)) add Emp) (Geos (Lin (Li p5 p3)) add Emp)” by (simp
add:Line_rev)
from P8 P6 have P9 : ”— Line_on (Li pS p3) p1” by (simp add:Line_not_on_trans)
from P7 P9 have P10 : ”— Eq (Geos (Lin (Li p1 p4)) add Emp) (Geos (Lin (Li p1 p3)) add Emp)” by
(simp add:Line_Bet_not_Eq)
from assms have “Line_on (Li p3 p5) p4” by (simp add:Line_Bet_on)
then have P11 : ”Eq (Geos (Poi p4) add Emp) (Geos (Poi p1) add Emp) = Line_on (Li p3 p5) p1”
by (simp add:Point_Eq)
from P6 P11 have ”— Eq (Geos (Poi p4) add Emp) (Geos (Poi pl) add Emp)” by blast
then have P12 : ”— Eq (Geos (Poi pl) add Emp) (Geos (Poi p4) add Emp)” by (blast intro:Eq_rev)
from P1 P10 P12 have P13 : = Line_on (Li p1 p4) p3” by (simp add:Line_not_Eq_on)
from P1 P12 P13 have P14 : ”— Line_on (Li p1 p3) p4” by (blast intro:Line_on_rev)
from assms have P15 : ”— Eq (Geos (Lin (Li p5 p2)) add Emp) (Geos (Lin (Li p5 p3)) add Emp)” by
(simp add:Line_Bet_not_Eq)
from assms have P16 : ”"Line_on (Li p1 p3) p2” by (simp add:Line_Bet_on)
then have P17 : ”Eq (Geos (Poi p2) add Emp) (Geos (Poi p5) add Emp) = Line_on (Li p1 p3) p5”
by (simp add:Point_Eq)
from assms P17 have ”— Eq (Geos (Poi p2) add Emp) (Geos (Poi p5) add Emp)” by blast
then have P18 : ”— Eq (Geos (Poi pS) add Emp) (Geos (Poi p2) add Emp)” by (blast intro:Eq_rev)
from P4 have P19 : "= Eq (Geos (Poi p5) add Emp) (Geos (Poi p3) add Emp)” by (blast intro:Eq_rev)
from P15 P18 P19 have P20 : ”— Line_on (Li p5 p2) p3” by (simp add:Line_not_Eq-on)
from P18 have P21 : ”Eq (Geos (Lin (Li p5 p2)) add Emp) (Geos (Lin (Li p2 p5)) add Emp)” by (simp
add:Line_rev)
from P20 P21 have P22 : ”— Line_on (Li p2 p5) p3” by (simp add:Line_not_on_trans)
from assms have P23 :”Bet_Point (Se p3 p1) p2” by (blast intro:Bet_rev)
from P3 P23 have P24 : - Eq (Geos (Lin (Li p5S p2)) add Emp) (Geos (Lin (Li p5 p1)) add Emp)” by
(simp add:Line_Bet_not_Eq)
have “Line_on (Li p3 pl) p1” by (simp add:Line_on_rule)
then have P25 : ”Eq (Geos (Poi p1) add Emp) (Geos (Poi p5) add Emp) = Line_on (Li p3 pl) p5”
by (simp add:Point_Eq)
from P3 P25 have P26 : - Eq (Geos (Poi pl) add Emp) (Geos (Poi pS) add Emp)” by blast
then have P27 : - Eq (Geos (Poi pS) add Emp) (Geos (Poi pl) add Emp)” by (blast intro:Eq_rev)
from P18 P24 P27 have P28 : ”— Line_on (Li p5 p2) p1” by (simp add:Line_not_Eq_on)
from P21 P28 have P29 : ”— Line_on (Li p2 p5) p1” by (simp add:Line_not_on_trans)
from assms have P31 : ”Line_on (Li p3 p4) p5” by (simp add:Line_Bet_on)
have P32 : ”Line_on (Li p3 p4) p4” by (simp add:Line_on_rule)
have P33 : ”Line_on (Li p2 pS) p5” by (simp add:Line_on_rule)
from assms have P34 : ”— Eq (Geos (Poi p5) add Emp) (Geos (Poi p4) add Emp)”
by (simp add:Bet_Point_def)
from P31 P32 P33 P34 have P35 : ”Line_on (Li p2 p5) p4 = Eq (Geos (Lin (Li p3 p4)) add Emp)
(Geos (Lin (Li p2 p5)) add Emp)” by (simp add:Line_unique)
have P36 : “Line_on (Li p3 p4) p3” by (simp add:Line_on_rule)
from P35 P36 have P37 : Line_on (Li p2 p5) p4 = Line_on (Li p2 p5) p3” by (simp add:Line_on_trans)
from P22 P37 have P38 : ”— Line_on (Li p2 p5) p4” by blast
from assms P14 P22 P29 P38 have ”dp. Line_on (Li p2 p5) p A Bet_Point (Se pl p4) p” by (simp
add:Bet_swap_lemma_2)
then obtain p6 :: Point where P39 : “Line_on (Li p2 p5) p6 A Bet_Point (Se pl p4) p6” by blast
from P12 have P40 : ”Eq (Geos (Lin (Li p1 p4)) add Emp) (Geos (Lin (Li p4 p1)) add Emp)” by (simp
add:Line_rev)
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from P13 P40 have P41 : ”— Line_on (Li p4 p1) p3” by (simp add:Line_not_on_trans)

from assms P6 have P42 : ”— Eq (Geos (Lin (Li p1 p4)) add Emp) (Geos (Lin (Li p1 p5)) add Emp)”
by (simp add:Line_Bet_not_Eq)

from P12 P26 P42 have P43 : ”— Line_on (Li p1 p4) p5” by (simp add:Line_not_Eq-on)

from P40 P43 have P44 : ”— Line_on (Li p4 p1) p5” by (simp add:Line_not_on_trans)

from assms have ”— Eq (Geos (Poi p2) add Emp) (Geos (Poi p1) add Emp)” by (simp add:Bet_Point_def)

then have P45 : - Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)” by (blast intro:Eq_rev)

from P1 P16 P45 have P47 : “Line_on (Li p1 p2) p3” by (simp add:Line_on_rev)

from P47 have P48 : ”Eq (Geos (Lin (Li pl p2)) add Emp) (Geos (Lin (Li pl p4)) add Emp) —
Line_on (Li p1 p4) p3” by (simp add:Line_on_trans)

from P13 P48 have P49 : ”— Eq (Geos (Lin (Li p1 p2)) add Emp) (Geos (Lin (Li p1 p4)) add Emp)”
by blast

yfrom P12 P45 P49 have P50 : ”— Line_on (Li pl p2) p4” by (simp add:Line_not_Eq-on)

from P12 P45 P50 have P51 : ”— Line_on (Li p1 p4) p2” by (blast intro:Line_on_rev)

from P40 P51 have P52 : ”— Line_on (Li p4 p1) p2” by (simp add:Line_not_on_trans)

from P18 P19 P20 have P53 : ”— Line_on (Li p5 p3) p2” by (blast intro:Line_on_rev)

from P7 P23 P41 P44 P52 P53 have ”Jp. Line_on (Li p4 pl) p A Bet_Point (Se p5 p2) p” by (simp
add:Bet_swap_lemma_2)

then obtain p7 :: Point where P54 : “Line_on (Li p4 p1) p7 A Bet_Point (Se p5 p2) p7” by blast

from P33 P44 have P55 : ”— Eq (Geos (Lin (Li p4 p1)) add Emp) (Geos (Lin (Li p2 p5)) add Emp)”
by (simp add:Line_not_on_Eq)

from P39 have P56 : ”Line_on (Li p4 pl) p6” by (simp add:Line_Bet_on)

from P54 have P57 : ”Line_on (Li p2 p5) p7” by (simp add:Line_Bet_on)

from P39 P54 P55 P56 P57 have P58 : "Eq (Geos (Poi p7) add Emp) (Geos (Poi p6) add Emp)” by
(blast intro:Line_unique_Point)

from P54 have P59 : ”Bet_Point (Se p5 p2) p7” by simp

from P58 P59 have P60 : ”Bet_Point (Se pS p2) p6” by (simp add:Point_Eq)

from P39 P60 show ”3Jp. Bet_Point (Se p1 p4) p A Bet_Point (Se p5 p2) p” by blast
ged

lemma(in Order_Rule) Bet_swap_lemma_4 :
assumes
”— Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp)”
”Bet_Point (Se A E) G”
”Bet_Point (Se D G) H”
”= Line_on (Li AD) E”
shows ”Jp. Line_on (Li H E) p A Bet_Point (Se D A) p”
proof -
from assms have P1 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi E) add Emp)”
by (simp add:Bet_Point_def)
from assms P1 have P2 : ”— Line_on (Li A E) D” by (blast intro:Line_on_rev)
from P1 have P3 : "Eq (Geos (Lin (Li A E)) add Emp) (Geos (Lin (Li E A)) add Emp)” by (simp
add:Line_rev)
from P2 P3 have P4 : ”— Line_on (Li E A) D” by (simp add:Line_not_on_trans)
from assms have P5 : ”Bet_Point (Se E A) G” by (simp add:Bet_rev)
from P4 PS5 have P6 : ”— Eq (Geos (Lin (Li D G)) add Emp) (Geos (Lin (Li D A)) add Emp)” by
(simp add:Line_Bet_not_Eq)
from assms have P7 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi G) add Emp)”
by (simp add:Bet_Point_def)
from assms have P8 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi A) add Emp)” by (blast intro:Eq_rev)
from P6 P7 P8 have P9 : ”— Line_on (Li D G) A” by (simp add:Line_not_Eq-on)
from assms P2 have P10 : ”— Eq (Geos (Lin (Li D G)) add Emp) (Geos (Lin (Li D E)) add Emp)” by
(simp add:Line_Bet_not_Eq)
have ”Line_on (Li A D) D” by (simp add:Line_on_rule)
then have P11 : ”Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) = Line_on (Li A D) E” by
(simp add:Point_Eq)
from assms P11 have P12 : = Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp)” by blast
from P7 P10 P12 have P13 : = Line_on (Li D G) E” by (simp add:Line_not_Eq_on)
from assms P13 have P14 : ”— Eq (Geos (Lin (Li E H)) add Emp) (Geos (Lin (Li E G)) add Emp)” by
(simp add:Line_Bet_not_Eq)
from assms have “Line_on (Li D G) H” by (simp add:Line_Bet_on)
then have P15 : ”Eq (Geos (Poi H) add Emp) (Geos (Poi E) add Emp) = Line_on (Li D G) E” by
(simp add:Point_Eq)
from P13 P15 have P16 : = Eq (Geos (Poi E) add Emp) (Geos (Poi H) add Emp)” by (blast in-
tro:Eq-_rev)
from assms have “Line_on (Li D G) G” by (simp add:Line_on_rule)
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then have P17 : ”Eq (Geos (Poi G) add Emp) (Geos (Poi E) add Emp) = Line_on (Li D G) E” by
(simp add:Point_Eq)
from P13 P17 have P18 : ”— Eq (Geos (Poi E) add Emp) (Geos (Poi G) add Emp)” by (blast in-
tro:Eq-rev)
from P14 P16 P18 have P19 : ”— Line_on (Li E H) G” by (simp add:Line_not_Eq_on)
from P7 have P20 : ”Eq (Geos (Lin (Li D G)) add Emp) (Geos (Lin (Li G D)) add Emp)” by (simp
add:Line_rev)
from P13 P20 have P21 : ”— Line_on (Li G D) E” by (simp add:Line_not_on_trans)
from assms have P22 : ”Bet_Point (Se G D) H” by (simp add:Bet_rev)
from P21 P22 have P23 : ”— Eq (Geos (Lin (Li E H)) add Emp) (Geos (Lin (Li E D)) add Emp)” by
(simp add:Line_Bet_not_Eq)
from P12 have P24 : "= Eq (Geos (Poi E) add Emp) (Geos (Poi D) add Emp)” by (blast intro:Eq_rev)
from P16 P23 P24 have P25 : ”— Line_on (Li E H) D” by (simp add:Line_not_Eq_on)
from P16 have P26 : ”Eq (Geos (Lin (Li E H)) add Emp) (Geos (Lin (Li H E)) add Emp)” by (simp
add:Line_rev)
from P25 P26 have P27 : ”— Line_on (Li H E) D” by (simp add:Line_not_on_trans)
have P28 : ”Line_on (Li A E) A” by (simp add:Line_on _rule)
have P29 : ”Line_on (Li A E) E” by (simp add:Line_on_rule)
have P30 : ”Line_on (Li E H) E” by (simp add:Line_on_rule)
from P1 P28 P29 P30 have P31 : ’Line_on (Li E H) A = Eq (Geos (Lin (Li A E)) add Emp) (Geos
(Lin (Li E H)) add Emp)” by (simp add:Line_unique)
from assms have P32 : ”Line_on (Li A E) G” by (simp add:Line_Bet_on)
from assms have ”— Eq (Geos (Poi G) add Emp) (Geos (Poi A) add Emp)” by (simp add:Bet_Point_def)
then have P33 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi G) add Emp)” by (blast intro:Eq_rev)
from P31 P32 have P34 : ”Line_on (Li E H) A = Line_on (Li E H) G” by (simp add:Line_on_trans)
from P19 P34 have P35 : ”— Line_on (Li E H) A” by blast
from P26 P35 have P36 : ”— Line_on (Li H E) A” by (simp add:Line_not_on_trans)
from P26 P19 have P37 : ”— Line_on (Li H E) G” by (simp add:Line_not_on_trans)
have P38 : ”Line_on (Li H E) H” by (simp add:Line_on_rule)
from assms P9 P27 P36 P37 P38 have P39 : “Line_on_Seg (Li H E) (Se D A) A — Line_on_Seg
(LiHE) (Se G A) V Line_on_Seg (Li H E) (Se G A) A = Line_on_Seg (Li H E) (Se D A)” by (simp
add:Pachets_axiom)
then have “Line_on_Seg (Li H E) (Se G A) = dp. Line_on (Li H E) p A Bet_Point (Se G A) p” by
(simp add:Line_on_Seg_rule)
then obtain C2 :: Point where P40 : “Line_on_Seg (Li H E) (Se G A) = Line_on (Li H E) C2 A
Bet_Point (Se G A) C2” by blast
from assms have P41 : "Line_on (Li G A) E” by (simp add:Line_Bet_on)
from P40 have P42 : ”Line_on_Seg (Li H E) (Se G A) = Line_on (Li G A) C2”
by (simp add:Line_Bet_on)
have P43 : ”Line_on (Li H E) E” by (simp add:Line_on_rule)
from P40 have “Line_on_Seg (Li H E) (Se G A) = Bet_Point (Se G A) C2” by simp
then have P44 : ”Line_on_Seg (Li H E) (Se G A) = Eq (Geos (Poi C2) add Emp) (Geos (Poi E) add
Emp) =
Bet_Point (Se G A) E” by (simp add:Point_Eq)
from assms have “Inv (Bet_Point (Se E G) A) A Inv (Bet_Point (Se G A) E)” by (simp add:Bet_iff)
then have P45 : ”— Bet_Point (Se G A) E” by (simp add:Inv_def)
from P44 P45 have P46 : ”Line_on_Seg (Li H E) (Se G A) = — Eq (Geos (Poi C2) add Emp) (Geos
(Poi E) add Emp)” by blast
from P40 P41 P42 P43 P46 have P47 : "Line_on_Seg (Li HE) (Se G A) =
Eq (Geos (Lin (Li G A)) add Emp) (Geos (Lin (Li H E)) add Emp)” by (simp add:Line_unique)
have P48 : ”Line_on (Li G A) G” by (simp add:Line_on_rule)
from P47 P48 have P49 : “Line_on_Seg (Li H E) (Se G A) = Line_on (Li H E) G” by (simp
add:Line_on_trans)
from P37 P49 have P50 : ”— Line_on_Seg (Li H E) (Se G A)” by blast
from P39 P40 P50 have ”Line_on_Seg (Li H E) (Se D A)” by blast
thus ”3p. Line_on (Li H E) p A Bet_Point (Se D A) p” by (simp add:Line_on_Seg_rule)
ged

lemma(in Order_Rule) Bet_swap_lemma_5 :
assumes
”Bet_Point (Se A C) B”
”Bet_Point (Se B D) C”
”Bet_Point (Se C F) E”
”—= Line_on (Li A D) F”
”— Line_on (Li A C) F”
shows ”Bet_Point (Se A D) C”
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proof -
from assms have P1 : "Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp) = Bet_Point (Se D C)
B” by (simp add:Bet_Point_Eq)
from assms have “Inv (Bet_Point (Se D C) B) A Inv (Bet_Point (Se C B) D)” by (simp add:Bet_iff)
then have P2 : ”— Bet_Point (Se D C) B” by (simp add:Inv_def)
from P1 P2 have P3 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp)” by blast
from assms P3 have P4 : ”Line_on (Li A D) B A Line_on (i A D) C” by (simp add:Bet_swap_lemma_1)
then have PS5 : “Line_on (Li A D) C” by simp
from assms have ”3p. Bet_Point (Se A E) p A Bet_Point (Se F B) p” by (simp add:Bet_swap_lemma_3)
then obtain G :: Point where P6 : "Bet_Point (Se A E) G A Bet_Point (Se F B) G” by blast
from P3 have P7 : ”Eq (Geos (Lin (Li A D)) add Emp) (Geos (Lin (Li D A)) add Emp)” by (simp
add:Line_rev)
from P4 P7 have P8 : ”Line_on (Li D A) B” by (blast intro:Line_on_trans)
from assms P7 have P9 : ”— Line_on (Li D A) F’ by (simp add:Line_not_on_trans)
have P10 : ”Line_on (Li D A) D” by (simp add:Line_on_rule)
have P11 : ”Line_on (Li D B) D” by (simp add:Line_on_rule)
have P12 : ”Line_on (Li D B) B” by (simp add:Line_on _rule)
from assms have P13 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp)”
by (simp add:Bet_Point_def)
from P8 P10 P11 P12 P13 have P14 : ”Eq (Geos (Lin (Li D A)) add Emp) (Geos (Lin (Li D B)) add
Emp)” by (simp add:Line_unique)
from P9 P14 have P15 : ”— Line_on (Li D B) F” by (simp add:Line_not_on_trans)
from assms have P16 : ”Bet_Point (Se D B) C” by (simp add:Bet_rev)
from P6 have P17 : ”Bet_Point (Se B F) G” by (simp add:Bet_rev)
from P15 P16 P17 have ”3Jp. Bet_Point (Se D G) p A Bet_Point (Se F C) p”
by (simp add:Bet_swap_lemma_3)
then obtain H :: Point where P18 : ”Bet_Point (Se D G) H A Bet_Point (Se F C) H” by blast
from assms have P19 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)”
by (simp add:Bet_Point_def)
then have P20 : ”Eq (Geos (Lin (Li A C)) add Emp) (Geos (Lin (Li C A)) add Emp)” by (simp
add:Line_rev)
from assms P20 have P21 : ”— Line_on (Li C A) F” by (simp add:Line_not_on_trans)
from P19 have P22 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)” by (blast intro:Eq_rev)
from assms have P23 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi F) add Emp)”
by (simp add:Bet_Point_def)
from P21 P22 P23 have P24 : ”— Line_on (Li C F) A” by (blast intro:Line_on_rev)
from assms have P25 : ”Bet_Point (Se F C) E” by (simp add:Bet_rev)
from P23 have P26 : "Eq (Geos (Lin (Li C F)) add Emp) (Geos (Lin (Li F C)) add Emp)” by (simp
add:Line_rev)
from P24 P26 have P27 : ”— Line_on (Li F C) A” by (simp add:Line_not_on_trans)
from P25 P27 have P28 : - Eq (Geos (Lin (Li A E)) add Emp) (Geos (Lin (Li A C)) add Emp)” by
(simp add:Line_Bet_not_Eq)
from P25 have ”Line_on (Li F C) E” by (simp add:Line_Bet_on)
then have P29 : ”Eq (Geos (Poi E) add Emp) (Geos (Poi A) add Emp) = Line_on (Li F C) A” by
(simp add:Point_Eq)
from P27 P29 have ”— Eq (Geos (Poi E) add Emp) (Geos (Poi A) add Emp)” by blast
then have P30 : = Eq (Geos (Poi A) add Emp) (Geos (Poi E) add Emp)” by (blast intro:Eq_rev)
from P19 P28 P30 have P31 : ”— Line_on (Li A E) C” by (simp add:Line_not_Eq_on)
from P19 P30 P31 have P32 : ”— Line_on (Li A C) E” by (blast intro:Line_on_rev)
from P5 P19 P32 have P33 : ”— Line_on (Li A D) E” by (simp add:Line_not_on_ex)
from P3 P30 P33 have P34 : ”— Line_on (Li A E) D” by (blast intro:Line_on_rev)
from P30 have P35 : ”Eq (Geos (Lin (Li A E)) add Emp) (Geos (Lin (Li E A)) add Emp)” by (simp
add:Line_rev)
from P18 have P36 : ”Bet_Point (Se D G) H” by simp
from P6 have P37 : ”Bet_Point (Se A E) G” by simp
from P3 P18 P33 P37 have ”Jp. Line_on (Li H E) p A Bet_Point (Se D A) p”
by (simp add:Bet_swap_lemma_4)
then obtain C2 :: Point where P38 : ”Line_on (Li H E) C2 A Bet_Point (Se D A) C2” by blast
have “Line_on (Li H E) E” by (simp add:Line_on_rule)
then have P39 : "Eq (Geos (Lin (i H E)) add Emp) (Geos (Lin (Li A D)) add Emp) = Line_on (Li
A D) E” by (simp add:Line_on_trans)
from P33 P39 have P40 : ”— Eq (Geos (Lin (Li H E)) add Emp) (Geos (Lin (Li A D)) add Emp)” by
blast
from P23 have P41 : "= Eq (Geos (Poi F) add Emp) (Geos (Poi C) add Emp)” by (blast intro:Eq_rev)
from P25 have P42 : "Line_on (Li F E) C” by (simp add:Line_Bet_on)
from P18 have P43 : "Line_on (Li F H) C” by (simp add:Line_Bet_on)
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from P36 have P44 : ”Eq (Geos (Poi H) add Emp) (Geos (Poi E) add Emp) = Bet_Point (Se D G)
E” by (simp add:Point_Eq)

then have P45 : ”Eq (Geos (Poi H) add Emp) (Geos (Poi E) add Emp) = Line_on (Li D G) E” by
(simp add:Line_Bet_on)

have P46 : ”Line_on (Li D G) G” by (simp add:Line_on_rule)

have P47 : ”Line_on (Li A E) E” by (simp add:Line_on_rule)

from P37 have P48 : ”Line_on (Li A E) G” by (simp add:Line_Bet_on)

from P44 have P49 : ”Eq (Geos (Poi H) add Emp) (Geos (Poi E) add Emp) = — Eq (Geos (Poi G)
add Emp) (Geos (Poi E) add Emp)” by (simp add:Bet_Point_def)

from P45 P46 P47 P48 P49 have P50 : ”Eq (Geos (Poi H) add Emp) (Geos (Poi E) add Emp) —-

Eq (Geos (Lin (Li D G)) add Emp) (Geos (Lin (Li A E)) add Emp)” by (simp add:Line_unique)

have P51 : ”Line_on (Li D G) D” by (simp add:Line_on_rule)

from P50 P51 have P52 : ”Eq (Geos (Poi H) add Emp) (Geos (Poi E) add Emp) => Line_on (Li A E)
D” by (simp add:Line_on_trans)

from P34 P52 have P53 : ”— Eq (Geos (Poi E) add Emp) (Geos (Poi H) add Emp)” by (blast in-
tro:Eq_rev)

from P41 P42 P43 P53 have P54 : ”Line_on (Li E H) C” by (blast intro:Line_on_dens)

from P53 have P55 : ”Eq (Geos (Lin (Li E H)) add Emp) (Geos (Lin (Li H E)) add Emp)” by (simp
add:Line_rev)

from P54 P55 have P56 : ”Line_on (Li H E) C” by (blast intro:Line_on_trans)

from P38 have P57 : ”Line_on (Li A D) C2” by (simp add:Line_Bet_on)

from P5 P38 P40 P56 P57 have P58 : "Eq (Geos (Poi C2) add Emp) (Geos (Poi C) add Emp)” by
(blast intro:Line_unique_Point)

from P38 have P59 : "Bet_Point (Se D A) C2” by simp

from P58 P59 have “Bet_Point (Se D A) C” by (simp add:Point_Eq)

thus ”Bet_Point (Se A D) C” by (simp add:Bet_rev)
ged

theorem(in Order_Rule) Bet_swap_234_134 :
assumes
”Bet_Point (Se A C) B”
”Bet_Point (Se B D) C”
shows ”Bet_Point (Se A D) C”
proof -
from assms have P1 : "Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp) = Bet_Point (Se D C)
B” by (simp add:Bet_Point_Eq)
from assms have “Inv (Bet_Point (Se D C) B) A Inv (Bet_Point (Se C B) D)” by (simp add:Bet_iff)
then have P2 : ”— Bet_Point (Se D C) B” by (simp add:Inv_def)
from P1 P2 have P3 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp)” by blast
from assms P3 have "Line_on (Li A D) B A Line_on (Li A D) C” by (simp add:Bet_swap_lemma_1)
then have P4 : “Line_on (Li A D) C” by simp
have ”Jp q r. — Line_on (Li A D) p A = Line_on (Li A D) q A = Line_on (Li AD) r
A = Eq (Geos (Poi p) add Emp) (Geos (Poi q) add Emp) A — Eq (Geos (Poi q) add Emp) (Geos
(Poi r) add Emp)
A = Eq (Geos (Poi r) add Emp) (Geos (Poi p) add Emp)” by (blast intro:Line_not_on_exist)
then obtain F :: Point where P5 : ”— Line_on (Li A D) F” by blast
from P4 have P6 : “Eq (Geos (Poi C) add Emp) (Geos (Poi F) add Emp) = Line_on (Li A D) F” by
(simp add:Point_Eq)
from P5 P6 have ”— Eq (Geos (Poi C) add Emp) (Geos (Poi F) add Emp)” by blast
then have ”3p. Bet_Point (Se C F) p” by (simp add:Seg_density)
then obtain E :: Point where P7 : ”Bet_Point (Se C F) E” by blast
have P8 : "Line_on (Li A D) A” by (simp add:Line_on_rule)
have P9 : "Line_on (Li A C) C” by (simp add:Line_on_rule)
have P10 : ”Line_on (Li A C) A” by (simp add:Line_on_rule)
from assms have P11 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)”
by (simp add:Bet_Point_def)
from P4 P8 P9 P10 P11 have "Eq (Geos (Lin (Li A C)) add Emp) (Geos (Lin (Li A D)) add Emp)” by
(simp add:Line_unique)
then have P12 : ”Line_on (Li A C) F = Line_on (Li A D) F” by (simp add:Line_on_trans)
from P5 P12 have P13 : ”— Line_on (Li A C) F” by blast
from assms P5 P7 P13 show “Bet_Point (Se A D) C” by (blast intro:Bet_swap_lemma_5)
ged

theorem(in Order_Rule) Bet_swap_234_124 :

assumes
”Bet_Point (Se A C) B”
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”Bet_Point (Se B D) C”

shows ”Bet_Point (Se A D) B”
proof -

from assms have P1 : "Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp) = Bet_Point (Se D C)
B” by (simp add:Bet_Point_Eq)

from assms have “Inv (Bet_Point (Se D C) B) A Inv (Bet_Point (Se C B) D)” by (simp add:Bet_iff)

then have P2 : ”— Bet_Point (Se D C) B” by (simp add:Inv_def)

from P1 P2 have P3 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp)” by blast

from assms P3 have "Line_on (Li A D) B A Line_on (Li A D) C” by (simp add:Bet_swap_lemma_I)

then have P4 : ”Line_on (Li A D) B” by simp

have ”3p q r. -~ Line_on (Li A D) p A = Line_on (Li AD)q A = Line_on (Li AD) r

A = Eq (Geos (Poi p) add Emp) (Geos (Poi q) add Emp) A — Eq (Geos (Poi q) add Emp) (Geos
(Poi r) add Emp)
A — Eq (Geos (Poi r) add Emp) (Geos (Poi p) add Emp)” by (blast intro:Line_not_on_exist)

then obtain F :: Point where P5 : ”— Line_on (Li A D) F” by blast

from P4 have P6 : ”Eq (Geos (Poi B) add Emp) (Geos (Poi F) add Emp) = Line_on (Li A D) F” by
(simp add:Point_Eq)

from P5 P6 have ”— Eq (Geos (Poi B) add Emp) (Geos (Poi F) add Emp)” by blast

then have ”Jp. Bet_Point (Se B F) p” by (simp add:Seg_density)

then obtain E :: Point where P7 : ”Bet_Point (Se B F) E” by blast

from assms have P8 : ”Bet_Point (Se D B) C” by (simp add:Bet_rev)

from assms have P9 : ”Bet_Point (Se C A) B” by (simp add:Bet_rev)

from P3 have P10 : "Eq (Geos (Lin (Li A D)) add Emp) (Geos (Lin (Li D A)) add Emp)” by (simp
add:Line_rev)

from P5 P10 have P11 : ”— Line_on (Li D A) F” by (simp add:Line_not_on_trans)

from P4 P10 have P12 : ”Line_on (Li D A) B” by (simp add:Line_on_trans)

have P13 : ”Line_on (Li D A) D” by (simp add:Line_on_rule)

have P14 : ”Line_on (Li D B) D” by (simp add:Line_on_rule)

have P15 : ”Line_on (Li D B) B” by (simp add:Line_on_rule)

from assms have P16 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp)”

by (simp add:Bet_Point_def)

from P12 P13 P14 P15 P16 have “Eq (Geos (Lin (Li D B)) add Emp) (Geos (Lin (Li D A)) add Emp)”
by (simp add:Line_unique)

then have P17 : ”Line_on (Li D B) F = Line_on (Li D A) F” by (simp add:Line_on_trans)

from P11 P17 have P18 : ”— Line_on (Li D B) F” by blast

from P7 P8 P9 P11 P18 have "Bet_Point (Se D A) B” by (blast intro:Bet_swap_lemma_5)

thus ”Bet_Point (Se A D) B” by (blast intro:Bet_rev)
ged

theorem(in Order_Rule) Bet_swap_134_234 :
assumes
”Bet_Point (Se A C) B”
”Bet_Point (Se A D) C”
shows ”Bet_Point (Se B D) C”
proof -
from assms have P2 : - Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)”
by (simp add:Bet_Point_def)
from assms have P3 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi A) add Emp)”
by (simp add:Bet_Point_def)
then have P4 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)” by (blast intro:Eq_rev)
from assms have P5 : ”Line_on (Li A B) C” by (simp add:Line_Bet_on)
have P6 : "Line_on (Li A B) A” by (simp add:Line_on_rule)
from assms have P7 : ”Line_on (Li A D) C” by (simp add:Line_Bet_on)
have P8 : "Line_on (Li A D) A” by (simp add:Line_on_rule)
from P2 P5 P6 P7 P8 have P9 : ”Eq (Geos (Lin (Li A B)) add Emp) (Geos (Lin (Li A D)) add Emp)”
by (simp add:Line_unique)
have P10 : ”Line_on (Li A B) B” by (simp add:Line_on_rule)
from P9 P10 have P11 : ”Line_on (Li A D) B” by (simp add:Line_on_trans)
from assms have P12 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp)”
by (simp add:Bet_Point_def)
then have P13 : ”Eq (Geos (Lin (Li A D)) add Emp) (Geos (Lin (Li D A)) add Emp)” by (simp
add:Line_rev)
from P11 P13 have P14 : ”Line_on (Li D A) B” by (simp add:Line_on_trans)
from P12 have P15 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi A) add Emp)” by (blast intro:Eq_rev)
from assms have P16 : "Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp) = Bet_Point (Se A C)
D” by (simp add:Point_Eq)
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from assms have ”Inv (Bet_Point (Se D C) A) A Inv (Bet_Point (Se C A) D)” by (simp add:Bet_iff)

then have ”— Bet_Point (Se C A) D” by (simp add:Inv_def)

then have P17 : ”— Bet_Point (Se A C) D” by (blast intro:Bet_rev)

from P16 P17 have P18 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi B) add Emp)” by (blast in-
tro:Eq_rev)

from P14 P15 P18 have P19 : ”Line_on (Li D B) A” by (simp add:Line_on_rev)

from P18 have P20 : "Eq (Geos (Lin (Li D B)) add Emp) (Geos (Lin (Li B D)) add Emp)” by (simp
add:Line_rev)

from P19 P20 have P21 : ”Line_on (Li B D) A” by (simp add:Line_on_trans)

have P22 : ”Line_on (Li B D) B” by (simp add:Line_on_rule)

from P4 P8 P11 P21 P22 have P23 : ”Eq (Geos (Lin (Li A D)) add Emp) (Geos (Lin (Li B D)) add
Emp)” by (simp add:Line_unique)

from P7 P23 have P24 : ”Line_on (Li B D) C” by (simp add:Line_on_trans)

have ”Jp q r. - Line_on (Li A D) p A = Line_on (Li AD)q A = Line_on (Li AD) r

A = Eq (Geos (Poi p) add Emp) (Geos (Poi q) add Emp) A — Eq (Geos (Poi q) add Emp) (Geos
(Poi r) add Emp)
A = Eq (Geos (Poi r) add Emp) (Geos (Poi p) add Emp)” by (blast intro:Line_not_on _exist)

then obtain F :: Point where P25 : ”— Line_on (Li A D) F” by blast

from P11 have P26 : "Eq (Geos (Poi B) add Emp) (Geos (Poi F) add Emp) = Line_on (Li A D) F”
by (simp add:Point_Eq)

from P25 P26 have ”— Eq (Geos (Poi B) add Emp) (Geos (Poi F) add Emp)” by blast

then have ”3Jp. Bet_Point (Se B F) p” by (simp add:Seg_density)

then obtain G :: Point where P27 : ”Bet_Point (Se B F) G” by blast

from P11 P25 P27 have "Inv (Line_on (Li A D) G)” by (simp add:Line_Bet_not_on)

then have P28 : ”— Line_on (Li A D) G” by (simp add:Inv_def)

from assms P25 have P29 : ”— Eq (Geos (Lin (Li F C)) add Emp) (Geos (Lin (Li F D)) add Emp)” by
(simp add:Line_Bet_not_Eq)

from P7 have P30 : "Eq (Geos (Poi C) add Emp) (Geos (Poi F) add Emp) = Line_on (Li A D) F”
by (simp add:Point_Eq)

from P25 P30 have P31 : - Eq (Geos (Poi F) add Emp) (Geos (Poi C) add Emp)” by (blast in-
tro:Eq-_rev)

have P32 : ”Line_on (Li A D) D” by (simp add:Line_on_rule)

then have P33 : ”Eq (Geos (Poi D) add Emp) (Geos (Poi F) add Emp) = Line_on (Li A D) F’ by
(simp add:Point_Eq)

from P25 P33 have P34 : ”— Eq (Geos (Poi F) add Emp) (Geos (Poi D) add Emp)” by (blast in-
tro:Eq_rev)

from P29 P31 P34 have P35 : ”— Line_on (Li F C) D” by (simp add:Line_not_Eq_on)

from P31 have P36 : "Eq (Geos (Lin (Li F C)) add Emp) (Geos (Lin (Li C F)) add Emp)” by (simp
add:Line_rev)

from P35 P36 have P37 : ”— Line_on (Li C F) D” by (simp add:Line_not_on_trans)

from assms have P38 : ”Bet_Point (Se D A) C” by (simp add:Bet_rev)

from P13 P25 have P39 : ”— Line_on (Li D A) F” by (simp add:Line_not_on_trans)

from P38 P39 have P40 : ”— Eq (Geos (Lin (Li F C)) add Emp) (Geos (Lin (Li F A)) add Emp)” by
(simp add:Line_Bet_not_Eq)

from P8 have P41 : "Eq (Geos (Poi A) add Emp) (Geos (Poi F) add Emp) = Line_on (Li A D) F”
by (simp add:Point_Eq)

from P25 P41 have P42 : ”— Eq (Geos (Poi F) add Emp) (Geos (Poi A) add Emp)” by (blast in-
tro:Eq_rev)

from P31 P40 P42 have P43 : ”— Line_on (Li F C) A” by (simp add:Line_not_Eq_on)

from P36 P43 have P44 : ”— Line_on (Li C F) A” by (simp add:Line_not_on_trans)

from P2 have P45 : = Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)” by (blast intro:Eq_rev)

from P31 have P46 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi F) add Emp)” by (blast intro:Eq_rev)

from P44 P45 P46 have P47 : ”— Line_on (Li C A) F” by (blast intro:Line_on_rev)

from P45 have P48 : "Eq (Geos (Lin (Li C A)) add Emp) (Geos (Lin (Li A C)) add Emp)” by (simp
add:Line_rev)

from P47 P48 have P49 : ”— Line_on (Li A C) F” by (simp add:Line_not_on_trans)

from assms P49 have P50 : ”— Eq (Geos (Lin (Li F B)) add Emp) (Geos (Lin (Li F C)) add Emp)” by
(simp add:Line_Bet_not_Eq)

from P11 have P51 : "Eq (Geos (Poi B) add Emp) (Geos (Poi F) add Emp) = Line_on (Li A D) F”
by (simp add:Point_Eq)

from P25 P51 have P52 : ”— Eq (Geos (Poi F) add Emp) (Geos (Poi B) add Emp)” by (blast in-
tro:Eq_rev)

from P31 P50 P52 have P53 : ”— Line_on (Li F B) C” by (simp add:Line_not_Eq_on)

from P27 have P54 : "Line_on (Li B F) G” by (simp add:Line_Bet_on)

from P27 have P56 : "Line_on (Li F B) G” by (simp add:Line_Bet_on)

have P57 : ”Line_on (Li F B) F” by (simp add:Line_on_rule)
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have P58 : ”Line_on (Li C F) F’ by (simp add:Line_on_rule)
from P27 have P59 : ”— Eq (Geos (Poi F) add Emp) (Geos (Poi G) add Emp)”
by (simp add:Bet_Point_def)
from P56 P57 P58 P59 have P60 : ”Line_on (Li C F) G = Eq (Geos (Lin (Li C F)) add Emp) (Geos
(Lin (Li F B)) add Emp)” by (simp add:Line_unique)
have P61 : “Line_on (Li C F) C” by (simp add:Line_on_rule)
from P60 P61 have P62 : ”Line_on (Li C F) G = Line_on (Li F B) C” by (simp add:Line_on_trans)
from P53 P62 have P63 : ”— Line_on (Li C F) G” by blast
have P64 : ”Line_on (Li C F) C” by (simp add:Line_on_rule)
from assms P28 P37 P44 P63 P64 have P65 : “Line_on_Seg (Li C F) (Se A G) A — Line_on_Seg
(Li CF) (Se D G) V Line_on_Seg (Li C F) (Se D G) A — Line_on_Seg (Li C F) (Se A G)” by (simp
add:Pachets_axiom)
then have “Line_on_Seg (Li C F) (Se A G) = Jdp. Line_on (Li C F) p A Bet_Point (Se A G) p” by
(simp add:Line_on_Seg_rule)
then obtain H :: Point where P66 : “Line_on_Seg (Li C F) (Se A G) = Line_on (Li C F) H A
Bet_Point (Se A G) H” by blast
from P9 have P67 : ”Line_on (Li A B) F = Line_on (Li A D) F” by (simp add:Line_on_trans)
from P25 P67 have P68 : ”— Line_on (Li A B) F” by blast
from P4 have P69 : "Eq (Geos (Lin (Li A B)) add Emp) (Geos (Lin (Li B A)) add Emp)” by (simp
add:Line_rev)
from P68 P69 have P70 : ”— Line_on (Li B A) F” by (simp add:Line_not_on_trans)
from P3 P27 P66 P70 have "Line_on_Seg (Li C F) (Se A G) = Jp. Line_on (Li H F) p A Bet_Point
(Se A B) p” by (simp add:Bet_swap_lemma_4)
then obtain E :: Point where P71 : ”Line_on_Seg (Li C F) (Se A G) = Line_on (Li H F) E A Bet_Point
(Se A B) E” by blast
then have P72 : ”Line_on_Seg (Li C F) (Se A G) = Line_on (Li A B) E” by (simp add:Line_Bet_on)
from P36 have P73 : ”Eq (Geos (Lin (Li C F)) add Emp) (Geos (Lin (Li F C)) add Emp)” by (simp
add:Eq_rev)
from P66 P73 have P74 : “Line_on_Seg (Li C F) (Se A G) = Line_on (Li F C) H” by (simp
add:Line_on_trans)
from P66 have ”Line_on_Seg (Li C F) (Se A G) = Bet_Point (Se A G) H” by simp
then have “Line_on_Seg (Li C F) (Se A G) = Eq (Geos (Poi H) add Emp) (Geos (P01 F) add Emp)
—
Bet_Point (Se A G) F” by (simp add:Point_Eq)
then have P75 : ”Line_on_Seg (Li C F) (Se A G) = Eq (Geos (Poi H) add Emp) (Geos (Poi F) add
Emp) =
Line_on (Li A G) F” by (simp add:Line_Bet_on)
have P76 : ”Line_on (Li A G) G” by (simp add:Line_on_rule)
have P77 : ”Line_on (Li B F) F” by (simp add:Line_on_rule)
from P54 P59 P75 P76 P77 have P78 : “Line_on_Seg (Li C F) (Se A G) = Eq (Geos (Poi H) add
Emp) (Geos (Poi F) add Emp) —>
Eq (Geos (Lin (Li A G)) add Emp) (Geos (Lin (Li B F)) add Emp)” by (simp add:Line_unique)
have P79 : ”Line_on (Li A G) A” by (simp add:Line_on_rule)
from P78 P79 have P80 : "Line_on_Seg (Li C F) (Se A G) = Eq (Geos (Poi H) add Emp) (Geos (Poi
F) add Emp) =
Line_on (Li B F) A” by (simp add:Line_on_trans)
have P81 : ”Line_on (Li B F) B” by (simp add:Line_on_rule)
from P4 P6 P10 P80 P81 have P82 : ’Line_on_Seg (Li C F) (Se A G) = Eq (Geos (Poi H) add Emp)
(Geos (Poi F) add Emp) —
Eq (Geos (Lin (Li B F)) add Emp) (Geos (Lin (Li A B)) add Emp)” by (simp add:Line_unique)
from P77 P82 have P83 : "Line_on_Seg (Li C F) (Se A G) = Eq (Geos (Poi H) add Emp) (Geos (Poi
F) add Emp) =
Line_on (Li A B) F” by (simp add:Line_on_trans)
from P68 P83 have P84 : “Line_on_Seg (Li C F) (Se A G) = — Eq (Geos (Poi F) add Emp) (Geos
(Poi H) add Emp)” by (blast intro:Eq_rev)
from P46 have P85 : ”— Eq (Geos (Poi F) add Emp) (Geos (Poi C) add Emp)” by (blast intro:Eq_rev)
from P74 P84 P85 have P86 : ”Line_on_Seg (Li C F) (Se A G) = Line_on (Li F H) C” by (blast
intro:Line_on_rev)
from P84 have P87 : “Line_on_Seg (Li C F) (Se A G) = Eq (Geos (Lin (Li F H)) add Emp) (Geos
(Lin (Li H F)) add Emp)” by (simp add:Line_rev)
from P86 P87 have P88 : “Line_on_Seg (Li C F) (Se A G) = Line_on (Li H F) C” by (simp
add:Line_on_trans)
from P71 have “Line_on_Seg (Li C F) (Se A G) = Bet_Point (Se A B) E” by simp
then have P89 : ”Line_on_Seg (Li C F) (Se A G) = Eq (Geos (Poi E) add Emp) (Geos (Poi C) add
Emp) = Bet_Point (Se A B) C” by (simp add:Point_Eq)
from assms have “Inv (Bet_Point (Se C B) A) A Inv (Bet_Point (Se B A) C)” by (simp add:Bet_iff)
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then have ”— Bet_Point (Se B A) C” by (simp add:Inv_def)
then have P90 : ”— Bet_Point (Se A B) C” by (blast intro:Bet_rev)
from P89 P90 have P91 : "Line_on_Seg (Li C F) (Se A G) = — Eq (Geos (Poi E) add Emp) (Geos
(Poi C) add Emp)” by blast
from P5 P71 P72 P88 P91 have P92 : "Line_on_Seg (Li CF) (Se A G) —
Eq (Geos (Lin (Li A B)) add Emp) (Geos (Lin (Li H F)) add Emp)” by (simp add:Line_unique)
from P4 P11 P12 have P93 : ’Line_on (Li A B) D” by (simp add:Line_on_rev)
from P92 P93 have P94 : "Line_on_Seg (Li C F) (Se A G) = Line_on (Li H F) D” by (simp
add:Line_on_trans)
have P95 : ”Line_on (Li C F) F” by (simp add:Line_on_rule)
have P96 : “Line_on (Li H F) H” by (simp add:Line_on_rule)
have P97 : “Line_on (Li H F) F” by (simp add:Line_on_rule)
from P66 P84 P95 P96 P97 have P98 : "Line_on_Seg (Li C F) (Se A G) =
Eq (Geos (Lin (Li H F)) add Emp) (Geos (Lin (Li C F)) add Emp)” by (simp add:Line_unique)
from P94 P98 have P99 : “Line_on_Seg (Li C F) (Se A G) = Line_on (Li C F) D” by (simp
add:Line_on_trans)
from P37 P99 have P100 : ”— Line_on_Seg (Li C F) (Se A G)” by blast
from P65 P100 have "Line_on_Seg (Li C F) (Se D G)” by blast
then have ”3Jp. Line_on (Li C F) p A Bet_Point (Se D G) p” by (simp add:Line_on_Seg_rule)
then obtain H2 :: Point where P101 : "Line_on (Li C F) H2 A Bet_Point (Se D G) H2” by blast
from P23 have "Eq (Geos (Lin (Li B D)) add Emp) (Geos (Lin (Li A D)) add Emp)” by (simp
add:Eq.rev)
then have P102 : ”Line_on (Li B D) F = Line_on (Li A D) F” by (simp add:Line_on_trans)
from P25 P102 have P103 : ”— Line_on (Li B D) F” by blast
from P18 have P104 : "= Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp)” by (blast intro:Eq_rev)
from P27 P101 P103 P104 have "dp. Line_on (Li H2 F) p A Bet_Point (Se D B) p” by (simp
add:Bet_swap_lemma_4)
then obtain C2 :: Point where P105 : “Line_on (Li H2 F) C2 A Bet_Point (Se D B) C2” by blast
have Line_on (Li H2 F) F” by (simp add:Line_on_rule)
then have P106 : "Eq (Geos (Lin (Li H2 F)) add Emp) (Geos (Lin (Li B D)) add Emp) = Line_on
(Li B D) F” by (simp add:Line_on_trans)
from P103 P106 have P107 : ”— Eq (Geos (Lin (Li H2 F)) add Emp) (Geos (Lin (Li B D)) add Emp)”
by blast
yfrom P73 P101 have P108 : ”Line_on (Li F C) H2” by (simp add:Line_on_trans)
from P101 have ”Bet_Point (Se D G) H2” by simp
then have "Eq (Geos (Poi H2) add Emp) (Geos (Poi F) add Emp) = Bet_Point (Se D G) F” by (simp
add:Point_Eq)
then have P109 : ”Eq (Geos (Poi H2) add Emp) (Geos (Poi F) add Emp) = Line_on (Li D G) F” by
(simp add:Line_Bet_on)
have P110 : ”Line_on (Li D G) G” by (simp add:Line_on_rule)
from P54 P59 P77 P109 P110 have P111 : "Eq (Geos (Poi H2) add Emp) (Geos (Poi F) add Emp) —
Eq (Geos (Lin (Li B F)) add Emp) (Geos (Lin (Li D G)) add Emp)” by (simp add:Line_unique)
from P81 P111 have P112 : ”Eq (Geos (Poi H2) add Emp) (Geos (Poi F) add Emp) = Line_on (Li
D G) B” by (simp add:Line_on_trans)
have P113 : ”Line_on (Li D G) D” by (simp add:Line_on_rule)
from P11 P18 P32 P112 P113 have P114 : "Eq (Geos (Poi H2) add Emp) (Geos (Poi F) add Emp) =
Eq (Geos (Lin (Li D G)) add Emp) (Geos (Lin (Li A D)) add Emp)” by (simp add:Line_unique)
from P110 P114 have P115 : Eq (Geos (Poi H2) add Emp) (Geos (Poi F) add Emp) = Line_on (Li
A D) G” by (simp add:Line_on_trans)
from P28 P115 have P116 : 7= Eq (Geos (Poi F) add Emp) (Geos (Poi H2) add Emp)” by (blast
intro:Eq_rev)
from P31 P108 P116 have P117 : Line_on (Li F H2) C” by (simp add:Line_on_rev)
from P116 have P118 : "Eq (Geos (Lin (Li F H2)) add Emp) (Geos (Lin (Li H2 F)) add Emp)” by
(simp add:Line_rev)
from P117 P118 have P119 : "Line_on (Li H2 F) C” by (simp add:Line_on_trans)
from P105 have P121 : "Line_on (Li B D) C2” by (simp add:Line_Bet_on)
from P24 P105 P107 P119 P121 have P122 : ”Eq (Geos (Poi C2) add Emp) (Geos (Poi C) add Emp)”
by (blast intro:Line_unique_Point)
from P105 have P123 : ”Bet_Point (Se D B) C2” by simp
from P122 P123 have ”Bet_Point (Se D B) C” by (simp add:Point_Eq)
thus ”Bet_Point (Se B D) C” by (blast intro:Bet_rev)
ged

lemma(in Order_Rule) Bet_swap_134_124 :

assumes
”Bet_Point (Se A C) B”
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”Bet_Point (Se A D) C”
shows ”Bet_Point (Se A D) B”
proof -
from assms have P1 : "Bet_Point (Se B D) C” by (blast intro:Bet_swap_134_234)
from assms P1 show ”Bet_Point (Se A D) B” by (blast intro:Bet_swap_234_124)
ged

theorem(in Order_Rule) Bet_swap_243_124 :
assumes
”Bet_Point (Se A D) B”
”Bet_Point (Se B D) C”
shows ”Bet_Point (Se A C) B”
proof -
from assms have P1 : ”Bet_Point (Se D B) C” by (simp add:Bet_rev)
from assms have P2 : "Bet_Point (Se D A) B” by (simp add:Bet_rev)
from P1 P2 have “Bet_Point (Se C A) B” by (blast intro:Bet_swap_134_234)
thus ”Bet_Point (Se A C) B” by (simp add:Bet_rev)
ged

theorem(in Order_Rule) Bet_swap_243_143 :
assumes
”Bet_Point (Se A D) B”
”Bet_Point (Se B D) C”
shows ”Bet_Point (Se A D) C”
proof -
from assms have P1 : "Bet_Point (Se D B) C” by (simp add:Bet_rev)
from assms have P2 : "Bet_Point (Se D A) B” by (simp add:Bet_rev)
from P1 P2 have ”"Bet_Point (Se D A) C” by (blast intro:Bet_swap_134_124)
thus ”Bet_Point (Se A D) C” by (simp add:Bet_rev)
ged

lemma(in Order_Rule) Bet_four_Point_case :
assumes
”Line_on 11 P”
“Line_on 11 Q”
”Line_on 11 R”
”Line_on 11 S”
”Bet_Point (Se P R) Q”
”— Eq (Geos (Poi P) add Emp) (Geos (Poi S) add Emp)”
7= Eq (Geos (Poi Q) add Emp) (Geos (Poi S) add Emp)”
”— Eq (Geos (Poi R) add Emp) (Geos (Poi S) add Emp)”
shows ”Bet_Point (Se P S) R V Bet_Point (Se R S) P
V Bet_Point (Se P R) S A Bet_Point (Se P S) Q
V Bet_Point (Se P Q) S V Bet_Point (Se Q S) P”
proof -
from assms have P1 : ”— Eq (Geos (Poi P) add Emp) (Geos (Poi R) add Emp)”
by (simp add:Bet_Point_def)
from assms have P2 : ”— Eq (Geos (Poi S) add Emp) (Geos (Poi P) add Emp)” by (blast intro:Eq_rev)
from assms P1 P2 have ”Bet_Point (Se P S) R V Bet_Point (Se S R) P V Bet_Point (Se R P) S”
by (simp add:Bet_case)
then have P3 : ”Bet_Point (Se P S) R VV Bet_Point (Se R S) P V Bet_Point (Se P R) S” by (blast in-
tro:Bet_rev)
from assms have P4 : ”— Eq (Geos (Poi S) add Emp) (Geos (Poi Q) add Emp)” by (blast intro:Eq_rev)
from assms have P5 : ”— Eq (Geos (Poi Q) add Emp) (Geos (Poi P) add Emp)”
by (simp add:Bet_Point_def)
from assms P4 P5 have "Bet_Point (Se P Q) S V Bet_Point (Se Q S) P VvV Bet_Point (Se S P) Q” by
(simp add:Bet_case)
then have P6 : “Bet_Point (Se P Q) S V Bet_Point (Se Q S) P V Bet_Point (Se P S) Q” by (blast
intro:Bet_rev)
from P3 P6 show ”Bet_Point (Se P S) R V Bet_Point (Se R S) P
V Bet_Point (Se P R) S A Bet_Point (Se P S) Q
V Bet_Point (Se P Q) S VV Bet_Point (Se Q S) P” by blast
ged

lemma(in Order_Rule) Plane_diffside_rev :
assumes
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“Plane _diffside 11 p1 p2”

shows “Plane_diffside 11 p2 p1”
proof -

from assms have ”Jp. Bet_Point (Se pl p2) p A Line_on 11 p A = Line_on 11 pl A = Line_on 11 p2”
by (simp add:Plane_diffside_def)

then obtain p3 :: Point where P1 : “Bet_Point (Se p1l p2) p3 A Line_on 11 p3 A = Line_on 11 p1 A —
Line_on 11 p2” by blast

then have P2 : ”Bet_Point (Se p2 p1) p3” by (simp add:Bet_rev)

from P1 P2 have ”Jp. Bet_Point (Se p2 p1) p A Line_on 11 p A = Line_on 11 p2 A = Line_on 11 p1”
by blast

thus ”Plane_diffside 11 p2 p1” by (simp add:Plane_diffside_def)
ged

lemma(in Order_Rule) Plane_sameside_rev :
assumes
”Plane_sameside 11 p1 p2”
shows ”Plane_sameside 11 p2 p1”
proof -
have ”"Line_on_Seg 11 (Se p2 pl) = Jp. Line_on 11 p A Bet_Point (Se p2 p1) p”
by (simp add:Line_on_Seg_rule)
then obtain p3 :: Point where P1 : "Line_on_Seg 11 (Se p2 pl) =
Line_on 11 p3 A Bet_Point (Se p2 p1) p3” by blast
then have P2 : ”Line_on_Seg 11 (Se p2 pl) = Bet_Point (Se p1 p2) p3” by (simp add:Bet_rev)
from P1 P2 have "Line_on_Seg 11 (Se p2 pl) = Jp. Line_on 11 p A Bet_Point (Se p1 p2) p” by blast
then have "Line_on_Seg 11 (Se p2 pl1) = Line_on_Seg 11 (Se p1 p2)” by (simp add:Line_on_Seg_rule)
then have P3 : ”— Line_on_Seg 11 (Se pl p2) = — Line_on_Seg 11 (Se p2 p1)” by blast
from assms have P4 : ”— Line_on_Seg 11 (Se p1 p2) A = Line_on 11 pl
A — Line_on 11 p2 A = Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)”
by (simp add:Plane_sameside_def)
from P3 P4 have P5 : ”— Line_on_Seg 11 (Se p2 pl)” by blast
from P4 have P6 : ”— Eq (Geos (Poi p2) add Emp) (Geos (Poi pl) add Emp)” by (blast intro:Eq_rev)
from P4 P5 P6 show “Plane_sameside 11 p2 p1” by (simp add:Plane_sameside_def)
qed

lemma(in Order_Rule) Plane_sameside_not_diffside :
assumes N :
”Plane_sameside 11 p1 p2”
shows ”’— Plane_diffside 11 p1 p2”
proof
assume W : "Plane_diffside 11 p1 p2”
then have ”Jp. Bet_Point (Se p1 p2) p A Line_on 11 p A = Line_on 11 pl A = Line_on 11 p2” by (simp
add:Plane_diffside_def)
then have ”3p. Line_on 11 p A Bet_Point (Se p1 p2) p” by blast
then have P1 : ”Line_on_Seg 11 (Se p1 p2)” by (simp add:Line_on_Seg_rule)
from N have P2 : ”— Line_on_Seg 11 (Se p1 p2)” by (simp add:Plane_sameside_def)
from P1 P2 show False by blast
ged

lemma(in Order_Rule) Plane_diffside_not_sameside :
assumes N :
”Plane_diffside 11 p1 p2”
shows ”’— Plane_sameside 11 p1 p2”
proof
assume W : ”Plane_sameside 11 p1 p2”
then have P1 : ”— Plane _diffside 11 p1 p2” by (simp add:Plane_sameside_not_diffside)
from N P1 show False by blast
ged

lemma(in Order_Rule) Plane_not_sameside_diffside :
assumes ~’— Plane_sameside 11 p1 p2”
”= Line_on 11 p1” ”— Line_on 11 p2”
”— Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)”
shows ”Plane_diffside 11 p1 p2”
proof -
from assms have P1 : ”— Line_on_Seg 11 (Se pl p2) = Plane_sameside 11 p1 p2”
by (simp add:Plane_sameside_def)
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from assms P1 have P2 : "Line_on_Seg 11 (Se p1 p2)” by blast
from P2 have P3 : ”Jp. Line_on 11 p A Bet_Point (Se pl p2) p” by (simp add:Line_on_Seg_rule)
from assms P3 have ”Jp. Bet_Point (Se p1 p2) p
A Line_onll p A = Line_on 11 plI A = Line_on 11 p2” by blast
thus ”Plane_diffside 11 p1 p2” by (simp add:Plane_diffside_def)
ged

lemma(in Order_Rule) Plane_not_diffside_sameside :
assumes ~’— Plane_diffside 11 p1 p2”
”= Line_on 11 p1” ”— Line_on 11 p2”
”= Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)”
shows “Plane_sameside 11 p1 p2”
proof -
from assms have P1 : ”— Plane_sameside 11 p1 p2 = Plane_diffside 11 p1 p2”
by (simp add:Plane_not_sameside_diffside)
from assms P1 show ”Plane_sameside 11 pl p2” by blast
ged

lemma(in Order_Rule) Plane_Line_diff_trans :
assumes
“Plane_diffside 11 p1 p2”
”Eq (Geos (Lin 11) add Emp) (Geos (Lin 12) add Emp)”
shows ”Plane_diffside 12 p1 p2”
proof -
from assms have ”Jp. Bet_Point (Se pl p2) p A Line.on 11 p A = Line_on 11 pl A = Line_on 11 p2”
by (simp add:Plane_diffside_def)
then obtain p3 :: Point where P1 : ”Bet_Point (Se pl p2) p3 A Line_on 11 p3 A = Line_on 11 pl A —
Line_on 11 p2” by blast
from assms P1 have P2 : “Line_on 12 p3” by (simp add:Line_on_trans)
from assms P1 have P3 : ”= Line_on 12 p1” by (simp add:Line_not_on_trans)
from assms P1 have P4 : ”— Line_on 12 p2” by (simp add:Line_not_on_trans)
from P1 P2 P3 P4 have ”Jp. Bet_Point (Se pl p2) p A Line_on 12 p A — Line_on 12 pl A — Line_on 12
p2” by blast
thus “Plane_diffside 12 p1 p2” by (simp add:Plane_diffside_def)
ged

lemma(in Order_Rule) Plane_Line_trans :
assumes
”Plane_sameside 11 p1 p2”
”Eq (Geos (Lin 11) add Emp) (Geos (Lin 12) add Emp)”
shows “Plane_sameside 12 p1 p2”
proof -
have ”Line_on_Seg 12 (Se pl p2) = Jp. Line_on 12 p A Bet_Point (Se p1 p2) p”
by (simp add:Line_on_Seg_rule)
then obtain p3 :: Point where P1 : “Line_on_Seg 12 (Se pl p2) = Line_on 12 p3 A Bet_Point (Se p1
p2) p3” by blast
from assms P1 have P2 : ”Line_on_Seg 12 (Se pl p2) = Line_on 11 p3” by (blast intro:Line_on_trans
Eq.rev)
from P1 P2 have "Line_on_Seg 12 (Se p1 p2) = Jp. Line_on 11 p A Bet_Point (Se p1 p2) p” by blast
then have P3 : ”Line_on_Seg 12 (Se p1 p2) = Line_on_Seg 11 (Se p1 p2)”
by (simp add:Line_on_Seg_rule)
from assms have P4 : ”— Line_on_Seg 11 (Se pl p2) A = Line_on 11 p1
A = Line_on 11 p2 A — Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)”
by (simp add:Plane_sameside_def)
from P3 P4 have PS5 : ”— Line_on_Seg 12 (Se p1 p2)” by blast
from assms P4 have P6 : ”Line_on 12 pl = Line_on 11 p1” by (blast intro:Line_on_trans Eq_rev)
from P4 P6 have P7 : ”— Line_on 12 p1” by blast
from assms P4 have P8 : “Line_on 12 p2 = Line_on 11 p2” by (blast intro:Line_on_trans Eq_rev)
from P4 P8 have P9 : ”— Line_on 12 p2” by blast
from P4 P5 P7 P9 show ”Plane_sameside 12 pl p2” by (simp add:Plane_sameside_def)
ged

lemma(in Order_Rule) Line_other_Point :

assumes “Line_on 11 p1”

shows ”Jp. Line_on 11 p A = Eq (Geos (Poi p1) add Emp) (Geos (Poi p) add Emp)”
proof -
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have ”3p q. Line_on 11 p A Line_on 11 q A = Eq (Geos (Poi p) add Emp) (Geos (Poi q) add Emp)” by
(blast intro:Line_on_exist)
then obtain p2 p3 :: Point where P1: ”Line_on 11 p2 A Line_on 11 p3 A = Eq (Geos (Poi p2) add Emp)
(Geos (Poi p3) add Emp)” by blast
then have P2 : ”Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp) A Eq (Geos (Poi p1) add Emp)
(Geos (Poi p3) add Emp) =
Eq (Geos (Poi p2) add Emp) (Geos (Poi p3) add Emp)” by (blast intro:Eq_trans Eq_rev)
from P1 P2 have ”— (Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp) A Eq (Geos (Poi p1) add
Emp) (Geos (Poi p3) add Emp))” by blast
then have P3 : ”Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp) A = Eq (Geos (Poi pl) add
Emp) (Geos (Poi p3) add Emp)
V — Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp) A Eq (Geos (Poi pl) add Emp) (Geos
(Poi p3) add Emp)
V = Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp) A — Eq (Geos (Poi p1) add Emp) (Geos
(Poi p3) add Emp)” by blast
from P1 have P4 : Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp) A = Eq (Geos (Poi pl) add
Emp) (Geos (Poi p3) add Emp) —-
Jp. Line_on 11 p A = Eq (Geos (Poi p1) add Emp) (Geos (Poi p) add Emp)” by blast
from P1 have P5 : ”— Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp) A Eq (Geos (Poi pl) add
Emp) (Geos (Poi p3) add Emp) —
Jp. Line_on 11 p A = Eq (Geos (Poi pl) add Emp) (Geos (Poi p) add Emp)” by blast
from P1 have P6 : ”— Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp) A — Eq (Geos (Poi pl)
add Emp) (Geos (Poi p3) add Emp) —-
Jp. Line_on 11 p A = Eq (Geos (Poi p1) add Emp) (Geos (Poi p) add Emp)” by blast
from P3 P4 P5 P6 show ”dp. Line_on 11 p A — Eq (Geos (Poi p1) add Emp) (Geos (Poi p) add Emp)”
by blast
ged

lemma(in Order_Rule) Plane_Bet_sameside :
assumes
”Bet_Point (Se pl p3) p2”
”Line_on 11 p1”
”— Eq (Geos (Lin (Li pl p3)) add Emp) (Geos (Lin 11) add Emp)”
shows “Plane_sameside 11 p2 p3
proof -
from assms have ”Jp. Line_on 11 p A = Eq (Geos (Poi pl) add Emp) (Geos (Poi p) add Emp)” by
(simp add:Line_other_Point)
then obtain p4 :: Point where P1 : “Line_on 11 p4 A = Eq (Geos (Poi pl) add Emp) (Geos (Poi p4)
add Emp)” by blast
have P2 : "Line_on (Li p4 p1) p4” by (simp add:Line_on_rule)
have P3 : ”Line_on (Li p4 p1) p1” by (simp add:Line_on_rule)
have “Plane _diffside (Li p4 pl) p2 p3 =
(3p. Bet_Point (Se p2 p3) p A Line_on (Li p4 pl) p A = Line_on (Li p4 p1) p2 A — Line_on (Li p4
pl) p3)” by (simp add:Plane_diffside_def)
then obtain p5 :: Point where P4 : ”Plane_diffside (Li p4 pl) p2 p3 =
Bet_Point (Se p2 p3) p5 A Line_on (Li p4 p1) p5S A — Line_on (Li p4 pl) p2 A — Line_on (Li p4 p1)
p3” by blast
then have P5 : ”Plane _diffside (Li p4 p1) p2 p3 = Bet_Point (Se p3 p2) pS” by (simp add:Bet_rev)
from assms have P6 : ”Bet_Point (Se p3 pl) p2” by (simp add:Bet_rev)
from P5 P6 have “Plane _diffside (Li p4 pl) p2 p3 = Bet_Point (Se p3 p1) p5”
by (blast intro:Bet_swap_134_124)
then have P7 : ”Plane_diffside (Li p4 p1) p2 p3 = Line_on (Li p3 p1) p5” by (simp add:Line_Bet_on)
have P8 : "Line_on (Li p3 p1) p1” by (simp add:Line_on_rule)
from P4 have Plane_diffside (Li p4 p1) p2 p3 = Bet_Point (Se p2 p3) pS” by simp
then have P9 : ”Plane_diffside (Li p4 pl) p2 p3 = Eq (Geos (Poi p5) add Emp) (Geos (Poi p1) add
Emp) =
Bet_Point (Se p2 p3) p1” by (simp add:Point_Eq)
from assms have “Inv (Bet_Point (Se p3 p2) p1) A Inv (Bet_Point (Se p2 p1) p3)” by (simp add:Bet_iff)
then have ”— Bet_Point (Se p3 p2) p1” by (simp add:Inv_def)
then have P10 : ”— Bet_Point (Se p2 p3) p1” by (blast intro:Bet_rev)
from P9 P10 have P11 : ”Plane_diffside (Li p4 pl) p2 p3 = — Eq (Geos (Poi p5) add Emp) (Geos
(Poi p1) add Emp)” by blast
from P3 P4 P7 P8 P11 have P12 : Plane_diffside (Li p4 pl) p2 p3 =
Eq (Geos (Lin (Li p3 p1)) add Emp) (Geos (Lin (Li p4 p1)) add Emp)” by (simp add:Line_unique)
have P13 : ”Line_on (Li p3 p1) p3” by (simp add:Line_on_rule)
from P12 P13 have P14 : “Plane_diffside (Li p4 pl) p2 p3 = Line_on (Li p4 pl) p3” by (simp
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add:Line_on_trans)
from P4 P14 have P15 : ”— Plane_diffside (Li p4 p1) p2 p3” by blast
from assms P1 P2 P3 have "Eq (Geos (Lin (Li p4 p1)) add Emp) (Geos (Lin 11) add Emp)” by (simp
add:Line_unique)
then have P16 : Plane_diffside 11 p2 p3 = Plane_diffside (Li p4 p1) p2 p3”
by (blast intro:Plane_Line_diff_trans Eq_rev)
from P15 P16 have P17 : ”— Plane _diffside 11 p2 p3” by blast
from assms have P18 : ”Line_on (Li p1 p3) p2” by (simp add:Line_Bet_on)
have P19 : “Line_on (Li p1 p3) p1” by (simp add:Line_on_rule)
have P20 : "Line_on (Li p1 p3) p3” by (simp add:Line_on_rule)
from assms have P21 : "= Eq (Geos (Poi p1) add Emp) (Geos (Poi p3) add Emp)”
by (simp add:Bet_Point_def)
from assms P19 P20 P21 have P22 : ”Line_on 11 p3 = Eq (Geos (Lin (Li p1 p3)) add Emp) (Geos
(Lin 11) add Emp)” by (simp add:Line_unique)
from assms P22 have P23 : ”— Line_on 11 p3” by blast
from assms have P24 : ”— Eq (Geos (Poi p2) add Emp) (Geos (Poi p1) add Emp)”
by (simp add:Bet_Point_def)
from assms P18 P19 P24 have P25 : "Line_on 11 p2 = Eq (Geos (Lin (Li p1 p3)) add Emp) (Geos
(Lin 11) add Emp)” by (simp add:Line_unique)
from assms P25 have P26 : ”— Line_on 11 p2” by blast
from assms have ”— Eq (Geos (Poi p3) add Emp) (Geos (Poi p2) add Emp)”
by (simp add:Bet_Point_def)
then have P27 : ”— Eq (Geos (Poi p2) add Emp) (Geos (Poi p3) add Emp)” by (blast intro:Eq_rev)
from P17 P23 P26 P27 show "Plane_sameside 11 p2 p3” by (simp add:Plane_not_diffside_sameside)
ged

lemma(in Order_Rule) Plane_Bet_diffside :
assumes
”Bet_Point (Se pl p3) p2”
“Line_on 11 p2”
”= Eq (Geos (Lin (Li p1 p3)) add Emp) (Geos (Lin 11) add Emp)”
shows “Plane_diffside 11 p1 p3”
proof -
from assms have ”dp. Line_on 11 p A = Eq (Geos (Poi p2) add Emp) (Geos (Poi p) add Emp)” by
(simp add:Line_other_Point)
then obtain p4 :: Point where P1 : ”Line_on 11 p4 A = Eq (Geos (Poi p2) add Emp) (Geos (Poi p4)
add Emp)” by blast
from assms have P2 : ”Line_on (Li p1 p3) p2” by (simp add:Line_Bet_on)
from assms P1 P2 have P3 : "Line_on (Li pl p3) p4 = Eq (Geos (Lin (Li p1 p3)) add Emp) (Geos
(Lin 11) add Emp)” by (simp add:Line_unique)
from assms P3 have P4 : ”— Line_on (Li p1 p3) p4” by blast
have P5 : "Line_on (Li p4 p2) p4” by (simp add:Line_on_rule)
have P6 : "Line_on (Li p4 p2) p2” by (simp add:Line_on_rule)
from assms P4 have P7 : "= Eq (Geos (Lin (Li p4 p2)) add Emp) (Geos (Lin (Li p4 p3)) add Emp)”
by (simp add:Line_Bet_not_Eq)
from assms have “Eq (Geos (Poi p2) add Emp) (Geos (Poi p4) add Emp) = Bet_Point (Se p1 p3)
p4” by (simp add:Point_Eq)
then have P8 : "Eq (Geos (Poi p2) add Emp) (Geos (Poi p4) add Emp) = Line_on (Li p1 p3) p4” by
(simp add:Line_Bet_on)
from assms P4 P8 have P9 : ”— Eq (Geos (Poi p4) add Emp) (Geos (Poi p2) add Emp)” by (blast
intro:Eq_rev)
have “Line_on (Li p1 p3) p3” by (simp add:Line_on_rule)
then have P10 : "Eq (Geos (Poi p3) add Emp) (Geos (Poi p4) add Emp) = Line_on (Li p1 p3) p4”
by (simp add:Point_Eq)
from assms P4 P10 have P11 : ”— Eq (Geos (Poi p4) add Emp) (Geos (Poi p3) add Emp)” by (blast
intro:Eq_rev)
from P7 P9 P11 have P12 : ”— Line_on (Li p4 p2) p3” by (simp add:Line_not_Eq_on)
from assms have P13 : ”Bet_Point (Se p3 p1) p2” by (simp add:Bet_rev)
from assms have ”— Eq (Geos (Poi p1) add Emp) (Geos (Poi p3) add Emp)” by (simp add:Bet_Point_def)
then have P14 : "Eq (Geos (Lin (Li pl p3)) add Emp) (Geos (Lin (Li p3 p1)) add Emp)” by (simp
add:Line_rev)
from assms P4 P14 have P15 : ”— Line_on (Li p3 p1) p4” by (simp add:Line_not_on_trans)
from P13 P15 have P16 : ”— Eq (Geos (Lin (Li p4 p2)) add Emp) (Geos (Lin (Li p4 p1)) add Emp)”
by (simp add:Line_Bet_not_Eq)
have “Line_on (Li p1 p3) p1” by (simp add:Line_on_rule)
then have P17 : ”Eq (Geos (Poi pl) add Emp) (Geos (Poi p4) add Emp) = Line_on (Li p1 p3) p4”
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by (simp add:Point_Eq)

from assms P4 P17 have P18 : ”— Eq (Geos (Poi p4) add Emp) (Geos (Poi pl) add Emp)” by (blast
intro:Eq_rev)

from P9 P16 P18 have P19 : ”— Line_on (Li p4 p2) p1” by (simp add:Line_not_Eq_on)

from assms P6 P12 P19 have ”Jp. Bet_Point (Se p1 p3) p A Line_on (Li p4 p2) p A — Line_on (Li p4
p2) pl A = Line_on (Li p4 p2) p3” by blast

then have P20 : ”Plane_diffside (Li p4 p2) pl p3” by (simp add:Plane_diffside_def)

from assms P1 PS5 P6 have P21 : "Eq (Geos (Lin (Li p4 p2)) add Emp) (Geos (Lin 11) add Emp)” by
(simp add:Line_unique)

from P20 P21 show ”Plane_diffside 11 pl p3” by (simp add:Plane_Line_diff_trans)
ged

lemma(in Order_Rule) Plane_trans_inv :
assumes
”Plane _diffside 11 A B”
”Plane _diffside 11 A C”
”— Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)”
shows ”Plane_sameside 11 B C”
proof -
from assms have ”Jp. Bet_Point (Se A B) p A Line_on 1l p A = Line_.on 11 A A = Line_on 11 B” by
(simp add:Plane_diffside_def)
then obtain D :: Point where P1 : ”Bet_Point (Se A B) D A Line_on 11 D A — Line_on 11 A A —
Line_on 11 B” by blast
then have P2 : ”Bet_Point (Se A B) D” by simp
from assms have ”dp. Bet_Point (Se A C) p A Line_on 11 p A = Line_on 11 A A — Line_on 11 C” by
(simp add:Plane_diffside_def)
then obtain p2 :: Point where P3 : "Bet_Point (Se A C) p2 A Line_on 11 p2 A - Line_on 11 A A —
Line_on 11 C” by blast
then have "Bet_Point (Se A C) p2” by simp
then have P4 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)” by (simp add:Bet_Point_def)
from P3 have P5 : ”— Line_on 11 C” by simp
from P1 have P6 : ”Line_on 11 D” by simp
from P1 have P7 : ”— Line_on 11 A” by simp
from P1 have P8 : ”— Line_on 11 B” by simp
from P2 P5 P6 P7 P8 have P9 : ”— Line_on (Li A B) C => Line_on_Seg 11 (Se A C) A — Line_on_Seg
11 (Se B C)
V Line_on_Seg 11 (Se B C) A — Line_on_Seg 11 (Se A C)” by (simp add:Pachets_axiom)
from P3 have “Bet_Point (Se A C) p2 A Line_on 11 p2” by simp
then have ”3p. Line_on 11 p A Bet_Point (Se A C) p” by blast
then have P10 : ”Line_on_Seg 11 (Se A C)” by (simp add:Line_on_Seg_rule)
from P9 P10 have P11 : ”— Line_on (Li A B) C = — Line_on_Seg 11 (Se B C)” by blast
from assms P5 P8 P11 have P12 : ”— Line_on (Li A B) C = Plane_sameside 11 B C” by (simp
add:Plane_sameside_def)
from P6 have P13 : ”Eq (Geos (Poi D) add Emp) (Geos (Poi C) add Emp) = Line_on 11 C” by (simp
add:Point_Eq)
from P5 P13 have P14 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi C) add Emp)” by blast
from P2 have P15 : ”Line_on (Li A B) D” by (simp add:Line_Bet_on)
from P2 have P16 : ”Line_on (Li A B) A” by (simp add:Line_on_rule)
from P2 have P17 : ”Line_on (Li A B) B” by (simp add:Line_on _rule)
from assms P2 P4 P14 P15 P16 P17 have P18 : ”Line_on (Li A B) C = Bet_Point (Se A C) B Vv
Bet_Point (Se B C) A
V Bet_Point (Se A B) C A Bet_Point (Se A C) D V Bet_Point (Se A D) C Vv Bet_Point (Se D C) A”
by (simp add:Bet_four_Point_case)
from P2 have P19 : ”Line_on (Li A B) C = Bet_Point (Se A C) B = Bet_Point (Se D C) B” by
(blast intro:Bet_swap_134_234)
have ”Line_on (Li D C) C” by (simp add:Line_on_rule)
then have P20 : ”Eq (Geos (Lin (Li D C)) add Emp) (Geos (Lin 11) add Emp) = Line_on 11 C” by
(simp add:Line_on_trans)
from P5 P20 have P21 : ”— Eq (Geos (Lin (Li D C)) add Emp) (Geos (Lin 11) add Emp)” by blast
from P6 P19 P21 have P22 : ”Line_on (Li A B) C = Bet_Point (Se A C) B = Plane_sameside 11
B C” by (simp add:Plane_Bet_sameside)
from P2 have "Bet_Point (Se B A) D” by (simp add:Bet_rev)
then have P23 : ”Bet_Point (Se B C) A = Bet_Point (Se D C) A” by (blast intro:Bet_swap_134_234)
from P6 P21 P23 have P24 : ”Bet_Point (Se B C) A = Plane_sameside 11 A C”
by (simp add:Plane_Bet_sameside)
from assms have P25 : ”— Plane_sameside 11 A C” by (simp add:Plane_diffside_not_sameside)
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from P24 P25 have P26 : ”— Bet_Point (Se B C) A” by blast

have ”Bet_Point (Se A B) C A Bet_Point (Se A C) D = Bet_Point (Se B A) C A Bet_Point (Se C A)
D” by (simp add:Bet_rev)

then have P27 : ”"Bet_Point (Se A B) C A Bet_Point (Se A C) D = Bet_Point (Se D B) C” by (blast
intro:Bet_swap_243_124 Bet_rev)

have “Line_on (Li D B) B” by (simp add:Line_on_rule)

then have P28 : ”Eq (Geos (Lin (Li D B)) add Emp) (Geos (Lin 11) add Emp) = Line_on 11 B” by
(simp add:Line_on_trans)

from P8 P28 have P29 : ”— Eq (Geos (Lin (Li D B)) add Emp) (Geos (Lin 11) add Emp)” by blast

from P6 P27 P29 have P30 : ”Bet_Point (Se A B) C A Bet_Point (Se A C) D = Plane_sameside 11 B
C” by (simp add:Plane_Bet_sameside Plane_sameside_rev)

have P31 : ”"Bet_Point (Se A D) C = Bet_Point (Se D A) C” by (simp add:Bet_rev)

have “Line_on (Li D A) A” by (simp add:Line_on_rule)

then have P32 : "Eq (Geos (Lin (Li D A)) add Emp) (Geos (Lin 11) add Emp) => Line_on 11 A” by
(simp add:Line_on_trans)

from P7 P32 have P33 : - Eq (Geos (Lin (Li D A)) add Emp) (Geos (Lin 11) add Emp)” by blast

from P6 P31 P33 have P34 : ”Bet_Point (Se A D) C = Plane_sameside 11 A C”

by (simp add:Plane_Bet_sameside Plane_sameside_rev)
from P25 P34 have P35 : ”— Bet_Point (Se A D) C” by blast
from P6 P21 have P36 : "Bet_Point (Se D C) A = Plane_sameside 11 A C”
by (simp add:Plane_Bet_sameside)

from P25 P36 have P37 : ”— Bet_Point (Se D C) A” by blast

from P18 P22 P26 P30 P35 P37 have P38 : "Line_on (Li A B) C = Plane_sameside 11 B C” by blast

from P12 P38 show ”Plane_sameside 11 B C” by blast
ged

lemma(in Order_Rule) Plane_trans :
assumes
”Plane_sameside 11 A B”
”Plane _diffside 11 A C”
shows “Plane_diffside 11 B C”
proof -
from assms have ”3p. Bet_Point (Se A C) p A Line_.on1l p A = Line_.on 11 A A = Line_on 11 C” by
(simp add:Plane_diffside_def)
then obtain D :: Point where P1 : ”Bet_Point (Se A C) D A Line_on 11 D A — Line_on 11 A A —
Line_on 11 C” by blast
from assms have P2 : = Line_on 11 B” by (simp add:Plane_sameside_def)
from P1 have P3 : ”Bet_Point (Se A C) D” by simp
from P1 have P4 : ”— Line_on 11 A” by simp
from P1 have P5 : ”— Line_on 11 C” by simp
from P1 have P6 : ”Line_on 11 D” by simp
from P2 P3 P4 P5 P6 have P7 : ”— Line_on (Li A C) B=—> Line_on_Seg 11 (Se A B) A = Line_on_Seg
11 (Se C B)
V Line_on_Seg 11 (Se C B) A — Line_on_Seg 11 (Se A B)” by (simp add:Pachets_axiom)
have P8 : “Line_on_Seg 11 (Se A B) = Jp. Line_on 11 p A Bet_Point (Se A B) p” by (simp
add:Line_on_Seg_rule)
from P2 P4 P8 have ”Line_on_Seg 11 (Se A B) = Jp. Bet_Point (Se A B) p A Line_on I1 p A —
Line_on 11 A A = Line_on 11 B” by blast
then have "Line_on_Seg 11 (Se A B) = Plane_diffside 11 A B” by (simp add:Plane_diffside_def)
then have P9 : ”Line_on_Seg 11 (Se A B) = — Plane_sameside 11 A B”
by (simp add:Plane_diffside_not_sameside)
from assms P9 have P10 : ”— Line_on_Seg 11 (Se A B)” by blast
from P7 P10 have ”— Line_on (Li A C) B = Line_on_Seg 11 (Se C B)”by blast
then have P11 : 7= Line_on (Li A C) B = dp. Line_on 11 p A Bet_Point (Se C B) p” by (simp
add:Line_on_Seg_rule)
from P2 P5 P11 have ”— Line_on (Li A C) B = Jp. Bet_Point (Se C B) p A Line_on 11 p A = Line_on
11 C A = Line_on 11 B” by blast
then have ”— Line_on (Li A C) B = Plane_diffside 11 C B” by (simp add:Plane_diffside_def)
then have P12 : ”— Line_on (Li A C) B = Plane_diffside 11 B C” by (simp add:Plane_diffside_rev)
have P13 : ”Line_on (Li A C) A” by (simp add:Line_on_rule)
have P14 : ”Line_on (Li A C) C” by (simp add:Line_on_rule)
from P3 have P15 : ”Line_on (Li A C) D” by (simp add:Line_Bet_on)
from assms have “Eq (Geos (Poi C) add Emp) (Geos (Poi B) add Emp) = Plane_sameside 11 A C”
by (blast intro:Point_Eq Eq_rev)
then have P16 : ”Eq (Geos (Poi C) add Emp) (Geos (Poi B) add Emp) = — Plane_diffside 11 A C”
by (simp add:Plane_sameside_not_diffside)
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from assms P16 have P17 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi B) add Emp)” by blast
from P6 have P18 : ”Eq (Geos (Poi D) add Emp) (Geos (Poi B) add Emp) => Line_on 11 B” by (simp
add:Point_Eq)
from P2 P18 have P19 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi B) add Emp)” by blast
from assms have P20 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)”
by (simp add:Plane_sameside_def)
from assms P3 P13 P14 P15 P17 P19 P20 have P21 : ”Line_on (Li A C) B — Bet_Point (Se A B) C
V Bet_Point (Se C B) A
V Bet_Point (Se A C) B A Bet_Point (Se A B) D Vv Bet_Point (Se A D) B V Bet_Point (Se D B) A”
by (simp add:Bet_four_Point_case)
from P3 have P22 : "Bet_Point (Se A B) C = Bet_Point (Se A B) D” by (blast intro:Bet_swap_134_124)
have “Line_on (Li A B) A” by (simp add:Line_on_rule)
then have P23 : ”Eq (Geos (Lin (Li A B)) add Emp) (Geos (Lin 11) add Emp) = Line_on 11 A” by
(simp add:Line_on_trans)
from P4 P23 have P24 : - Eq (Geos (Lin (Li A B)) add Emp) (Geos (Lin 11) add Emp)” by blast
from P6 P22 P24 have ”Bet_Point (Se A B) C = Plane _diffside 11 A B” by (simp add:Plane_Bet_diffside)
then have P25 : ”Bet_Point (Se A B) C = — Plane_sameside 11 A B”
by (simp add:Plane_diffside_not_sameside)
from assms P25 have P26 : ”— Bet_Point (Se A B) C” by blast
from P3 have P27 : ”Bet_Point (Se C A) D” by (simp add:Bet_rev)
from P27 have P28 : ”Bet_Point (Se C B) A =—> Bet_Point (Se C B) D” by (blast intro:Bet_swap_134_124)
have ”Line_on (Li C B) B” by (simp add:Line_on_rule)
then have P29 : ”Eq (Geos (Lin (Li C B)) add Emp) (Geos (Lin 11) add Emp) = Line_on 11 B” by
(simp add:Line_on_trans)
from P2 P29 have P30 : ”— Eq (Geos (Lin (Li C B)) add Emp) (Geos (Lin 11) add Emp)” by blast
from P6 P28 P30 have ”Bet_Point (Se C B) A = Plane_diffside 11 C B” by (simp add:Plane_Bet_diffside)
then have P31 : "Bet_Point (Se C B) A = Plane_diffside 11 B C” by (blast intro:Plane_diffside_rev)
from P6 P24 have ”Bet_Point (Se A B) D = Plane _diffside 11 A B” by (simp add:Plane_Bet_diffside)
then have P32 : ”Bet_Point (Se A B) D = — Plane_sameside 11 A B”
by (simp add:Plane_diffside_not_sameside)
from assms P32 have ”— Bet_Point (Se A B) D” by blast
then have P33 : ”— (Bet_Point (Se A C) B A Bet_Point (Se A B) D)” by blast
from P3 have P34 : "Bet_Point (Se A D) B = Bet_Point (Se C B) D” by (blast intro:Bet_swap_134_234
Bet_rev)
from P6 P30 P34 have "Bet_Point (Se A D) B —> Plane_diffside 11 C B” by (simp add:Plane_Bet_diffside)
then have P35 : ”Bet_Point (Se A D) B —> Plane _diffside 11 B C” by (simp add:Plane_diffside_rev)
from P27 have P36 : ”Bet_Point (Se D B) A = Bet_Point (Se C B) D” by (blast intro:Bet_swap_234_124
Bet_rev)
from P6 P30 P36 have ”Bet_Point (Se D B) A = Plane_diffside 11 C B” by (simp add:Plane_Bet_diffside)
then have P37 : "Bet_Point (Se D B) A = Plane_diffside 11 B C” by (simp add:Plane_diffside_rev)
from P21 P26 P31 P33 P35 P37 have P38 : ”"Line_on (Li A C) B = Plane_diffside 11 B C” by blast
from P12 P38 show “Plane _diffside 11 B C” by blast
ged

lemma(in Order_Rule) Plane_sameside_trans :
assumes
“Plane_sameside 11 A B”
”Plane_sameside 11 B C”
”— Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)”
shows ”Plane_sameside 11 A C”
proof -
from assms have P1 : ”Plane_diffside 11 A C = Plane_diffside 11 B C” by (blast intro:Plane_trans)
from assms have P2 : ”— Plane_diffside 11 B C” by (simp add:Plane_sameside_not_diffside)
from P1 P2 have P3 : ”— Plane_diffside 11 A C” by blast
from assms have P4 : ”— Line_on 11 A” by (simp add:Plane_sameside_def)
from assms have P5 : = Line_on 11 C” by (simp add:Plane_sameside_def)
from assms have P6 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)” by (blast intro:Eq_rev)
from P3 P4 P5 P6 show “Plane_sameside 11 A C” by (simp add:Plane_not_diffside_sameside)
ged

i

lemma (in Order_Rule) Seg_Bet_not_on :
assumes
”Bet_Point (Se p1 p3) p2”
shows ”— Seg_on_Seg (Se pl p2) (Se p2 p3)”
proof -
from assms have ”3l. Line_on 1 p1 A Line_on 1 p3 A Line_on 1 p2” by (simp add:Line_Bet_exist)
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then obtain 11 :: Line where P1 : ”Line_on 11 p1 A Line_on 11 p3 A Line_on 11 p2” by blast
have ”Seg_on_Seg (Se p1 p2) (Se p2 p3) = dp. Bet_Point (Se p1 p2) p A Bet_Point (Se p2 p3) p” by
(simp add:Seg_on_Seg_rule)
then obtain p4 :: Point where P2 : ”Seg_on_Seg (Se p1 p2) (Se p2 p3) = Bet_Point (Se pl p2) p4 A
Bet_Point (Se p2 p3) p4” by blast
then have P3 : ”Seg_on_Seg (Se p1 p2) (Se p2 p3) = Bet_Point (Se p2 p1) p4” by (blast intro:Bet_rev)
from assms have P4 : "Bet_Point (Se p3 pl) p2” by (simp add:Bet_rev)
from P3 P4 have PS5 : ”Seg_on_Seg (Se pl p2) (Se p2 p3) = Bet_Point (Se p3 pl) p4” by (blast
intro:Bet_swap_243_143)
have "Ipqr. = Line.onll p A = Line.onll g A —Line_on1lr
A = Eq (Geos (Poi p) add Emp) (Geos (Poi q) add Emp) A — Eq (Geos (Poi q) add Emp) (Geos
(Poi r) add Emp)
A — Eq (Geos (Poi r) add Emp) (Geos (Poi p) add Emp)” by (blast intro:Line_not_on_exist)
then obtain p5 :: Point where P6 : ”— Line_on 11 p5” by blast
have P7 : ”Line_on (Li p5 p4) p5” by (simp add:Line_on_rule)
have P8 : "Line_on (Li p3 p1) p3” by (simp add:Line_on_rule)
have P9 : ”Line_on (Li p3 p1) p1” by (simp add:Line_on_rule)
from assms have P10 : "= Eq (Geos (Poi p1) add Emp) (Geos (Poi p3) add Emp)”
by (simp add:Bet_Point_def)
from P1 P8 P9 P10 have “Eq (Geos (Lin (Li p3 p1)) add Emp) (Geos (Lin 11) add Emp)” by (simp
add:Line_unique)
then have P11 : ”Line_on (Li p3 pl) p5S == Line_on 11 p5” by (simp add:Line_on_trans)
from P6 P11 have P12 : ”— Line_on (Li p3 p1) p5” by blast
from P7 have P13 : ”Eq (Geos (Lin (Li p5 p4)) add Emp) (Geos (Lin (Li p3 pl)) add Emp) —
Line_on (Li p3 pl) p5” by (simp add:Line_on_trans)
from P12 P13 have P14 : ”— Eq (Geos (Lin (Li p3 p1)) add Emp) (Geos (Lin (Li p5 p4)) add Emp)”
by (blast intro:Eq_rev)
have P15 : “Line_on (Li p5 p4) p4” by (simp add:Line_on_rule)
from P5 P14 P15 have P16 : ”Seg_on_Seg (Se pl p2) (Se p2 p3) = Plane_diffside (Li p5 p4) p3 p1”
by (simp add:Plane_Bet_diffside)
have P17 : ”Line_on (Li p1 p2) p1” by (simp add:Line_on_rule)
have P18 : “Line_on (Li p1 p2) p2” by (simp add:Line_on_rule)
from assms have P19 : "= Eq (Geos (Poi p2) add Emp) (Geos (Poi pl) add Emp)”
by (simp add:Bet_Point_def)
from P1 P17 P18 P19 have ”Eq (Geos (Lin (Li p1 p2)) add Emp) (Geos (Lin 11) add Emp)” by (simp
add:Line_unique)
then have P20 : ”Line_on (Li p1 p2) p5 = Line_on 11 p5” by (simp add:Line_on_trans)
from P6 P20 have P21 : ”— Line_on (Li p1 p2) p5” by blast
from P7 have P22 : ”Eq (Geos (Lin (Li p5 p4)) add Emp) (Geos (Lin (Li pl p2)) add Emp) =
Line_on (Li pl p2) p5” by (simp add:Line_on_trans)
from P21 P22 have P23 : = Eq (Geos (Lin (Li pl p2)) add Emp) (Geos (Lin (Li p5 p4)) add Emp)”
by (blast intro:Eq_rev)
from P2 have P24 : ”Seg_on_Seg (Se p1 p2) (Se p2 p3) = Bet_Point (Se pl p2) p4” by simp
from P15 P23 P24 have ”Seg_on_Seg (Se p1 p2) (Se p2 p3) = Plane_diffside (Li p5 p4) pl p2” by
(simp add:Plane_Bet_diffside)
then have P25 : ”Seg_on_Seg (Se pl p2) (Se p2 p3) = Plane_diffside (Li p5 p4) p2 p1” by (simp
add:Plane_diffside_rev)
have P26 : ”Line_on (Li p2 p3) p2” by (simp add:Line_on_rule)
have P27 : ”Line_on (Li p2 p3) p3” by (simp add:Line_on_rule)
from assms have P28 : ”— Eq (Geos (Poi p3) add Emp) (Geos (Poi p2) add Emp)”
by (simp add:Bet_Point_def)
from P1 P26 P27 P28 have "Eq (Geos (Lin (Li p2 p3)) add Emp) (Geos (Lin 11) add Emp)” by (simp
add:Line_unique)
then have P29 : ”Line_on (Li p2 p3) pS = Line_on 11 p5” by (simp add:Line_on_trans)
from P6 P29 have P30 : ”— Line_on (Li p2 p3) p5” by blast
from P7 have P31 : ”Eq (Geos (Lin (Li pS p4)) add Emp) (Geos (Lin (Li p2 p3)) add Emp) —
Line_on (Li p2 p3) p5” by (simp add:Line_on_trans)
from P30 P31 have P32 : ”— Eq (Geos (Lin (Li p2 p3)) add Emp) (Geos (Lin (Li p5 p4)) add Emp)”
by (blast intro:Eq_rev)
from P2 have P33 : ”Seg_on_Seg (Se p1 p2) (Se p2 p3) = Bet_Point (Se p2 p3) p4” by simp
from P15 P32 P33 have P34 : ”Seg_on_Seg (Se pl p2) (Se p2 p3) = Plane _diffside (Li p5 p4) p2
p3” by (simp add:Plane_Bet_diffside)
from P10 P25 P28 P34 have ”Seg_on_Seg (Se pl p2) (Se p2 p3) = Plane_sameside (Li p5 p4) pl
p3” by (blast intro:Plane_trans_inv)
then have ”Seg_on_Seg (Se pl p2) (Se p2 p3) = Plane_sameside (Li p5 p4) p3 pl” by (simp
add:Plane_sameside_rev)
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then have P35 : ”Seg_on_Seg (Se pl p2) (Se p2 p3) = — Plane_diffside (Li p5 p4) p3 p1” by (simp
add:Plane_sameside_not_diffside)

from P16 P35 show ”— Seg_on_Seg (Se pl p2) (Se p2 p3)” by blast
ged

end

theory Congruence imports Order begin

locale Definition_3 = Order_Rule +
fixes Def :: ”Geo_object = bool”
and Cong :: ”Geo_objects = Geo_objects = bool”
and Gr :: "Geo_objects = Geo_objects = bool”
and Ang_inside :: ”Angle = Point = bool”
and Right_angle :: ”Angle = bool”
assumes Tri_def : “Def (Tri (Tr pl p2 p3)) <— — Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add
Emp)
A = Eq (Geos (Poi p2) add Emp) (Geos (Poi p3) add Emp) A = Eq (Geos (Poi p3) add Emp)
(Geos (Poi p1) add Emp)
A = Bet_Point (Se p1 p2) p3 A — Bet_Point (Se p2 p3) pl A — Bet_Point (Se p3 pl) p2
A — Seg_on_Seg (Se pl p2) (Se p2 p3) A — Seg_on_Seg (Se p2 p3) (Se p3 pl) A = Seg_on_Seg
(Se p3 pl) (Se pl p2)”
and Cong_refl [simp,intro] : ”Cong obs obs”
and Ang_def : "Def (Ang (An pl p2 p3)) <— — Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add
Emp)
A = Eq (Geos (Poi p2) add Emp) (Geos (Poi p3) add Emp) A — Eq (Geos (Poi p3) add Emp)
(Geos (Poi p1) add Emp)
A — Eq (Geos (Lin (Li p2 p1)) add Emp) (Geos (Lin (Li p2 p3)) add Emp)”
and Ang_rev : "[Cong (Geos (angl) add Emp) (Geos (ang2) add Emp)]—>
Cong (Geos (ang2) add Emp) (Geos (angl) add Emp)”
and Ang_roll : ”Cong (Geos (Ang (An pl p2 p3)) add Emp) (Geos (Ang (An p3 p2 pl)) add Emp)
A Eq (Geos (Ang (An pl p2 p3)) add Emp) (Geos (Ang (An p3 p2 pl)) add Emp)”
and Ang_inside_def : ”Ang_inside (An p1 p2 p3) p <— Def (Ang (An pl p2 p3)) A Plane_sameside
(Li p2 p1) p3 p A Plane_sameside (Li p2 p3) pl p”
and Ang_Point_swap : ”[Def (Ang (An pl p2 p3)); Line_on (Li p2 pl) p4; — Bet_Point (Se pl p4)
p2;
Line_on (Li p2 p3) pS5; — Bet_Point (Se p3 p5) p2; = Eq (Geos (Poi p2) add Emp) (Geos (Poi
p4) add Emp);
- Eq (Geos (Poi p2) add Emp) (Geos (Poi p5) add Emp)|—>
Eq (Geos (Ang (An pl p2 p3)) add Emp) (Geos (Ang (An p4 p2 p5S)) add Emp) A Def (Ang
(An p4 p2 p3))” ,
and Ang_Right_angle_def : "Right_angle (An p1 p2 p3) +—
(dp. Cong (Geos (Ang (An pl p2 p3)) add Emp) (Geos (Ang (An pl p2 p)) add Emp)
A Bet_Point (Se p3 p) p2 A Def (Ang (An pl p2 p3)) A Def (Ang (An pl p2 p)))”
and Tri_Cong_def : ”Cong (Geos (Tri (Tr p11 p12 p13)) add Emp) (Geos (Tri (Tr p21 p22 p23))
add Emp)
+— Eq (Geos (Seg (Se p11 p12)) add Emp) (Geos (Seg (Se p21 p22)) add Emp)
A Eq (Geos (Seg (Se p12 p13)) add Emp) (Geos (Seg (Se p22 p23)) add Emp)
A Eq (Geos (Seg (Se p13 pl11)) add Emp) (Geos (Seg (Se p23 p21)) add Emp)
A Cong (Geos (Ang (An p12 pl1 p13)) add Emp) (Geos (Ang (An p22 p21 p23)) add Emp)
A Cong (Geos (Ang (An p13 p12 p11)) add Emp) (Geos (Ang (An p23 p22 p21)) add Emp)
A Cong (Geos (Ang (An pl1 p13 p12)) add Emp) (Geos (Ang (An p21 p23 p22)) add Emp)”
and Ang_greater_def : ”[Cong (Geos (Ang anl) add Emp) (Geos (Ang (An p4 p2 p3)) add Emp);
Plane_sameside (Li p2 p3) p4 pl]—
Ang_inside (An pl p2 p3) p4 <— Gr (Geos (Ang (An pl p2 p3)) add Emp) (Geos (Ang anl)
add Emp)”
and Ang_less_def : ”[Cong (Geos (Ang anl) add Emp) (Geos (Ang (An p4 p2 p3)) add Emp);
Plane_sameside (Li p2 p3) p4 pl; — Ang_inside (An pl p2 p3) p4;
- Eq (Geos (Lin (Li p2 p1)) add Emp) (Geos (Lin (Li p2 p4)) add Emp)]—-
Gr (Geos (Ang anl) add Emp) (Geos (Ang (An pl p2 p3)) add Emp)”

locale Axiom_3 = Definition_3 +

assumes Seg_add : ”[Line_on 11 p11; Line_on 11 p12; Line_on 11 p13; = Seg_on_Seg (Se p11 p12) (Se
p12 pl3);
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Line_on 12 p21; Line_on 12 p22; Line_on 12 p23; - Seg_on_Seg (Se p21 p22) (Se p22 p23);
Eq (Geos (Seg (Se p11 p12)) add Emp) (Geos (Seg (Se p21 p22)) add Emp);
Eq (Geos (Seg (Se p12 p13)) add Emp) (Geos (Seg (Se p22 p23)) add Emp)|—>
Eq (Geos (Seg (Se p11 p13)) add Emp) (Geos (Seg (Se p21 p23)) add Emp)”
and Seg_sub : ”[Line_on 11 p11; Line_on 11 p12; Line_on 11 p13; — Seg_on_Seg (Se p11 p12) (Se
p12 pl3);
Line_on 12 p21; Line_on 12 p22; Line_on 12 p23; — Seg_on_Seg (Se p21 p22) (Se p22 p23);
Eq (Geos (Seg (Se p11 p13)) add Emp) (Geos (Seg (Se p21 p23)) add Emp)|—>
Eq (Geos (Seg (Se p11 p12)) add Emp) (Geos (Seg (Se p21 p22)) add Emp)
A Eq (Geos (Seg (Se p12 p13)) add Emp) (Geos (Seg (Se p22 p23)) add Emp)”
and Ang_move_sameside : ”[- Line_on (Li p1 p2) p3; Def (Ang al)]=—> Jp. Cong (Geos (Ang al)
add Emp) (Geos (Ang (An p pl p2)) add Emp) A Plane_sameside (Li p1 p2) p p3”
and Ang_move_diffside : [ Line_on (Li p1 p2) p3; Def (Ang al)]—> Jp. Cong (Geos (Ang al)
add Emp) (Geos (Ang (An p pl p2)) add Emp) A Plane_diffside (Li p1 p2) p p3”
and Ang_move_unique : ”[Cong (Geos (Ang anl) add Emp) (Geos (Ang (An pl p2 p3)) add Emp);
Cong (Geos (Ang anl) add Emp) (Geos (Ang (An p4 p2 p3)) add Emp);
Plane_sameside (Li p2 p3) pl p4]—>
Eq (Geos (Lin (Li pl p2)) add Emp) (Geos (Lin (Li p4 p2)) add Emp) A — Bet_Point (Se pl
p4) p2”
and Tri-week_SAS : ”[Def (Tri (Tr p11 p12 p13)); Def (Tri (Tr p21 p22 p23));
Eq (Geos (Seg (Se p11 p12)) add Emp) (Geos (Seg (Se p21 p22)) add Emp);
Eq (Geos (Seg (Se p11 p13)) add Emp) (Geos (Seg (Se p21 p23)) add Emp);
Cong (Geos (Ang (An p12 p11 p13)) add Emp) (Geos (Ang (An p22 p21 p23)) add Emp)]
= Cong (Geos (Ang (An p13 p12 p11)) add Emp) (Geos (Ang (An p23 p22 p21)) add Emp)”

locale Congruence _Rule = Axiom_3 +
assumes Ang_weektrans : ”[Eq (Geos (Ang anl) add Emp) (Geos (Ang an2) add Emp);

Cong (Geos (Ang an2) add Emp) (Geos (Ang an3) add Emp)]—> Cong (Geos (Ang anl) add
Emp) (Geos (Ang an3) add Emp)”

lemma (in Congruence_Rule) Seg_Bet_add :
assumes
”Bet_Point (Se p11 p13) p12”
”Bet_Point (Se p21 p23) p22”
“Eq (Geos (Seg (Se pl1 p12)) add Emp) (Geos (Seg (Se p21 p22)) add Emp)”
“Eq (Geos (Seg (Se p12 p13)) add Emp) (Geos (Seg (Se p22 p23)) add Emp)”
shows "Eq (Geos (Seg (Se p11 p13)) add Emp) (Geos (Seg (Se p21 p23)) add Emp)”
proof -
from assms have ”3l. Line_on 1 p11 A Line_on 1 p13 A Line_on I p12” by (simp add:Line_Bet_exist)
then obtain 11 :: Line where P1 : "Line_on 11 p11 A Line_on 11 p13 A Line_on 11 p12” by blast
from assms have ”3l. Line_on 1 p21 A Line_on 1 p23 A Line_on I p22” by (simp add:Line_Bet_exist)
then obtain 12 :: Line where P2 : ”Line_on 12 p21 A Line_on 12 p23 A Line_on 12 p22” by blast
from assms have P3 : ”— Seg_on_Seg (Se p11 p12) (Se p12 p13)” by (simp add:Seg_Bet_not_on)
from assms have P4 : ”— Seg_on_Seg (Se p21 p22) (Se p22 p23)” by (simp add:Seg_Bet_not_on)
from assms P1 P2 P3 P4 show "Eq (Geos (Seg (Se p11 p13)) add Emp) (Geos (Seg (Se p21 p23)) add
Emp)” by (blast intro:Seg_add)
ged

lemma (in Congruence_Rule) Tri_sinple_def :
assumes
”= Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)”
”= Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)”
”= Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)”
”= Line_on (Li A B) C”
shows ”Def (Tri (Tr A B C))”
proof -
have P1 : ”Bet_Point (Se A B) C = Line_on (Li A B) C” by (simp add:Line_Bet_on)
from assms P1 have P2 : ”— Bet_Point (Se A B) C” by blast
from assms have P3 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi A) add Emp)” by (blast intro:Eq_rev)
from P3 have P4 : "Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li A B)) add Emp)” by (simp
add:Line_rev)
have P5 : ”Bet_Point (Se B C) A = Line_on (Li A B) C” by (simp add:Line_Bet_on)
from assms P5 have P6 : ”— Bet_Point (Se B C) A” by blast
have P7 : ”Bet_Point (Se C A) B =—> Line_on (Li A B) C” by (simp add:Line_Bet_on)
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from assms P7 have P8 : ”— Bet_Point (Se C A) B” by blast

have ”Seg_on_Seg (Se A B) (Se B C) = dp. Bet_Point (Se A B) p A Bet_Point (Se B C) p” by (simp
add:Seg_on_Seg_rule)

then obtain D :: Point where P9 : ”Seg_on_Seg (Se A B) (Se B C) = Bet_Point (Se A B) D A
Bet_Point (Se B C) D” by blast

have P10 : ”Line_on (Li A B) B” by (simp add:Line_on_rule)

from P9 have P11 : ”Seg_on_Seg (Se A B) (Se B C) = Line_on (Li A B) D” by (simp add:Line_Bet_on)

have P12 : ”Line_on (Li B C) B” by (simp add:Line_on_rule)

from P9 have P13 : ”Seg_on_Seg (Se A B) (Se B C) = Line_on (Li B C) D” by (simp add:Line_Bet_on)

from P9 have ”Seg_on_Seg (Se A B) (Se B C) =—> Bet_Point (Se A B) D” by simp

then have P14 : ”Seg_on_Seg (Se A B) (Se B C) = — Eq (Geos (Poi B) add Emp) (Geos (Poi D) add
Emp)” by (simp add:Bet_Point_def)

from P10 P11 P12 P13 P14 have P15 : ’Seg_on_Seg (Se A B) (Se B C) = Eq (Geos (Lin (Li B C))
add Emp) (Geos (Lin (Li A B)) add Emp)” by (simp add:Line_unique)

have P16 : ”Line_on (Li B C) C” by (simp add:Line_on_rule)

from P15 P16 have P17 : ”Seg_on_Seg (Se A B) (Se B C) = Line_on (Li A B) C” by (simp
add:Line_on_trans)

from assms P17 have P18 : ”— Seg_on_Seg (Se A B) (Se B C)” by blast

have ”Seg_on_Seg (Se B C) (Se C A) = dp. Bet_Point (Se B C) p A Bet_Point (Se C A) p” by (simp
add:Seg_on_Seg_rule)

then obtain E :: Point where P19 : ”Seg_on_Seg (Se B C) (Se C A) = Bet_Point (Se B C) E A
Bet_Point (Se C A) E” by blast

then have P20 : ”Seg_on_Seg (Se B C) (Se C A) = Line_on (Li B C) E” by (simp add:Line_Bet_on)

have P21 : ”Line_on (Li C A) C” by (simp add:Line_on_rule)

from P19 have P22 : ”Seg_on_Seg (Se B C) (Se C A) = Line_on (Li C A) E” by (simp add:Line_Bet_on)

from P19 have ”Seg_on_Seg (Se B C) (Se C A) = Bet_Point (Se B C) E” by simp

then have P23 : ”Seg_on_Seg (Se B C) (Se C A) = — Eq (Geos (Poi C) add Emp) (Geos (Poi E) add
Emp)” by (simp add:Bet_Point_def)

from P16 P20 P21 P22 P23 have P24 : ”Seg_on_Seg (Se B C) (Se C A) = Eq (Geos (Lin (Li C A))
add Emp) (Geos (Lin (Li B C)) add Emp)” by (simp add:Line_unique)

have P25 : ”Line_on (Li C A) A” by (simp add:Line_on_rule)

from P24 P25 have P26 : ”Seg_on_Seg (Se B C) (Se C A) = Line_on (Li B C) A” by (simp
add:Line_on_trans)

from assms P3 P26 have P27 : ”Seg_on_Seg (Se B C) (Se C A) = Line_on (Li B A) C” by (blast
intro:Line_on_rev)

from P4 P27 have P28 : ”Seg_on_Seg (Se B C) (Se C A) = Line_on (Li A B) C” by (simp
add:Line_on_trans)

from assms P28 have P29 : ”— Seg_on_Seg (Se B C) (Se C A)” by blast

have ”Seg_on_Seg (Se C A) (Se A B) = dp. Bet_Point (Se C A) p A Bet_Point (Se A B) p” by (simp
add:Seg_on_Seg_rule)

then obtain F :: Point where P30 : ”Seg_on_Seg (Se C A) (Se A B) = Bet_Point (Se C A) F A
Bet_Point (Se A B) F” by blast

then have P31 : ”Seg_on_Seg (Se C A) (Se A B) = Line_on (Li C A) F’ by (simp add:Line_Bet_on)

have P32 : ”Line_on (Li A B) A” by (simp add:Line_on_rule)

from P30 have P33 : ”Seg_on_Seg (Se C A) (Se A B) = Line_on (Li A B) F” by (simp add:Line_Bet_on)

from P30 have ”Seg_on_Seg (Se C A) (Se A B) = Bet_Point (Se C A) F” by simp

then have P34 : ”Seg_on_Seg (Se C A) (Se A B) = — Eq (Geos (Poi A) add Emp) (Geos (Poi F) add
Emp)” by (simp add:Bet_Point_def)

from P25 P31 P32 P33 P34 have P35 : ”Seg_on_Seg (Se C A) (Se A B) = Eq (Geos (Lin (Li C A))
add Emp) (Geos (Lin (Li A B)) add Emp)” by (simp add:Line_unique)

from P21 P35 have P36 : ”Seg_on_Seg (Se C A) (Se A B) = Line_on (Li A B) C” by (simp
add:Line_on_trans)

from assms P36 have P37 : ”— Seg_on_Seg (Se C A) (Se A B)” by blast

from assms P2 P6 P8 P18 P29 P37 show Def (Tri (Tr A B C))” by (simp add:Tri_def)
ged

lemma (in Congruence_Rule) Tri_def Line :
assumes
”Def (Tri (Tr A B C))”
shows ”— Line_on (Li A B) C A = Line_on (Li B C) A A = Line_on (Li C A) B”
proof -
from assms have P1 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)
A = Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp) A - Eq (Geos (Poi C) add Emp)
(Geos (Poi A) add Emp)
A — Bet_Point (Se A B) C A - Bet_Point (Se B C) A A = Bet_Point (Se C A) B” by (simp
add:Tri_def)
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have P2 : "Line_on (Li A B) B” by (simp add:Line_on_rule)

have P3 : "Line_on (Li A B) A” by (simp add:Line_on_rule)

from P1 P2 P3 have P4 : ”Line_on (Li A B) C = Bet_Point (Se A C) B V Bet_Point (Se C B) A Vv
Bet_Point (Se B A) C” by (simp add:Bet_case)

from P1 have P5 : ”— Bet_Point (Se A C) B” by (blast intro:Bet_rev)

from P1 have P6 : ”— Bet_Point (Se C B) A” by (blast intro:Bet_rev)

from P1 have P7 : ”— Bet_Point (Se B A) C” by (blast intro:Bet_rev)

from P4 P5 P6 P7 have P8 : ”— Line_on (Li A B) C” by blast

have P9 : "Line_on (Li B C) B” by (simp add:Line_on_rule)

have P10 : ”Line_on (Li B C) C” by (simp add:Line_on_rule)

from P1 P9 P10 have P11 : ”Line_on (Li B C) A = Bet_Point (Se A C) B V Bet_Point (Se C B) A VvV
Bet_Point (Se B A) C” by (simp add:Bet_case)

from P5 P6 P7 P11 have P12 : ”— Line_on (Li B C) A” by blast

have P13 : ”Line_on (Li C A) C” by (simp add:Line_on_rule)

have P14 : ”Line_on (Li C A) A” by (simp add:Line_on_rule)

from P1 P13 P14 have P15 : ”Line_on (Li C A) B = Bet_Point (Se A C) B V Bet_Point (Se C B) A
V Bet_Point (Se B A) C” by (simp add:Bet_case)

from P5 P6 P7 P15 have P16 : ”— Line_on (Li C A) B” by blast

from P8 P12 P16 show ”— Line_on (Li A B) C A — Line_on (Li B C) A A — Line_on (Li C A) B” by
simp
ged

lemma (in Congruence_Rule) Tri_def _trans :
assumes
”Def (Tri (Tr A B C))”
shows Def (Tri (Tr B C A))”
proof -
from assms have P1 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)
A = Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp) A - Eq (Geos (Poi C) add Emp)
(Geos (Poi A) add Emp)
A — Bet_Point (Se A B) C A — Bet_Point (Se B C) A A — Bet_Point (Se C A) B” by (simp
add:Tri_def)
from assms have P2 : - Line_on (Li B C) A” by (simp add:Tri_def_Line)
from P1 P2 show ”Def (Tri (Tr B C A))” by (simp add:Tri_sinple_def)
ged

lemma (in Congruence_Rule) Tri_def rev :
assumes
”Def (Tri (Tr A B C))”
shows ”Def (Tri (Tr C B A))”
proof -
from assms have P1 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)
A = Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp) A — Eq (Geos (Poi C) add Emp)
(Geos (Poi A) add Emp)
A — Bet_Point (Se A B) C A - Bet_Point (Se B C) A A = Bet_Point (Se C A) B” by (simp
add:Tri_def)
from assms have P2 : ”— Line_on (Li B C) A” by (simp add:Tri_def_Line)
from P1 have P3 : "Eq (Geos (Lin (Li B C)) add Emp) (Geos (Lin (Li C B)) add Emp)” by (simp
add:Line_rev)
from P2 P3 have P4 : ”— Line_on (Li C B) A” by (simp add:Line_not_on_trans)
from P1 have P5 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi B) add Emp)” by (blast intro:Eq_rev)
from P1 have P6 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi A) add Emp)” by (blast intro:Eq_rev)
from P1 have P7 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)” by (blast intro:Eq_rev)
from P4 P5 P6 P7 show "Def (Tri (Tr C B A))” by (simp add:Tri_sinple_def)
ged

lemma (in Congruence_Rule) Tri_def_extension :
assumes
”Def (Tri (Tr A B C))”
”— Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp)”
”Line_on (Li B C) D”
shows “Def (Tri (Tr A B D))”
proof -
from assms have P1 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)” by (simp add:Tri_def)
from assms have P2 : ”— Line_on (Li B C) A” by (simp add:Tri_def_Line)
from assms have P3 : "Eq (Geos (Poi D) add Emp) (Geos (Poi A) add Emp) = Line_on (Li B C) A”
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by (simp add:Point_Eq)
from P2 P3 have P4 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi A) add Emp)” by blast
from assms have PS5 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)” by (simp add:Tri_def)
from assms P5 have P6 : ”Line_on (Li B D) C” by (simp add:Line_on_rev)
have P7 : "Line_on (Li B D) B” by (simp add:Line_on_rule)
have P8 : "Line_on (Li B C) B” by (simp add:Line_on_rule)
have P9 : "Line_on (Li B C) C” by (simp add:Line_on_rule)
from P5 P6 P7 P8 P9 have "Eq (Geos (Lin (Li B D)) add Emp) (Geos (Lin (Li B C)) add Emp)” by
(simp add:Line_unique)
then have P10 : ”Line_on (Li B D) A = Line_on (Li B C) A” by (simp add:Line_on_trans)
from P2 P10 have P11 : ”— Line_on (Li B D) A” by blast
from assms P1 P4 P11 have "Def (Tri (Tr B D A))” by (simp add:Tri_sinple_def)
thus "Def (Tri (Tr A B D))” by (simp add:Tri_def _trans)
ged

lemma (in Congruence_Rule) Ang_to_Tri :
assumes
”Def (Ang (An A B C))”
shows Def (Tri (Tr A B C))”
proof -
from assms have P1 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)
A — Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp) A — Eq (Geos (Poi C) add Emp) (Geos
(Poi A) add Emp)
A = Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B C)) add Emp)” by (simp add:Ang_def)
have P2 : "Line_on (Li B A) B” by (simp add:Line_on_rule)
have P3 : "Line_on (Li B C) B” by (simp add:Line_on_rule)
have P4 : "Line_on (Li B C) C” by (simp add:Line_on_rule)
from P1 have P5 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)” by simp
from P1 have "Eq (Geos (Lin (Li A B)) add Emp) (Geos (Lin (Li B A)) add Emp)” by (simp
add:Line_rev)
then have P6 : “Line_on (Li A B) C = Line_on (Li B A) C” by (simp add:Line_on_trans)
from P2 P3 P4 P5 P6 have P7 : ”Line_on (Li A B) C = Eq (Geos (Lin (Li B A)) add Emp) (Geos
(Lin (Li B C)) add Emp)” by (simp add:Line_unique)
from P1 P7 have P8 : ”— Line_on (Li A B) C” by blast
from P1 P8 show "Def (Tri (Tr A B C))” by (simp add:Tri_sinple_def)
ged

lemma (in Congruence_Rule) Ang_sinple_def :

assumes

7= Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)”
”= Line_on (Li A B) C”

shows ”"Def (Ang (An A B C))”
proof -

from assms have P1 : ”Eq (Geos (Lin (Li A B)) add Emp) (Geos (Lin (Li B A)) add Emp)” by (simp
add:Line_rev)

from assms P1 have P2 : "= Line_on (Li B A) C” by (simp add:Line_not_on_trans)

have ”Line_on (Li B A) B” by (simp add:Line_on_rule)

then have P3 : "Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp) = Line_on (Li B A) C” by
(simp add:Point_Eq)

from P2 P3 have P4 : - Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)” by blast

have “Line_on (Li B A) A” by (simp add:Line_on_rule)

then have P5 : "Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp) = Line_on (Li B A) C” by
(simp add:Point_Eq)

from P2 P5 have P6 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)” by (blast intro:Eq_rev)

have ”Line_on (Li B C) C” by (simp add:Line_on_rule)

then have P7 : "Eq (Geos (Lin (Li B C)) add Emp) (Geos (Lin (Li B A)) add Emp) = Line_on (Li B
A) C” by (simp add:Line_on_trans)

from P2 P7 have P8 : ”— Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B C)) add Emp)” by (blast
intro:Eq_rev)

from assms P4 P6 P8 show “Def (Ang (An A B C))” by (simp add:Ang_def)
ged

)

lemma (in Congruence_Rule) Tri_to_Ang :
assumes
“Def (Tri (Tr A B C))”
shows “Def (Ang (An A B C))”
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proof -
from assms have P1 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)
A = Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp) A — Eq (Geos (Poi C) add Emp) (Geos
(Poi A) add Emp)” by (simp add:Tri_def)
from assms have P2 : ”— Line_on (Li A B) C” by (simp add:Tri_def_Line)
from P1 P2 show "Def (Ang (An A B C))” by (simp add:Ang_sinple_def)
ged

lemma (in Congruence_Rule) Ang_def_rev :
assumes
”Def (Ang (An A B C))”
shows "Def (Ang (An C B A))”
proof -
from assms have P1 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)
A = Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp) A — Eq (Geos (Poi C) add Emp) (Geos
(Poi A) add Emp)
A = Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B C)) add Emp)” by (simp add:Ang_def)
have P2 : "Line_on (Li B A) A” by (simp add:Line_on_rule)
have P3 : "Line_on (Li B A) B” by (simp add:Line_on_rule)
have P4 : ”Line_on (Li B C) B” by (simp add:Line_on_rule)
from P1 have P5 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)” by simp
from P2 P3 P4 PS5 have P6 : "Line_on (Li B C) A = Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin
(Li B C)) add Emp)” by (simp add:Line_unique)
from P1 P6 have P7 : ”— Line_on (Li B C) A” by blast
from P1 have P8 : “Eq (Geos (Lin (Li B C)) add Emp) (Geos (Lin (Li C B)) add Emp)” by (simp
add:Line_rev)
from P7 P8 have P9 : ”— Line_on (Li C B) A” by (simp add:Line_not_on_trans)
from P1 have P10 : - Eq (Geos (Poi C) add Emp) (Geos (Poi B) add Emp)” by (blast intro:Eq_rev)
from P9 P10 show “Def (Ang (An C B A))” by (simp add: Ang_sinple_def)
ged

lemma (in Congruence_Rule) Ang_def_inv :
assumes
“Def (Ang (An A B C))”
shows ”"Def (Ang (An A C B))”
proof -
from assms have P1 : = Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)
A — Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp) A — Eq (Geos (Poi C) add Emp) (Geos
(Poi A) add Emp)
A — Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B C)) add Emp)” by (simp add: Ang_def)
have P2 : "Line_on (Li B A) A” by (simp add:Line_on_rule)
have P3 : "Line_on (Li B A) B” by (simp add:Line_on_rule)
have P4 : "Line_on (Li B C) B” by (simp add:Line_on_rule)
from P1 have P5 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)” by simp
from P2 P3 P4 P5 have P6 : "Line_on (Li B C) A = Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin
(Li B C)) add Emp)” by (simp add:Line_unique)
from P1 P6 have P7 : ”— Line_on (Li B C) A” by blast
have P8 : "Line_on (Li A C) C” by (simp add:Line_on_rule)
have P9 : "Line_on (Li B C) C” by (simp add:Line_on_rule)
from P1 P4 P8 P9 have P10 : ”Line_on (Li A C) B= Eq (Geos (Lin (Li A C)) add Emp) (Geos (Lin
(Li B C)) add Emp)” by (simp add:Line_unique)
have P11 : ”Line_on (Li A C) A” by (simp add:Line_on_rule)
from P10 P11 have P12 : ”Line_on (Li A C) B = Line_on (Li B C) A” by (simp add:Line_on_trans)
from P7 P12 have P13 : ”— Line_on (Li A C) B” by blast
from P1 have P14 : - Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)” by (blast intro:Eq_rev)
from P13 P14 show "Def (Ang (An A C B))” by (simp add: Ang_sinple_def)
ged

lemma (in Congruence_Rule) Ang_def_extension :
assumes
”Def (Ang (An A B C))”
”— Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp)”
”Line_on (Li B C) D”
shows "Def (Ang (An A B D))”
proof -
from assms have P1 : ”Def (Tri (Tr A B C))” by (simp add:Ang_to_Tri)
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from assms P1 have "Def (Tri (Tr A B D))” by (simp add:Tri_def_extension)
thus "Def (Ang (An A B D))” by (simp add:Tri_to_Ang)
ged

lemma (in Congruence_Rule) Bet_end_Point :
shows ”— Bet_Point (Se pl pl) p2”
proof
assume W : "Bet_Point (Se pl pl) p2”
then have P1 : ”— Eq (Geos (Poi pl) add Emp) (Geos (Poi p1) add Emp)” by (simp add:Bet_Point_def
del:Eq_refl)
have P2 : ”Eq (Geos (Poi p1) add Emp) (Geos (Poi pl) add Emp)” by simp
from P1 P2 show False by blast
ged

lemma (in Congruence_Rule) Seg_Plane_sameside :
assumes
“Line_on 11 A”
”Line_on 11 B”
“Line_on 11 C”
”= Line_on 11 D”
”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)”
”— Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)”
”— Bet_Point (Se B C) A”
shows “Plane_sameside (Li D A) B C V Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)”
proof -
have “Line_on (Li D A) D” by (simp add:Line_on_rule)
then have P1 : "Eq (Geos (Lin (Li D A)) add Emp) (Geos (Lin 11) add Emp) = Line_on 11 D” by
(simp add:Line_on_trans)
from assms P1 have P2 : ”— Eq (Geos (Lin (Li D A)) add Emp) (Geos (Lin 11) add Emp)” by blast
have ”Plane_diffside (Li D A) B C = Jp. Bet_Point (Se B C) p A Line_on (Li D A) p A — Line_on
(LiD A) B A = Line_on (Li D A) C” by (simp add:Plane_diffside_def)
then obtain E :: Point where P3 : ”Plane_diffside (Li D A) B C = Bet_Point (Se B C) E A Line_on
(LiD A) E” by blast
then have P4 : ”Plane _diffside (Li D A) B C = Line_on (Li B C) E” by (simp add:Line_Bet_on)
have P5 : "Line_on (Li B C) B” by (simp add:Line_on_rule)
have P6 : "Line_on (Li B C) C” by (simp add:Line_on_rule)
from assms P5 P6 have P7 : "= Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp) =—> Eq (Geos
(Lin (Li B C)) add Emp) (Geos (Lin 11) add Emp)” by (simp add:Line_unique)
from P4 P7 have P8 : “Plane_diffside (Li D A) B C = — Eq (Geos (Poi B) add Emp) (Geos (Poi C)
add Emp) —
Line_on 11 E” by (simp add:Line_on_trans)
have P9 : "Line_on (Li D A) A” by (simp add:Line_on_rule)
from assms P2 P3 P8 P9 have P10 : "Plane_diffside (Li D A) B C = — Eq (Geos (Poi B) add Emp)
(Geos (Poi C) add Emp) —>
Eq (Geos (Poi E) add Emp) (Geos (Poi A) add Emp)” by (simp add:Line_unique_Point)
from P3 have P11 : ”Plane_diffside (Li D A) B C = Bet_Point (Se B C) E” by simp
from P10 P11 have P12 : ”Plane_diffside (Li D A) B C = — Eq (Geos (Poi B) add Emp) (Geos (Poi
C) add Emp) —
Bet_Point (Se B C) A” by (simp add:Point_Eq)
from assms P12 have ”— Plane _diffside (Li D A) B C V Eq (Geos (Poi B) add Emp) (Geos (Poi C)
add Emp)” by blast
then have P13 : ”— Plane_diffside (Li D A) B C A = Eq (Geos (Poi B) add Emp) (Geos (Poi C) add
Emp)
V Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)” by blast
from assms P9 have P14 : ”Line_on (Li D A) B = Eq (Geos (Lin (Li D A)) add Emp) (Geos (Lin
11) add Emp)” by (simp add:Line_unique)
from P2 P14 have P15 : ”— Line_on (Li D A) B” by blast
from assms P9 have P16 : “Line_on (Li D A) C = Eq (Geos (Lin (Li D A)) add Emp) (Geos (Lin
11) add Emp)” by (simp add:Line_unique)
from P2 P16 have P17 : = Line_on (Li D A) C” by blast
from P15 P17 have P18 : ”— Plane_diffside (Li D A) B C A — Eq (Geos (Poi B) add Emp) (Geos (Poi
C) add Emp) —
Plane_sameside (Li D A) B C” by (simp add:Plane_not_diffside_sameside)
from P13 P18 show ”Plane_sameside (Li D A) B C V Eq (Geos (Poi B) add Emp) (Geos (Poi C) add
Emp)” by blast

ged
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lemma (in Congruence_Rule) Seg_move_unique :
assumes
“Line_on 11 A”
”Line_on 11 B”
“Line_on 11 C”
”= Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)”
”— Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)”
“Eq (Geos (Seg (Se A B)) add Emp) (Geos (Seg (Se A C)) add Emp)”
”— Bet_Point (Se B C) A”
shows “Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)”
roof -
P have ”Ipqr. -~ Line.onll p A = Line.on1l g A = Line_on 11 r
A = Eq (Geos (Poi p) add Emp) (Geos (Poi q) add Emp) A — Eq (Geos (Poi q) add Emp) (Geos
(Poi r) add Emp)
A — Eq (Geos (Poi r) add Emp) (Geos (Poi p) add Emp)” by (blast intro:Line_not_on_exist)
then obtain D :: Point where P1 : ”— Line_on 11 D” by blast
have P2 : "Line_on (Li A D) D” by (simp add:Line_on_rule)
have P3 : "Line_on (Li A B) A” by (simp add:Line_on_rule)
have P4 : ”Line_on (Li A B) B” by (simp add:Line_on_rule)
from assms P3 P4 have P5 : ”Eq (Geos (Lin 11) add Emp) (Geos (Lin (Li A B)) add Emp)” by (simp
add:Line_unique)
from assms P5 have P6 : "Line_on (Li A B) C” by (simp add:Line_on_trans)
from P1 P5 have P7 : ”— Line_on (Li A B) D” by (simp add:Line_not_on_trans)
from assms P7 have "Def (Ang (An A B D))” by (simp add:Ang_sinple_def)
then have P8 : “Def (Ang (An D A B))” by (blast intro:Ang_def_rev Ang_def_inv)
then have ”— Eq (Geos (Poi D) add Emp) (Geos (Poi A) add Emp)” by (simp add: Ang_def)
then have P9 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp)” by (blast intro:Eq_rev)
have P10 : ”— Bet_Point (Se D D) A” by (simp add:Bet_end_Point)
from assms P2 P6 P8 P9 P10 have "Eq (Geos (Ang (An D A B)) add Emp) (Geos (Ang (An D A C))
add Emp)” by (simp add:Ang_Point_swap)
then have P11 : ”Cong (Geos (Ang (An D A B)) add Emp) (Geos (Ang (An D A C)) add Emp)” by
(simp add:Ang_weektrans)
from assms P7 have "Def (Tri (Tr A B D))” by (blast intro: Ang_sinple_def Ang_to_Tri)
then have "Def (Tri (Tr D B A))” by (simp add:Tri_def rev)
then have P12 : ”Def (Tri (Tr A D B))” by (simp add:Tri_def_trans)
have P13 : ”Line_on (Li A C) A” by (simp add:Line_on_rule)
have P14 : ”Line_on (Li A C) C” by (simp add:Line_on_rule)
from assms P13 P14 have P15 : "Eq (Geos (Lin 11) add Emp) (Geos (Lin (Li A C)) add Emp)” by
(simp add:Line_unique)
from P1 P15 have P16 : ”— Line_on (Li A C) D” by (simp add:Line_not_on_trans)
from assms P16 have “Def (Tri (Tr A C D))” by (blast intro:Ang_sinple_def Ang_to_Tri)
then have ”Def (Tri (Tr D C A))” by (simp add:Tri_def rev)
then have P17 : ”Def (Tri (Tr A D C))” by (simp add:Tri_def_trans)
from assms P11 P12 P17 have P18 : "Cong (Geos (Ang (An B D A)) add Emp) (Geos (Ang (An C D
A)) add Emp)” by (simp add:Tri_week_SAS)
have P19 : ”Cong (Geos (Ang (An A D B)) add Emp) (Geos (Ang (An B D A)) add Emp)” by (simp
add:Ang_roll)
have P20 : ”Eq (Geos (Ang (An B D A)) add Emp) (Geos (Ang (An A D B)) add Emp)” by (simp
add:Ang_roll)
from P18 P20 have P21 : ”Cong (Geos (Ang (An A D B)) add Emp) (Geos (Ang (An C D A)) add
Emp)” by (blast intro:Ang_weektrans Eq_rev)
from assms P1 have P22 : ”Plane_sameside (Li D A) B C Vv Eq (Geos (Poi B) add Emp) (Geos (Poi
C) add Emp)” by (simp add:Seg_Plane_sameside)
from P19 P21 have P23 : "Plane_sameside (Li D A) B C = Eq (Geos (Lin (Li B D)) add Emp)
(Geos (Lin (Li C D)) add Emp)” by (simp add:Ang_move_unique)
have P24 : ”Line_on (Li B D) B” by (simp add:Line_on_rule)
from P23 P24 have P25 : “Plane_sameside (Li D A) B C = Line_on (Li C D) B” by (simp
add:Line_on_trans)
have P26 : ”Line_on (Li B C) B” by (simp add:Line_on_rule)
have P27 : ”Line_on (Li B C) C” by (simp add:Line_on_rule)
have P28 : ”Line_on (Li C D) C” by (simp add:Line_on_rule)
from P25 P26 P27 P28 have P29 : "Plane_sameside (Li D A) B C = — Eq (Geos (Poi B) add Emp)
(Geos (Poi C) add Emp) —
Eq (Geos (Lin (L1 C D)) add Emp) (Geos (Lin (Li B C)) add Emp)” by (simp add:Line_unique)
have P30 : ”Line_on (Li C D) D” by (simp add:Line_on_rule)
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from P29 P30 have P31 : ”Plane_sameside (Li D A) B C = — Eq (Geos (Poi B) add Emp) (Geos
(Poi C) add Emp) —
Line_on (Li B C) D” by (simp add:Line_on_trans)
from assms P26 P27 have P32 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp) = Eq (Geos
(Lin (Li B C)) add Emp) (Geos (Lin 11) add Emp)” by (simp add:Line_unique)
from P31 P32 have P33 : ”Plane_sameside (Li D A) B C = — Eq (Geos (Poi B) add Emp) (Geos
(Poi C) add Emp) —
Line_on 11 D” by (simp add:Line_on_trans)
from P1 P33 have P34 : "Plane_sameside (Li D A) B C = Eq (Geos (Poi B) add Emp) (Geos (Poi
C) add Emp)” by blast
from P22 P34 show “Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)” by blast
ged

lemma (in Congruence_Rule) Seg_not_Eq_Point :
assumes
”— Eq (Geos (Seg (Se A B)) add Emp) (Geos (Seg (Se A C)) add Emp)”
shows ”— Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)”
proof -
have P1 : ”Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp) —-
Eq (Geos (Seg (Se A B)) add Emp) (Geos (Seg (Se A C)) add Emp)” by (simp add:Seg_Point_Eq)
from assms P1 show ”— Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)” by blast
ged

lemma (in Congruence_Rule) Ang_replace :
assumes
”Def (Ang (An A B C))”
”Def (Ang (An A1 B1 C1))”
”Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An Al B1 C1)) add Emp)”
shows ”dp. Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An p B1 C1)) add Emp)
A Eq (Geos (Ang (An Al B1 Cl1)) add Emp) (Geos (Ang (An p B1 C1)) add Emp)
A Eq (Geos (Seg (Se B A)) add Emp) (Geos (Seg (Se B1 p)) add Emp) A Line_on (Li B1 Al)p A
— Bet_Point (Se p A1) B1 A Def (Ang (An p B1 C1))”
and ”Jp. Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An Al B1 p)) add Emp)
A Eq (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang (An Al B1 p)) add Emp)
A Eq (Geos (Seg (Se B C)) add Emp) (Geos (Seg (Se B1 p)) add Emp) A Line_on (Li B1 C1) p A
— Bet_Point (Se p C1) B1 A Def (Ang (An Al B1 p))”
and ”dp q. Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An p B1 q)) add Emp)
A Eq (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang (An p B1 q)) add Emp)
A Eq (Geos (Seg (Se B A)) add Emp) (Geos (Seg (Se B1 p)) add Emp) A Line_on (Li B1 Al)p A
— Bet_Point (Se p Al) Bl
A Eq (Geos (Seg (Se B C)) add Emp) (Geos (Seg (Se B1 q)) add Emp) A Line_on (Li B1 C1) g A
- Bet_Point (Se q C1) B1 A Def (Ang (An p Bl q))”
proof -
from assms have P1 : "= Eq (Geos (Poi A1) add Emp) (Geos (Poi B1) add Emp)” by (simp add: Ang_def)
then have P2 : ”— Eq (Geos (Poi B1) add Emp) (Geos (Poi A1) add Emp)” by (blast intro:Eq_rev)
have P3 : "Line_on (Li B1 Al) A1” by (simp add:Line_on_rule)
have P4 : "Line_on (Li B1 A1) B1” by (simp add:Line_on_rule)
from assms have ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)” by (simp add:Ang_def)
then have P5 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi A) add Emp)” by (blast intro:Eq_rev)
from P2 P3 P4 P5 have ”Jp. Eq (Geos (Seg (Se B A)) add Emp) (Geos (Seg (Se B1 p)) add Emp) A
— Bet_Point (Se p A1) B1 A Line_on (Li B1 Al) p A = Eq (Geos (Poi B1) add Emp) (Geos (Poi p) add
Emp)” by (simp add:Seg_move_sameside)
then obtain A2 :: Point where P6 : ”Eq (Geos (Seg (Se B A)) add Emp) (Geos (Seg (Se B1 A2)) add
Emp) A — Bet_Point (Se A2 A1) Bl A Line_on (Li B1 A1) A2 A — Eq (Geos (Poi B1) add Emp) (Geos
(Poi A2) add Emp)” by blast
from assms have P7 : ”— Eq (Geos (Poi B1) add Emp) (Geos (Poi C1) add Emp)” by (simp add: Ang_def)
have P8 : "Line_on (Li B1 C1) B1” by (simp add:Line_on_rule)
have P9 : "Line_on (Li B1 C1) C1” by (simp add:Line_on_rule)
from assms have P10 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)” by (simp add: Ang_def)
from P7 P8 P9 P10 have ”dp. Eq (Geos (Seg (Se B C)) add Emp) (Geos (Seg (Se B1 p)) add Emp) A
— Bet_Point (Se p C1) B1 A Line_on (Li B1 C1) p A = Eq (Geos (Poi B1) add Emp) (Geos (Poi p) add
Emp)” by (simp add:Seg_move_sameside)
then obtain C2 :: Point where P11 : ”Eq (Geos (Seg (Se B C)) add Emp) (Geos (Seg (Se B1 C2)) add
Emp) A — Bet_Point (Se C2 C1) B1 A Line_on (Li B1 C1) C2 A = Eq (Geos (Poi B1) add Emp) (Geos
(Poi C2) add Emp)” by blast
have P12 : ”— Bet_Point (Se C1 C1) B1” by (simp add:Bet_end_Point)
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from P6 have P13 : ”— Bet_Point (Se A1 A2) B1” by (blast intro:Bet_rev)
from assms P3 P6 P7 P9 P12 P13 have P14 : "Eq (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang
(An A2 B1 C1)) add Emp)” by (simp add:Ang_Point_swap)
from assms P14 have P15 : ”Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A2 B1 C1))
add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from assms have P16 : ”— Eq (Geos (Lin (Li B1 Al)) add Emp) (Geos (Lin (Li B1 C1)) add Emp)”
by (simp add: Ang_def)
from P6 have P17 : ”Line_on (Li B1 A1) A2” by simp
from P6 have P18 : ”— Eq (Geos (Poi B1) add Emp) (Geos (Poi A2) add Emp)” by simp
from P4 P8 P17 P18 have P19 : ”Line_on (Li B1 C1) A2 = Eq (Geos (Lin (Li B1 Al)) add Emp)
(Geos (Lin (Li B1 C1)) add Emp)” by (simp add:Line_unique)
from P16 P19 have P20 : - Line_on (Li B1 C1) A2” by blast
from P7 P20 have "Def (Ang (An B1 C1 A2))” by (simp add:Ang_sinple_def)
then have P21 : ”Def (Ang (An A2 B1 C1))” by (blast intro:Ang_def_rev Ang_def_inv)
from P6 P14 P15 P21 show ”Jp. Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (Anp B1 C1))
add Emp)
A Eq (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang (An p B1 C1)) add Emp)
A Eq (Geos (Seg (Se B A)) add Emp) (Geos (Seg (Se B1 p)) add Emp) A Line_on (Li B1 Al)p A
— Bet_Point (Se p A1) B1 A Def (Ang (An p B1 C1))” by blast
have P22 : ”— Bet_Point (Se A1 Al) B1” by (simp add:Bet_end_Point)
from P11 have P23 : ”— Bet_Point (Se C1 C2) B1” by (blast intro:Bet_rev)
from assms P2 P3 P7 P11 P22 P23 have P24 : ”Eq (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang
(An Al B1 C2)) add Emp)” by (simp add:Ang_Point_swap)
from assms P24 have P25 : ”Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An Al B1 C2))
add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P11 have P26 : ”Line_on (Li B1 C1) C2” by simp
from P11 have P27 : ”— Eq (Geos (Poi B1) add Emp) (Geos (Poi C2) add Emp)” by simp
from P4 P8 P26 P27 have P28 : ”Line_on (Li B1 A1) C2 = Eq (Geos (Lin (Li B1 Al)) add Emp)
(Geos (Lin (Li B1 C1)) add Emp)” by (simp add:Line_unique)
from P16 P28 have P29: ”— Line_on (Li B1 A1) C2” by blast
from P2 P29 have "Def (Ang (An B1 Al C2))” by (simp add:Ang_sinple_def)
then have P30 : ”Def (Ang (An Al B1 C2))” by (blast intro:Ang_def_rev Ang_def_inv)
from P11 P24 P25 P30 show ”Jp. Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An Al Bl
p)) add Emp)
A Eq (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang (An Al B1 p)) add Emp)
A Eq (Geos (Seg (Se B C)) add Emp) (Geos (Seg (Se B1 p)) add Emp) A Line_on (Li B1 C1) p A
— Bet_Point (Se p C1) B1 A Def (Ang (An Al B1 p))” by blast
from assms P6 P11 P13 P17 P23 P26 have P31 : ”Eq (Geos (Ang (An Al B1 C1)) add Emp) (Geos
(Ang (An A2 B1 C2)) add Emp)” by (simp add:Ang_Point_swap)
from assms P31 have P32 : ”Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A2 B1 C2))
add Emp)” by (blast intro: Ang_weektrans Ang_rev Eq_rev)
have P33 : ”Line_on (Li B1 C2) B1” by (simp add:Line_on_rule)
have P34 : ”Line_on (Li B1 C2) C2” by (simp add:Line_on_rule)
from P8 P26 P27 P33 P34 have "Eq (Geos (Lin (Li B1 C2)) add Emp) (Geos (Lin (Li B1 C1)) add
Emp)” by (simp add:Line_unique)
then have P35 : ”Line_on (Li B1 C2) A2 = Line_on (Li B1 C1) A2” by (simp add:Line_on_trans)
from P20 P35 have P36 : ”— Line_on (Li B1 C2) A2” by blast
from P11 P36 have “Def (Ang (An B1 C2 A2))” by (simp add:Ang_sinple_def)
then have P37 : ”"Def (Ang (An A2 B1 C2))” by (blast intro:Ang_def_rev Ang_def_inv)
from P6 P11 P21 P30 P31 P32 P37 show ”3Jp q. Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang
(An p B1 q)) add Emp)
A Eq (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang (An p B1 q)) add Emp)
A Eq (Geos (Seg (Se B A)) add Emp) (Geos (Seg (Se B1 p)) add Emp) A Line_on (Li B1 Al) p A
— Bet_Point (Se p Al) Bl
A Eq (Geos (Seg (Se B C)) add Emp) (Geos (Seg (Se B1 q)) add Emp) A Line_on (Li B1 C1) g A
— Bet_Point (Se q C1) B1 A Def (Ang (An p Bl q))”
by blast
ged

theorem (in Congruence_Rule) Tri_isosceles:
assumes
”Def (Tri (Tr A B C))”
“Eq (Geos (Seg (Se A B)) add Emp) (Geos (Seg (Se A C)) add Emp)”
shows ”Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A C B)) add Emp)”
proof -
from assms have P1 : ”Eq (Geos (Seg (Se A C)) add Emp) (Geos (Seg (Se A B)) add Emp)” by (simp
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add:Eq.rev)

have P2 : ”Cong (Geos (Ang (An B A C)) add Emp) (Geos (Ang (An C A B)) add Emp)” by (simp
add:Ang_roll)

from assms have "Def (Tri (Tr C B A))” by (simp add:Tri_def _rev)

then have P3 : “Def (Tri (Tr A C B))” by (simp add:Tri_def_trans)

from assms P1 P2 P3 have P4 : ”Cong (Geos (Ang (An C B A)) add Emp) (Geos (Ang (An B C A))
add Emp)” by (simp add:Tri_week _SAS)

have P5 : "Eq (Geos (Ang (An C B A)) add Emp) (Geos (Ang (An A B C)) add Emp)” by (simp
add: Ang_roll)

from P4 P5 have P6 : "Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An B C A)) add Emp)”
by (blast intro: Ang_weektrans Eq_rev)

have P7 : ”Eq (Geos (Ang (An B C A)) add Emp) (Geos (Ang (An A C B)) add Emp)” by (simp
add:Ang_roll)

from P6 P7 show "Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A C B)) add Emp)” by
(blast intro:Ang_weektrans Eq_rev Ang_rev)
ged

lemma (in Congruence_Rule) Tri_week_ASA :
assumes N :
”Def (Tri (Tr A B C))”
”Def (Tri (Tr A1 B1 C1))”
“Eq (Geos (Seg (Se A B)) add Emp) (Geos (Seg (Se Al B1)) add Emp)”
”Cong (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An C1 Al B1)) add Emp)”
”Cong (Geos (Ang (An C B A)) add Emp) (Geos (Ang (An C1 B1 Al)) add Emp)”
shows ”—— Eq (Geos (Seg (Se B C)) add Emp) (Geos (Seg (Se B1 C1)) add Emp)”
proof
assume W : ”— Eq (Geos (Seg (Se B C)) add Emp) (Geos (Seg (Se B1 C1)) add Emp)”
have P1 : "Line_on (Li B1 C1) B1” by (simp add:Line_on_rule)
have P2 : "Line_on (Li B1 C1) C1” by (simp add:Line_on_rule)
from assms have P3 : ”— Eq (Geos (Poi B1) add Emp) (Geos (Poi C1) add Emp)” by (simp add:Tri_def)
from assms have P4 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)” by (simp add:Tri_def)
from P1 P2 P3 P4 have ”Jp. Eq (Geos (Seg (Se B C)) add Emp) (Geos (Seg (Se B1 p)) add Emp)
A — Bet_Point (Se p C1) B1 A Line_on (Li B1 C1) p A — Eq (Geos (Poi B1) add Emp) (Geos (Poi
p) add Emp)” by (simp add:Seg_move_sameside)
then obtain D1 :: Point where P5 : ”Eq (Geos (Seg (Se B C)) add Emp) (Geos (Seg (Se B1 D1)) add
Emp)
A — Bet_Point (Se D1 C1) B1 A Line_on (Li B1 C1) D1 A = Eq (Geos (Poi B1) add Emp) (Geos
(Poi D1) add Emp)” by blast
from W have P6 : ”— Eq (Geos (Seg (Se B1 C1)) add Emp) (Geos (Seg (Se B C)) add Emp)” by (blast
intro:Eq_rev)
from P5 P6 have ”— Eq (Geos (Seg (Se B1 C1)) add Emp) (Geos (Seg (Se B1 D1)) add Emp)” by
(simp add:Eq_not_trans)
then have P7 : ”— Eq (Geos (Poi C1) add Emp) (Geos (Poi D1) add Emp)”
by (simp add:Seg_not_Eq_Point)
from assms have P8 : "= Line_on (Li B1 C1) A1” by (simp add:Tri_def_Line)
from P5 have P9 : ”Line_on (Li B1 C1) D1” by simp
then have P10 : "Eq (Geos (Poi D1) add Emp) (Geos (Poi A1) add Emp) = Line_on (Li B1 C1) A1”
by (simp add:Point_Eq)
from P8 P10 have P11 : = Eq (Geos (Poi D1) add Emp) (Geos (Poi A1) add Emp)” by blast
from assms have P12 : 7= Eq (Geos (Poi Al) add Emp) (Geos (Poi B1) add Emp)” by (simp
add:Tri_def)
have P13 : ”Line_on (Li A1 B1) B1” by (simp add:Line_on_rule)
from P5 have P14 : = Eq (Geos (Poi B1) add Emp) (Geos (Poi D1) add Emp)” by simp
from assms P7 P9 P14 have "Def (Tri (Tr A1 B1 D1))” by (blast intro: Tri_def_extension)
then have ”"Def (Tri (Tr D1 B1 A1))” by (simp add:Tri_def_rev)
then have P15 : ”Def (Tri (Tr B1 A1 D1))” by (simp add:Tri_def _trans)
from assms have P16 : ”Def (Tri (Tr B A C))” by (blast intro:Tri_def_rev Tri_def_trans)
from assms have P17 : "Eq (Geos (Seg (Se B A)) add Emp) (Geos (Seg (Se B1 Al)) add Emp)” by
(blast intro:Seg_rev Eq_trans)
from P5 have P18 : Eq (Geos (Seg (Se B C)) add Emp) (Geos (Seg (Se B1 D1)) add Emp)” by simp
have P19 : "Line_on (Li B1 A1) A1” by (simp add:Line_on_rule)
from assms have ”Def (Tri (Tr C1 B1 A1))” by (simp add:Tri_def_rev)
then have P20 : ”Def (Ang (An C1 B1 Al))” by (simp add:Tri_to_Ang)
have P21 : ”Line_on (Li B1 A1) A1” by (simp add:Line_on_rule)
have P22 : ”— Bet_Point (Se A1 A1) B1” by (simp add:Bet_end_Point)
from P5 have P23 : ”— Bet_Point (Se C1 D1) B1” by (blast intro:Bet_rev)
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from P12 have P24 : - Eq (Geos (Poi B1) add Emp) (Geos (Poi Al) add Emp)” by (blast in-
tro:Eq_rev)

from P9 P14 P19 P20 P21 P22 P23 P24 have P25 : "Eq (Geos (Ang (An C1 B1 Al)) add Emp) (Geos
(Ang (An D1 B1 Al)) add Emp)” by (simp add:Ang_Point_swap)

from assms P25 have P26 : "Cong (Geos (Ang (An C B A)) add Emp) (Geos (Ang (An D1 B1 Al))
add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)

have P27 : "Eq (Geos (Ang (An C B A)) add Emp) (Geos (Ang (An A B C)) add Emp)” by (simp
add:Ang_roll)

from P26 P27 have P28 : ”Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An D1 B1 Al)) add
Emp)” by (blast intro:Ang_weektrans Eq_rev)

have P29 : ”Eq (Geos (Ang (An D1 B1 Al)) add Emp) (Geos (Ang (An Al B1 D1)) add Emp)” by
(simp add:Ang_roll)

from P28 P29 have P30 : "Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A1 B1 D1)) add
Emp)” by (blast intro:Ang_weektrans Eq_rev Ang_rev)

from P15 P16 P17 P18 P30 have P31 : ”Cong (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An
D1 Al B1)) add Emp)” by (simp add: Tri_week _SAS)

from P1 P2 P3 P5 P8 P23 have P32 : “Plane_sameside (Li A1 B1) C1 D1 V Eq (Geos (Poi C1) add
Emp) (Geos (Poi D1) add Emp)” by (simp add:Seg_Plane_sameside)

from assms P31 have P33 : ”Plane_sameside (Li A1 B1) C1 D1 = Eq (Geos (Lin (Li C1 Al)) add
Emp) (Geos (Lin (Li D1 Al)) add Emp)” by (simp add: Ang_move_unique)

from assms have ”— Eq (Geos (Poi C1) add Emp) (Geos (Poi A1) add Emp)” by (simp add:Tri_def)

then have P34 : ”Eq (Geos (Lin (Li C1 Al)) add Emp) (Geos (Lin (Li A1 C1)) add Emp)” by (simp
add:Line_rev)

from P11 have P35 : ”Eq (Geos (Lin (Li D1 Al)) add Emp) (Geos (Lin (Li Al D1)) add Emp)” by
(simp add:Line_rev)

from P33 P34 P35 have P36 : ’Plane_sameside (Li A1 B1) C1 D1 = Eq (Geos (Lin (Li A1 C1)) add
Emp) (Geos (Lin (Li A1 D1)) add Emp)” by (blast intro:Eq_trans Eq_rev)

have P37 : ”Line_on (Li A1 C1) C1” by (simp add:Line_on_rule)

have P38 : ”Line_on (Li A1 C1) A1” by (simp add:Line_on_rule)

have P39 : ”Line_on (Li A1 D1) D1” by (simp add:Line_on_rule)

have P40 : ”Line_on (Li A1 D1) A1” by (simp add:Line_on_rule)

from P37 have P41 : "Eq (Geos (Poi C1) add Emp) (Geos (Poi D1) add Emp) = Line_on (Li Al
C1) D1” by (simp add:Point_Eq)

from P11 P38 P39 P40 P41 have P42 : ”Eq (Geos (Poi C1) add Emp) (Geos (Poi D1) add Emp) —>

Eq (Geos (Lin (Li A1 C1)) add Emp) (Geos (Lin (Li A1 D1)) add Emp)” by (simp add:Line_unique)

from P32 P36 P42 have P43 : "Eq (Geos (Lin (Li Al C1)) add Emp) (Geos (Lin (Li A1 D1)) add
Emp)” by blast

from P2 P7 P9 P37 have P44 : "Line_on (Li Al C1) D1 = Eq (Geos (Lin (Li B1 C1)) add Emp)
(Geos (Lin (Li A1 C1)) add Emp)” by (simp add:Line_unique)

from P1 P44 have P45 : ”Line_on (Li A1 C1) D1 = Line_on (Li A1 C1) B1”

by (simp add:Line_on_trans)

from assms have ”Def (Tri (Tr C1 B1 A1))” by (simp add:Tri_def_rev)

then have P46 : ”— Line_on (Li A1 C1) B1” by (simp add:Tri_def Line)

from P45 P46 have P47 : ”— Line_on (Li A1 C1) D1” by blast

have P48 : “Line_on (Li A1 D1) D1” by (simp add:Line_on_rule)

from P47 P48 have P49 : ”— Eq (Geos (Lin (Li A1 C1)) add Emp) (Geos (Lin (Li A1 D1)) add Emp)”
by (simp add:Line_not_on_Eq)

from P43 P49 show False by blast
ged

theorem (in Congruence_Rule) Tri_SAS:
assumes
”Def (Tri (Tr A B C))”
”Def (Tri (Tr A1 B1 Cl1))”
“Eq (Geos (Seg (Se A B)) add Emp) (Geos (Seg (Se Al B1)) add Emp)”
“Eq (Geos (Seg (Se A C)) add Emp) (Geos (Seg (Se Al C1)) add Emp)”
”Cong (Geos (Ang (An B A C)) add Emp) (Geos (Ang (An B1 Al C1)) add Emp)”
shows ”Cong (Geos (Tri (Tr A B C)) add Emp) (Geos (Tri (Tr A1 B1 C1)) add Emp)”
proof -
from assms have P1 : ”Cong (Geos (Ang (An C B A)) add Emp) (Geos (Ang (An C1 B1 Al)) add
Emp)” by (simp add:Tri_week_SAS)
have P2 : "Eq (Geos (Ang (An B A C)) add Emp) (Geos (Ang (An C A B)) add Emp)” by (simp
add: Ang_roll)
have P3 : ”Eq (Geos (Ang (An C1 Al B1)) add Emp) (Geos (Ang (An B1 Al C1)) add Emp)” by
(simp add:Ang_roll)
from assms P2 have P4 : ”Cong (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An B1 A1 C1)) add
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Emp)” by (blast intro:Ang_weektrans Eq_rev)

from P3 P4 have P5 : "Cong (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An C1 Al B1)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)

from assms P1 P5 have P6 : ”—— Eq (Geos (Seg (Se B C)) add Emp) (Geos (Seg (Se B1 C1)) add
Emp)” by (simp add:Tri_week_ASA)

from assms have P7 : "Eq (Geos (Seg (Se C A)) add Emp) (Geos (Seg (Se C1 Al)) add Emp)” by
(blast intro:Seg_rev Eq_rev Eq-trans)

from assms have P8 : ”Def (Tri (Tr A C B))” by (blast intro: Tri_def_rev Tri_def _trans)

from assms have P9 : ”Def (Tri (Tr A1 C1 B1))” by (blast intro:Tri_def _rev Tri_def_trans)

from assms P5 P8 P9 have P10 : ”Cong (Geos (Ang (An B C A)) add Emp) (Geos (Ang (An B1 C1
Al)) add Emp)” by (simp add:Tri-week_SAS)

have P11 : ”Eq (Geos (Ang (An B C A)) add Emp) (Geos (Ang (An A C B)) add Emp)” by (simp
add:Ang_roll)

have P12 : ”Eq (Geos (Ang (An B1 C1 Al)) add Emp) (Geos (Ang (An Al C1 B1)) add Emp)” by
(simp add:Ang_roll)

from P10 P11 have P13 : ”Cong (Geos (Ang (An A C B)) add Emp) (Geos (Ang (An B1 C1 Al)) add
Emp)” by (blast intro:Ang_weektrans Eq_rev)

from P10 P12 P13 have P14 : "Cong (Geos (Ang (An A C B)) add Emp) (Geos (Ang (An Al C1 B1))
add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)

from assms P1 P6 P7 P14 show ”Cong (Geos (Tri (Tr A B C)) add Emp) (Geos (Tri (Tr A1 B1 C1))
add Emp)” by (simp add:Tri_Cong_def)
ged

theorem (in Congruence_Rule) Tri_ASA:
assumes
”Def (Tri (Tr A B C))”
”Def (Tri (Tr A1 B1 C1))”
“Eq (Geos (Seg (Se A B)) add Emp) (Geos (Seg (Se Al B1)) add Emp)”
”Cong (Geos (Ang (An C B A)) add Emp) (Geos (Ang (An C1 B1 Al)) add Emp)”
”Cong (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An C1 Al B1)) add Emp)”
shows ”Cong (Geos (Tri (Tr A B C)) add Emp) (Geos (Tri (Tr A1 B1 C1)) add Emp)”
proof -
from assms have P1 : "Eq (Geos (Seg (Se B A)) add Emp) (Geos (Seg (Se B1 Al)) add Emp)” by
(blast intro:Seg_rev Eq_rev Eq_trans)
from assms have P2 : ”Def (Tri (Tr B A C))” by (blast intro: Tri_def_rev Tri_def _trans)
from assms have P3 : ”Def (Tri (Tr B1 A1 C1))” by (blast intro:Tri_def rev Tri_def_trans)
from assms P1 P2 P3 have P4 : ”—— Eq (Geos (Seg (Se A C)) add Emp) (Geos (Seg (Se A1 C1)) add
Emp)” by (simp add:Tri_week_ASA)
have P5 : ”Eq (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An B A C)) add Emp)” by (simp
add:Ang_roll)
have P6 : ”Eq (Geos (Ang (An C1 Al B1)) add Emp) (Geos (Ang (An B1 Al C1)) add Emp)” by
(simp add:Ang_roll)
from assms P5 have P7 : ”Cong (Geos (Ang (An B A C)) add Emp) (Geos (Ang (An C1 Al B1)) add
Emp)” by (blast intro:Ang_weektrans Eq_rev)
from P6 P7 have P8 : "Cong (Geos (Ang (An B A C)) add Emp) (Geos (Ang (An B1 Al C1)) add
Emp)” by (blast intro:Ang_weektrans Eq_rev Ang_rev)
from assms P1 P4 P8 show "Cong (Geos (Tri (Tr A B C)) add Emp) (Geos (Tri (Tr A1 B1 C1)) add
Emp)” by (simp add:Tri_SAS)
ged

theorem (in Congruence_Rule) Ang_complementary :
assumes
”Def (Ang (An A B C))”
”Def (Ang (An A1 B1 C1))”
”Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An Al B1 C1)) add Emp)”
”Bet_Point (Se A D) B”
”Bet_Point (Se A1 D1) B1”
shows
”Cong (Geos (Ang (An C B D)) add Emp) (Geos (Ang (An C1 B1 D1)) add Emp)”
proof -
from assms have ”Jp. Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An p B1 C1)) add Emp)
A Eq (Geos (Ang (An Al B1 Cl1)) add Emp) (Geos (Ang (An p B1 C1)) add Emp)
A Eq (Geos (Seg (Se B A)) add Emp) (Geos (Seg (Se B1 p)) add Emp)
A Line_on (Li B1 Al) p A — Bet_Point (Se p Al) Bl A Def (Ang (An p B1 C1))” by (simp
add:Ang_replace)
then obtain A2 :: Point where P1 : ”Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A2 Bl
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C1)) add Emp)
A Eq (Geos (Seg (Se B A)) add Emp) (Geos (Seg (Se B1 A2)) add Emp) A Line_on (Li B1 A1) A2
A = Bet_Point (Se A2 A1) B1 A Def (Ang (An A2 B1 C1))” by blast
from assms P1 have ”Jp. Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A2 B1 p)) add
Emp)
A Eq (Geos (Ang (An A2 B1 C1)) add Emp) (Geos (Ang (An A2 B1 p)) add Emp)
A Eq (Geos (Seg (Se B C)) add Emp) (Geos (Seg (Se B1 p)) add Emp)
A Line_on (Li B1 C1) p A = Bet_Point (Se p C1) B1 A Def (Ang (An A2 B1 p))” by (simp
add:Ang_replace)
then obtain C2 :: Point where P2 : ”Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A2 B1
C2)) add Emp)
A Eq (Geos (Seg (Se B C)) add Emp) (Geos (Seg (Se B1 C2)) add Emp) A Line_on (Li B1 C1) C2
A = Bet_Point (Se C2 C1) B1 A Def (Ang (An A2 B1 C2))” by blast
from assms have ”Def (Tri (Tr A B C))” by (simp add:Ang_to_Tri)
then have P3 : ”Def (Tri (Tr B A C))” by (blast intro:Tri_def_rev Tri_def_trans)
from P2 have "Def (Tri (Tr A2 B1 C2))” by (simp add:Ang_to_Tri)
then have P4 : ”Def (Tri (Tr B1 A2 C2))” by (blast intro:Tri_def rev Tri_def_trans)
from P1 P2 P3 P4 have P5 : "Cong (Geos (Tri (Tr B A C)) add Emp) (Geos (Tri (Tr B1 A2 C2)) add
Emp)” by (simp add:Tri_SAS)
then have P6 : "Eq (Geos (Seg (Se A C)) add Emp) (Geos (Seg (Se A2 C2)) add Emp)” by (simp
add:Tri_Cong_def)
from P5 have P7 : ”Cong (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An C2 A2 B1)) add Emp)”
by (simp add:Tri_Cong_def)
have P8 : "Line_on (Li B1 D1) B1” by (simp add:Line_on_rule)
from assms have P9 : ”Line_on (Li A1 D1) B1” by (simp add:Line_Bet_on)
from assms have pl0 : ”— Eq (Geos (Poi B1) add Emp) (Geos (Poi Al) add Emp)” by (simp
add:Bet_Point_def)
from assms have P11 : ”Line_on (Li B1 A1) D1” by (simp add:Line_Bet_on)
have P12 : ”Line_on (Li B1 D1) D1” by (simp add:Line_on_rule)
have P13 : ”Line_on (Li B1 A1) B1” by (simp add:Line_on_rule)
from assms have P14 : 7= Eq (Geos (Poi D1) add Emp) (Geos (Poi B1) add Emp)” by (simp
add:Bet_Point_def)
from P8 P11 P12 P13 P14 have P15 : ”Eq (Geos (Lin (Li B1 Al)) add Emp) (Geos (Lin (Li B1 D1))
add Emp)” by (simp add:Line_unique)
from P1 P15 have P16 : ”Line_on (Li B1 D1) A2” by (simp add:Line_on_trans)
from P4 have P17 : ”— Eq (Geos (Poi B1) add Emp) (Geos (Poi A2) add Emp)” by (simp add:Tri_def)
from assms have P18 : "= Eq (Geos (Poi D) add Emp) (Geos (Poi B) add Emp)”
by (simp add:Bet_Point_def)
then have P19 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp)” by (blast intro:Eq_rev)
from P8 P16 P17 P19 have ”dp. Eq (Geos (Seg (Se B D)) add Emp) (Geos (Seg (Se B1 p)) add Emp)
A Bet_Point (Se p A2) B1 A Line_on (Li B1 D1) p A = Eq (Geos (Poi B1) add Emp) (Geos (Poi p)
add Emp)” by (simp add:Seg_move _diffside)
then obtain D2 :: Point where P20 : ”Eq (Geos (Seg (Se B D)) add Emp) (Geos (Seg (Se B1 D2)) add
Emp)
A Bet_Point (Se D2 A2) B1 A Line_on (Li B1 D1) D2 A = Eq (Geos (Poi B1) add Emp) (Geos (Poi
D2) add Emp)” by blast
from P1 have P21 : ”Eq (Geos (Seg (Se A B)) add Emp) (Geos (Seg (Se A2 B1)) add Emp)” by (blast
intro:Seg_rev Eq_trans)
from P20 have P22 : ”Bet_Point (Se A2 D2) B1” by (blast intro:Bet_rev)
from assms P20 P21 P22 have P23 : ”Eq (Geos (Seg (Se A D)) add Emp) (Geos (Seg (Se A2 D2)) add
Emp)” by (blast intro:Seg_Bet_add)
from P3 have P24 : ”Def (Tri (Tr C A B))” by (blast intro: Tri_def_rev)
from assms have P25 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp)”
by (simp add:Bet_Point_def)
from assms have P26 : ”Line_on (Li A B) D” by (simp add:Line_Bet_on)
from P24 P25 P26 have P27 : ”Def (Tri (Tr C A D))” by (simp add:Tri_def_extension)
from P4 have P28 : ”Def (Tri (Tr C2 A2 B1))” by (blast intro:Tri_def_rev)
from P22 have P29 : ”— Eq (Geos (Poi A2) add Emp) (Geos (Poi D2) add Emp)”
by (simp add:Bet_Point_def)
from P22 have P30 : ”"Line_on (Li A2 B1) D2” by (simp add:Line_Bet_on)
from P28 P29 P30 have P31 : ”Def (Tri (Tr C2 A2 D2))” by (simp add:Tri_def_extension)
from P24 have P32 : "Def (Ang (An C A B))” by (simp add:Tri_to_Ang)
from P27 have P33 : ”Def (Ang (An C A D))” by (simp add:Tri_to_Ang)
have P34 : ”Line_on (Li A C) C” by (simp add:Line_on_rule)
have P35 : 7= Bet_Point (Se C C) A” by (simp add:Bet_end_Point)
from assms have “Inv (Bet_Point (Se D B) A)” by (simp add:Bet_iff)
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then have ”— Bet_Point (Se D B) A” by (simp add:Inv_def)

then have P36 : ”— Bet_Point (Se B D) A” by (blast intro:Bet_rev)

from P33 have ”— Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)” by (simp add: Ang_def)

then have P37 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)” by (blast intro:Eq_rev)

from P25 P26 P32 P33 P34 P35 P36 P37 have P38 : "Eq (Geos (Ang (An C A B)) add Emp) (Geos
(Ang (An C A D)) add Emp)” by (simp add: Ang_Point_swap)

from P28 have P39 : ”Def (Ang (An C2 A2 B1))” by (simp add:Tri_to_Ang)

from P31 have P40 : "Def (Ang (An C2 A2 D2))” by (simp add:Tri_to_Ang)

have P41 : ”Line_on (Li A2 C2) C2” by (simp add:Line_on_rule)

have P42 : ”— Bet_Point (Se C2 C2) A2” by (simp add:Bet_end_Point)

from P20 have ”Inv (Bet_Point (Se B1 D2) A2)” by (simp add:Bet_iff)

then have P43 : ”— Bet_Point (Se B1 D2) A2” by (simp add:Inv_def)

from P40 have ”— Eq (Geos (Poi C2) add Emp) (Geos (Poi A2) add Emp)” by (simp add:Ang_def)

then have P44 : - Eq (Geos (Poi A2) add Emp) (Geos (Poi C2) add Emp)” by (blast intro:Eq_rev)

from P29 P30 P39 P40 P41 P42 P43 P44 have P45 : ”Eq (Geos (Ang (An C2 A2 B1)) add Emp) (Geos
(Ang (An C2 A2 D2)) add Emp)” by (simp add:Ang_Point_swap)

from P7 P38 have P46 : "Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An C2 A2 B1)) add
Emp)” by (blast intro:Ang_weektrans Eq_rev)

from P45 P46 have P47 : ”Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An C2 A2 D2)) add
Emp)” by (blast intro:Ang_weektrans Eq_rev Ang_rev)

from P27 have P48 : ”Def (Tri (Tr A C D))” by (blast intro:Tri_def_trans Tri_def_rev)

from P31 have P49 : ”Def (Tri (Tr A2 C2 D2))” by (blast intro:Tri_def_trans Tri_def_rev)

from P6 P23 P47 P48 P49 have P50 : ”Cong (Geos (Tri (Tr A C D)) add Emp) (Geos (Tri (Tr A2 C2
D2)) add Emp)” by (simp add:Tri_SAS)

then have P51 : ”Cong (Geos (Ang (An A D C)) add Emp) (Geos (Ang (An A2 D2 C2)) add Emp)”
by (simp add:Tri_Cong_def)

from P50 have “Eq (Geos (Seg (Se C D)) add Emp) (Geos (Seg (Se C2 D2)) add Emp)” by (simp
add:Tri_Cong_def)

then have P52 : "Eq (Geos (Seg (Se D C)) add Emp) (Geos (Seg (Se D2 C2)) add Emp)” by (blast
intro:Seg_rev Eq_trans)

from assms have P53 : ”Line_on (Li D A) B” by (simp add:Bet_rev Line_Bet_on)

from assms have “Inv (Bet_Point (Se B A) D)” by (simp add:Bet_iff)

then have ”— Bet_Point (Se B A) D by (simp add:Inv_def)

then have P54 : ”— Bet_Point (Se A B) D” by (blast intro:Bet_rev)

have P55 : ”Line_on (Li D C) C” by (simp add:Line_on_rule)

have P56 : ”— Bet_Point (Se C C) D” by (simp add:Bet_end_Point)

from P48 have P57 : "Def (Ang (An A D C))” by (simp add:Tri_to_Ang Ang_def_inv)

from P57 have P58 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi C) add Emp)” by (simp add:Ang_def)

from P18 P53 P54 P55 P56 P57 P58 have P59 : ”Eq (Geos (Ang (An A D C)) add Emp) (Geos (Ang
(An B D C)) add Emp) A Def (Ang (An B D C))” by (simp add:Ang_Point_swap)

from P22 have P60 : ”Line_on (Li D2 A2) B1” by (simp add:Line_Bet_on)

from P20 have Inv (Bet_Point (Se A2 B1) D2)” by (simp add:Bet_iff)

then have P61 : ”— Bet_Point (Se A2 B1) D2” by (simp add:Inv_def)

have P62 : “Line_on (Li D2 C2) C2” by (simp add:Line_on_rule)

have P63 : ”— Bet_Point (Se C2 C2) D2” by (simp add:Bet_end_Point)

from P49 have P64 : "Def (Ang (An A2 D2 C2))” by (simp add:Tri_to_Ang Ang_def_inv)

from P20 have P65 : ”— Eq (Geos (Poi D2) add Emp) (Geos (Poi B1) add Emp)” by (blast in-
tro:Eq_rev)

from P64 have P66 : ”— Eq (Geos (Poi D2) add Emp) (Geos (Poi C2) add Emp)” by (simp add: Ang_def)

from P60 P61 P62 P63 P64 P65 P66 have P67 : "Eq (Geos (Ang (An A2 D2 C2)) add Emp) (Geos
(Ang (An B1 D2 C2)) add Emp) A Def (Ang (An B1 D2 C2))” by (simp add:Ang_Point_swap)

from P51 P59 have P68 : ”Cong (Geos (Ang (An B D C)) add Emp) (Geos (Ang (An A2 D2 C2)) add
Emp)” by (blast intro:Ang_weektrans Eq_rev)

from P67 P68 have P69 : ”Cong (Geos (Ang (An B D C)) add Emp) (Geos (Ang (An B1 D2 C2)) add
Emp)” by (blast intro:Ang_weektrans Eq_rev Ang_rev)

from P59 have “Def (Tri (Tr B D C))” by (simp add:Ang_to_Tri)

then have P70 : ”Def (Tri (Tr D B C))” by (blast intro:Tri_def _trans Tri_def_rev)

from P67 have "Def (Tri (Tr B1 D2 C2))” by (simp add:Ang_to_Tri)

then have P71 : ”Def (Tri (Tr D2 B1 C2))” by (blast intro: Tri_def_trans Tri_def_rev)

from P20 have “"Eq (Geos (Seg (Se B D)) add Emp) (Geos (Seg (Se B1 D2)) add Emp)” by simp

then have P72 : "Eq (Geos (Seg (Se D B)) add Emp) (Geos (Seg (Se D2 B1)) add Emp)” by (blast
intro:Seg_rev Eq_trans)

from P52 P69 P70 P71 P72 have "Cong (Geos (Tri (Tr D B C)) add Emp) (Geos (Tri (Tr D2 B1 C2))
add Emp)” by (simp add:Tri_SAS)

then have P73 : "Cong (Geos (Ang (An C B D)) add Emp) (Geos (Ang (An C2 B1 D2)) add Emp)”
by (simp add:Tri_Cong_def)
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from P71 have “Def (Tri (Tr C2 B1 D2))” by (blast intro:Tri_def_rev)
then have P74 : ”Def (Ang (An C2 B1 D2))” by (simp add:Tri_to_Ang)
from assms have P75 : 7= Eq (Geos (Poi B1) add Emp) (Geos (Poi C1) add Emp)” by (simp
add:Ang_def)
from P71 have P76 : ”— Eq (Geos (Poi B1) add Emp) (Geos (Poi C2) add Emp)” by (simp add:Tri_def)
from P2 P75 P76 have P77 : “Line_on (Li B1 C2) C1” by (simp add:Line_on_rev)
from P14 have P78 : ”— Eq (Geos (Poi B1) add Emp) (Geos (Poi D1) add Emp)” by (blast in-
tro:Eq_rev)
from P74 have P79 : ”— Eq (Geos (Poi B1) add Emp) (Geos (Poi D2) add Emp)” by (simp add:Ang_def)
from P20 P78 P79 have P80 : ”Line_on (Li B1 D2) D1” by (simp add:Line_on_rev)
from assms have ”— Eq (Geos (Lin (Li B1 A1)) add Emp) (Geos (Lin (Li B1 C1)) add Emp)” by (simp
add:Ang_def)
then have P81 : ”— Eq (Geos (Lin (Li B1 C1)) add Emp) (Geos (Lin (Li B1 Al)) add Emp)” by (blast
intro:Eq_rev)
have P82 : ”Line_on (Li A1 D1) D1” by (simp add:Line_on_rule)
from P9 P11 P13 P14 P82 have P83 : "Eq (Geos (Lin (Li B1 Al)) add Emp) (Geos (Lin (Li A1 D1))
add Emp)” by (simp add:Line_unique)
from P81 P83 have P84 : ”— Eq (Geos (Lin (Li B1 C1)) add Emp) (Geos (Lin (Li A1 D1)) add Emp)”
by (simp add:Eq_not_trans)
then have P85 : ”— Eq (Geos (Lin (Li A1 D1)) add Emp) (Geos (Lin (Li B1 C1)) add Emp)” by (blast
intro:Eq_rev)
have P86 : ”Line_on (Li B1 C1) B1” by (simp add:Line_on_rule)
from assms P85 P86 have P87 : ”Plane_diffside (Li B1 C1) A1 D1” by (simp add:Plane_Bet_diffside)
then have P88 : ”Plane_diffside (Li B1 C1) D1 A1” by (simp add:Plane_diffside_rev)
have P89 : ”"Bet_Point (Se D2 D1) Bl = Line_on (Li D2 D1) B1” by (simp add:Line_Bet_on)
have P90 : “Line_on (Li D2 D1) D1” by (simp add:Line_on_rule)
from P9 P14 P82 P89 P90 have P91 : "Bet_Point (Se D2 D1) Bl = Eq (Geos (Lin (Li A1 D1)) add
Emp) (Geos (Lin (Li D2 D1)) add Emp)” by (simp add:Line_unique)
from P84 P91 have ”Bet_Point (Se D2 D1) Bl = — Eq (Geos (Lin (Li B1 C1)) add Emp) (Geos (Lin
(Li D2 D1)) add Emp)” by (simp add:Eq_not_trans)
then have P92 : ”Bet_Point (Se D2 D1) Bl = — Eq (Geos (Lin (Li D2 D1)) add Emp) (Geos (Lin
(Li B1 C1)) add Emp)” by (blast intro:Eq_rev)
from P86 P92 have “Bet_Point (Se D2 D1) B1 = Plane_diffside (Li B1 C1) D2 D1” by (simp
add:Plane_Bet_diffside)
then have P93 : ”Bet_Point (Se D2 D1) Bl = Plane_diffside (Li B1 C1) D1 D2”
by (simp add:Plane_diffside_rev)
from P20 have "Eq (Geos (Poi D2) add Emp) (Geos (Poi Al) add Emp) = Bet_Point (Se Al A2)
B1” by (blast intro:Bet_Point_Eq)
then have P94 : ”Eq (Geos (Poi D2) add Emp) (Geos (Poi Al) add Emp) = Bet_Point (Se A2 Al)
B1” by (simp add:Bet_rev)
from P1 P94 have P95 : ”— Eq (Geos (Poi Al) add Emp) (Geos (Poi D2) add Emp)” by (blast in-
tro:Eq_rev)
from P88 P93 P95 have ”"Bet_Point (Se D2 D1) Bl = Plane_sameside (Li B1 C1) A1 D2” by (blast
intro:Plane _trans_inv)
then have P96 : ”Bet_Point (Se D2 D1) Bl = Plane_sameside (Li B1 C1) D2 A1” by (simp
add:Plane_sameside_rev)
from P1 have "Def (Tri (Tr A2 B1 C1))” by (simp add:Ang_to_Tri)
then have P97 : ”— Line_on (Li B1 C1) A2” by (simp add:Tri_def_Line)
have ”Line_on (Li D2 A2) A2” by (simp add:Line_on_rule)
then have P98 : "Eq (Geos (Lin (Li D2 A2)) add Emp) (Geos (Lin (Li B1 C1)) add Emp) = Line_on
(Li B1 C1) A2” by (simp add:Line_on_trans)
from P97 P98 have P99 : - Eq (Geos (Lin (Li D2 A2)) add Emp) (Geos (Lin (Li B1 C1)) add Emp)”
by blast
yfrom P20 have P100 : "Bet_Point (Se D2 A2) B1” by simp
from P86 P99 P100 have P101 : Plane_diffside (Li B1 C1) D2 A2” by (simp add:Plane_Bet_diffside)
from P96 P101 have ”— Eq (Geos (Poi Al) add Emp) (Geos (Poi A2) add Emp) = Bet_Point (Se
D2D1)Bl =
Plane_diffside (Li B1 C1) A1 A2” by (simp add:Plane_trans)
then have P102 : ”— Eq (Geos (Poi A1) add Emp) (Geos (Poi A2) add Emp) = Bet_Point (Se D2
D1)Bl —
— Plane_sameside (Li B1 C1) A1 A2” by (simp add:Plane_diffside_not_sameside)
have P103 : ”Line_on (Li B1 A1) A1” by (simp add:Line_on_rule)
from assms have ”Def (Tri (Tr C1 B1 A1))” by (simp add:Ang_to_Tri Tri_def _rev)
then have P104 : ”— Line_on (Li B1 A1) C1” by (simp add:Tri_def_Line)
from P4 have P105 : ”— Eq (Geos (Poi B1) add Emp) (Geos (Poi A2) add Emp)” by (simp add: Tri_def)
from P1 p10 P13 P103 P104 P105 have P106 : “Plane_sameside (Li C1 B1) A2 A1 V Eq (Geos (Poi
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A2) add Emp) (Geos (Poi A1) add Emp)” by (simp add:Seg_Plane_sameside)

from assms have ”— Eq (Geos (Poi B1) add Emp) (Geos (Poi C1) add Emp)” by (simp add:Ang_def)

then have P107 : "Eq (Geos (Lin (Li C1 B1)) add Emp) (Geos (Lin (Li B1 C1)) add Emp)” by (simp
add:Line_rev Eq_rev)

from P106 P107 have P108 : ”Plane_sameside (Li B1 C1) A1 A2 V Eq (Geos (Poi Al) add Emp)
(Geos (Poi A2) add Emp)” by (blast intro:Plane_sameside_rev Plane_Line_trans Eq_rev)

from P102 P108 have P109 : ”— Eq (Geos (Poi Al) add Emp) (Geos (Poi A2) add Emp) — -
Bet_Point (Se D2 D1) B1” by blast

from P22 have P110 : ”Eq (Geos (Poi A1) add Emp) (Geos (Poi A2) add Emp) = Bet_Point (Se Al
D2) B1” by (blast intro:Bet_Point_Eq Eq_rev)

then have P111 : "Eq (Geos (Poi A1) add Emp) (Geos (Poi A2) add Emp) = Line_on (Li Al D2)
B1” by (simp add:Line_Bet_on)

have P112 : ”Line_on (Li A1 D2) A1” by (simp add:Line_on_rule)

have P113 : ”Line_on (Li A1 D1) A1” by (simp add:Line_on_rule)

from p10 have P114 : ”— Eq (Geos (Poi Al) add Emp) (Geos (Poi B1) add Emp)” by (blast in-
tro:Eq_rev)

from P9 P111 P112 P113 P114 have P115 : ”Eq (Geos (Poi A1) add Emp) (Geos (Poi A2) add Emp)
—> Eq (Geos (Lin (Li A1 D1)) add Emp) (Geos (Lin (Li A1 D2)) add Emp)” by (simp add:Line_unique)

from P84 P115 have "Eq (Geos (Poi A1) add Emp) (Geos (Poi A2) add Emp) = — Eq (Geos (Lin
(Li B1 C1)) add Emp) (Geos (Lin (Li A1 D2)) add Emp)” by (simp add:Eq_not_trans)

then have P116 : "Eq (Geos (Poi A1) add Emp) (Geos (Poi A2) add Emp) = — Eq (Geos (Lin (Li
A1 D2)) add Emp) (Geos (Lin (Li B1 C1)) add Emp)” by (blast intro:Eq_rev)

from P86 P110 P116 have P117 : ”Eq (Geos (Poi Al) add Emp) (Geos (Poi A2) add Emp) —
Plane_diffside (Li B1 C1) A1 D2” by (simp add:Plane_Bet_diffside)

have “Eq (Geos (Poi Al) add Emp) (Geos (Poi A2) add Emp) = Bet_Point (Se D2 D1) Bl = —
Eq (Geos (Poi D2) add Emp) (Geos (Poi D1) add Emp)” by (simp add:Bet_Point_def)

then have P118 : ”Eq (Geos (Poi A1) add Emp) (Geos (Poi A2) add Emp) = Bet_Point (Se D2 D1)
Bl =

- Eq (Geos (Poi D1) add Emp) (Geos (Poi D2) add Emp)” by (blast intro:Eq_rev)

from P87 P117 P118 have P119 : ”"Eq (Geos (Poi Al) add Emp) (Geos (Poi A2) add Emp) —

Bet_Point (Se D2 D1) Bl =
Plane_sameside (Li B1 C1) D1 D2” by (blast intro:Plane_trans_inv)

from P93 have P120 : "Bet_Point (Se D2 D1) Bl = — Plane_sameside (Li B1 C1) D1 D2” by (simp
add:Plane_diffside_not_sameside)

from P119 P120 have P121 : ”Eq (Geos (Poi A1) add Emp) (Geos (Poi A2) add Emp) = — Bet_Point
(Se D2 D1) B1” by blast

from P109 P121 have P122 : ”— Bet_Point (Se D2 D1) B1” by blast

from P2 P74 P75 P77 P78 P80 P122 have P123 : ”Eq (Geos (Ang (An C2 B1 D2)) add Emp) (Geos
(Ang (An C1 B1 D1)) add Emp)” by (simp add:Ang_Point_swap)

from P73 P123 show "Cong (Geos (Ang (An C B D)) add Emp) (Geos (Ang (An C1 B1 D1)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
ged

theorem (in Congruence_Rule) Ang_vertical :
assumes
”Def (Ang (An A B C))”
”Bet_Point (Se A D) B”
”Bet_Point (Se CE) B”
shows ”Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An D B E)) add Emp)”
and ”Cong (Geos (Ang (An C B D)) add Emp) (Geos (Ang (An A B E)) add Emp)”
proof -
have P1 : ”Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An C B A)) add Emp)” by (simp
add:Ang_roll)
from assms have P2 : "Def (Ang (An C B A))” by (simp add: Ang_def_rev)
from assms P1 P2 show ”Cong (Geos (Ang (An C B D)) add Emp) (Geos (Ang (An A B E)) add
Emp)” by (simp add:Ang_complementary)
from assms have P3 : ”Line_on (Li B A) D” by (simp add:Line_Bet_on)
from assms have ”— Eq (Geos (Poi D) add Emp) (Geos (Poi B) add Emp)” by (simp add:Bet_Point_def)
then have P4 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp)” by (blast intro:Eq_rev)
from P2 P3 P4 have P5 : ”Def (Ang (An C B D))” by (simp add: Ang_def_extension)
then have P6 : ”Def (Ang (An D B C))” by (simp add:Ang_def _rev)
have P7 : ”Cong (Geos (Ang (An C B D)) add Emp) (Geos (Ang (An D B C)) add Emp)” by (simp
add: Ang_roll)
from assms have P8 : ”Bet_Point (Se D A) B” by (simp add:Bet_rev)
from assms P5 P6 P7 P8 have P9 : ”Cong (Geos (Ang (An D B E)) add Emp) (Geos (Ang (An C B
A)) add Emp)” by (simp add:Ang_complementary)
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from P1 have P10 : ”Eq (Geos (Ang (An C B A)) add Emp) (Geos (Ang (An A B C)) add Emp)” by
(simp add:Ang_roll)

from P9 P10 show "Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An D B E)) add Emp)” by
(blast intro:Ang_weektrans Ang_rev Eq_rev)
ged

lemma (in Congruence_Rule) Ang_inside_Planeside :
assumes ”Ang_inside (An A B C) D”
shows “Plane _diffside (Li B D) A C”
proof -
from assms have P1 : Plane_sameside (Li B A) C D A Plane_sameside (Li B C) A D” by (simp
add:Ang_inside_def)
then have P2 : ”— Line_on (Li B A) C” by (simp add:Plane_sameside_def)
have P3: “Line_on (Li B A) B” by (simp add:Line_on_rule)
then have P4 : "Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp) = Line_on (Li B A) C” by
(simp add:Point_Eq)
from P2 P4 have P5 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi B) add Emp)” by (blast intro:Eq_rev)
have P6 : "Line_on (Li B C) B” by (simp add:Line_on_rule)
have P7 : "Line_on (Li B C) C” by (simp add:Line_on_rule)
from P5 P6 P7 have ”dp. Bet_Point (Se C p) B A Line_on (Li B C) p” by (simp add:Bet_extension)
then obtain E :: Point where P8 : ”Bet_Point (Se C E) B A Line_on (Li B C) E” by blast
then have P9 : ”Line_on (Li C E) B” by (simp add:Line_Bet_on)
have P10 : ”Line_on (Li C E) C” by (simp add:Line_on _rule)
from P5 P6 P7 P9 P10 have P11 : ”Eq (Geos (Lin (Li B C)) add Emp) (Geos (Lin (Li C E)) add Emp)”
by (simp add:Line_unique)
from P1 have P12 : = Line_on (Li B C) A” by (simp add:Plane_sameside_def)
from P11 P12 have P13 : ”— Line_on (Li C E) A” by (simp add:Line_not_on_trans)
have P14 : ”Line_on (Li B D) B” by (simp add:Line_on_rule)
from P1 have P15 : ”— Line_on (Li B A) D” by (simp add:Plane_sameside_def)
from P3 have P16 : ”Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp) = Line_on (Li B A) D”
by (simp add:Point_Eq)
from P15 P16 have P17 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp)” by blast
from P6 have P18 : ”Eq (Geos (Poi B) add Emp) (Geos (Poi A) add Emp) = Line_on (Li B C) A”
by (simp add:Point_Eq)
from P12 P18 have P19 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi A) add Emp)” by blast
from P17 P19 have P20 : "Line_on (Li B D) A = Line_on (Li B A) D” by (simp add:Line_on_rev)
from P15 P20 have P21 : = Line_on (Li B D) A” by blast
from P1 have P22 : = Line_on (Li B C) D” by (simp add:Plane_sameside_def)
from P5 have P23 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)” by (blast intro:Eq_rev)
from P17 P23 have P24 : ”Line_on (Li B D) C = Line_on (Li B C) D” by (simp add:Line_on_rev)
from P22 P24 have P25 : ”— Line_on (Li B D) C” by blast
from P8 have P26 : ”Bet_Point (Se C E) B” by simp
then have P27 : ”— Eq (Geos (Poi E) add Emp) (Geos (Poi B) add Emp)” by (simp add:Bet_Point_def)
from P8 have P28 : ”Line_on (Li B C) E” by simp
from P6 P14 P27 P28 have P29 : Line_on (Li B D) E = Eq (Geos (Lin (Li B C)) add Emp) (Geos
(Lin (Li B D)) add Emp)” by (simp add:Line_unique)
from P7 P29 have P30 : ”Line_on (Li B D) E = Line_on (Li B D) C” by (simp add:Line_on_trans)
from P25 P30 have P31 : ”— Line_on (Li B D) E” by blast
from P13 P14 P21 P25 P26 P31 have P32 : ”Line_on_Seg (Li B D) (Se C A) A — Line_on_Seg (Li B
D) (SeE A)
V Line_on_Seg (Li B D) (Se E A) A = Line_on_Seg (Li B D) (Se C A)” by (simp add:Pachets_axiom)
have ”Line_on_Seg (Li B D) (Se E A) = Jp. Line_on (Li B D) p A Bet_Point (Se E A) p” by (simp
add:Line_on_Seg_rule)
then obtain F :: Point where P33 : Line_on_Seg (Li B D) (Se E A) = Lineon (Li B D) F A
Bet_Point (Se E A) F” by blast
then have P34 : ”Line_on_Seg (Li B D) (Se E A) =—> Bet_Point (Se A E) F’ by (simp add:Bet_rev)
from P3 have P35 : "Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li A E)) add Emp) = Line_on
(Li A E) B” by (simp add:Line_on_trans)
have P36 : “Line_on (Li A E) E” by (simp add:Line_on_rule)
from P6 P27 P28 P35 P36 have "Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li A E)) add Emp)
=
Eq (Geos (Lin (Li A E)) add Emp) (Geos (Lin (Li B C)) add Emp)” by (simp add:Line_unique)
then have P37 : "Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li A E)) add Emp) —>
Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B C)) add Emp)” by (blast intro:Eq-trans)
have P38 : “Line_on (Li B A) A” by (simp add:Line_on_rule)
from P37 P38 have P39 : "Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B C)) add Emp) —
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Line_on (Li B C) A” by (simp add:Line_on_trans)
from P12 P39 have P40 : - Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B C)) add Emp)” by
blast
from P37 P40 have P41 : ”— Eq (Geos (Lin (Li A E)) add Emp) (Geos (Lin (Li B A)) add Emp)” by
(blast intro:Eq_rev)
from P34 P38 P41 have P42 : ”Line_on_Seg (Li B D) (Se E A) = Plane_sameside (Li B A) E F” by
(simp add:Plane_Bet_sameside Plane_sameside_rev)
from P11 have P43 : ”Eq (Geos (Lin (Li C E)) add Emp) (Geos (Lin (Li B A)) add Emp) = Eq
(Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B C)) add Emp)” by (blast intro:Eq_trans)
from P40 P43 have P44 : ”— Eq (Geos (Lin (Li C E)) add Emp) (Geos (Lin (Li B A)) add Emp)” by
blast
from P3 P26 P44 have P45 : Plane_diffside (Li B A) E C”
by (simp add:Plane_Bet_diffside Plane_diffside_rev)
from P34 have P46 : ”Line_on_Seg (Li B D) (Se E A) => Line_on (Li A E) F’ by (simp add:Line_Bet_on)
have P47 : ”Line_on (Li C E) E” by (simp add:Line_on_rule)
have P48 : ”Line_on (Li A E) A” by (simp add:Line_on_rule)
from P42 P45 have P49 : ”"Line_on_Seg (Li B D) (Se E A) = Plane _diffside (Li B A) F C” by (simp
add:Plane_trans)
from P1 have P50 : ”Plane_sameside (Li B A) C D” by (simp add:Point_Eq)
then have "Eq (Geos (Poi D) add Emp) (Geos (Poi F) add Emp) = Plane_sameside (Li B A) C F”
by (simp add:Point_Eq)
then have "Eq (Geos (Poi D) add Emp) (Geos (Poi F) add Emp) = — Plane_diffside (Li B A) C F”
by (simp add:Plane_sameside_not_diffside)
then have P51 : "Eq (Geos (Poi D) add Emp) (Geos (Poi F) add Emp) = — Plane_diffside (Li B A)
F C” by (blast intro:Plane_diffside_rev)
from P49 P51 have P52 : ”Line_on_Seg (Li B D) (Se E A) = — Eq (Geos (Poi D) add Emp) (Geos
(Poi F) add Emp)” by blast
from P49 P50 have P53 : ”Line_on_Seg (Li B D) (Se E A) = Plane _diffside (Li B A) D F” by (simp
add:Plane_trans Plane_diffside_rev)
from P46 have P54 : ”Line_on_Seg (Li B D) (Se E A) = Eq (Geos (Poi F) add Emp) (Geos (Poi B)
add Emp) =
Line_on (Li A E) B” by (simp add:Point_Eq)
from P26 have P55 : ”Line_on (Li C E) B” by (simp add:Line_Bet_on)
from P27 P36 P47 P54 P55 have P56 : "Line_on_Seg (Li B D) (Se E A) = Eq (Geos (Poi F) add
Emp) (Geos (Poi B) add Emp) —
Eq (Geos (Lin (Li A E)) add Emp) (Geos (Lin (Li C E)) add Emp)” by (simp add:Line_unique)
from P48 P56 have P57 : ”Line_on_Seg (Li B D) (Se E A) = Eq (Geos (Poi F) add Emp) (Geos (Poi
B) add Emp) =
Line_on (Li C E) A” by (simp add:Line_on_trans)
from P13 P57 have P58 : "Line_on_Seg (Li B D) (Se E A) = — Eq (Geos (Poi F) add Emp) (Geos
(Poi B) add Emp)” by blast
have P59 : ”Line_on (Li B D) D” by (simp add:Line_on_rule)
from P14 P17 P33 P52 P58 P59 have P60 : "Line_on_Seg (Li B D) (Se E A) = Bet_Point (Se B F)
D Vv Bet_Point (Se F D) B VV Bet_Point (Se D B) F” by (simp add:Bet_case)
have P61 : ”Line_on (Li B F) B” by (simp add:Line_on_rule)
have P62 : ”Line_on (Li B F) F” by (simp add:Line_on_rule)
from P33 have P63 : ”Line_on_Seg (Li B D) (Se E A) = Line_on (Li B D) F” by simp
from P14 P58 P61 P62 P63 have “Line_on_Seg (Li B D) (Se E A) = Eq (Geos (Lin (Li B F)) add
Emp) (Geos (Lin (Li B D)) add Emp)” by (simp add:Line_unique)
then have P64 : ”Line_on_Seg (Li B D) (Se E A) = Eq (Geos (Lin (Li B F)) add Emp) (Geos (Lin
(Li B A)) add Emp) —
Eq (Geos (Lin (Li B D)) add Emp) (Geos (Lin (Li B A)) add Emp)” by (blast intro:Eq_trans)
from P38 have P65 : "Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B D)) add Emp) = Line_on
(Li B D) A” by (simp add:Line_on_trans)
from P21 P65 have P66 : ”— Eq (Geos (Lin (Li B D)) add Emp) (Geos (Lin (Li B A)) add Emp)” by
(blast intro:Eq_rev)
from P64 P66 have P67 : ”Line_on_Seg (Li B D) (Se E A) = — Eq (Geos (Lin (Li B F)) add Emp)
(Geos (Lin (Li B A)) add Emp)” by blast
from P3 P67 have “Line_on_Seg (Li B D) (Se E A) = Bet_Point (Se B F) D = Plane_sameside (Li
B A) D F” by (simp add:Plane_Bet_sameside Plane_sameside_rev)
then have P68 : “Line_on_Seg (Li B D) (Se E A) = Bet_Point (Se B F) D = — Plane _diffside (Li
B A) D F” by (simp add:Plane_sameside_not_diffside)
from P53 P68 have P69 : ”Line_on_Seg (Li B D) (Se E A) = — Bet_Point (Se B F) D” by blast
have P70 : ”Bet_Point (Se D B) F = Bet_Point (Se B D) F” by (simp add:Bet_rev)
from P3 P66 P70 have "Line_on_Seg (Li B D) (Se E A) = Bet_Point (Se D B) F = Plane_sameside
(Li B A) D F’ by (simp add:Plane_Bet_sameside Plane_sameside_rev)
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then have P71 : “Line_on_Seg (Li B D) (Se E A) = Bet_Point (Se D B) F = — Plane _diffside (Li
B A) D F” by (simp add:Plane_sameside_not_diffside)

from P53 P71 have P72 : ”Line_on_Seg (Li B D) (Se E A) = — Bet_Point (Se D B) F” by blast

from P60 P69 P72 have P73 : "Line_on_Seg (Li B D) (Se E A) = Bet_Point (Se F D) B” by blast

have “Line_on (Li F D) D” by (simp add:Line_on_rule)

then have P74 : ”Eq (Geos (Lin (Li F D)) add Emp) (Geos (Lin (Li B C)) add Emp) = Line_on (Li
B C) D” by (simp add:Line_on_trans)

from P22 P74 have P75 : ”— Eq (Geos (Lin (Li F D)) add Emp) (Geos (Lin (Li B C)) add Emp)” by
blast

from P6 P73 P75 have P76 : "Line_on_Seg (Li B D) (Se E A) = Plane _diffside (Li B C) F D” by
(simp add:Plane_Bet_diffside)

from P33 have P77 : "Line_on_Seg (Li B D) (Se E A) = Bet_Point (Se E A) F” by simp

have “Line_on (Li E A) A” by (simp add:Line_on_rule)

then have P78 : ”Eq (Geos (Lin (Li E A)) add Emp) (Geos (Lin (Li C E)) add Emp) = Line_on (Li
CE) A” by (simp add:Line_on_trans)

from P13 P78 have P79 : ”— Eq (Geos (Lin (Li E A)) add Emp) (Geos (Lin (Li C E)) add Emp)” by
blast

from P47 P77 P79 have P80 : "Line_on_Seg (Li B D) (Se E A) = Plane_sameside (Li C E) F A” by
(simp add:Plane_Bet_sameside)

from P11 P80 have P81 : "Line_on_Seg (Li B D) (Se E A) = Plane_sameside (Li B C) F A” by (blast
intro:Eq_rev Plane_Line_trans)

from P76 P81 have “Line_on_Seg (Li B D) (Se E A) = Plane_diffside (Li B C) A D” by (simp
add:Plane_trans)

then have P82 : ”Line_on_Seg (Li B D) (Se E A) = — Plane_sameside (Li B C) A D” by (simp
add:Plane_diffside_not_sameside)

from P1 P82 have P83 : ”— Line_on_Seg (Li B D) (Se E A)” by blast

from P32 P83 have Line_on_Seg (Li B D) (Se C A)” by blast

then have P84 : ”Jp. Line_on (Li B D) p A Bet_Point (Se C A) p” by (simp add:Line_on_Seg_rule)

from P21 P25 P84 have ”Jp. Bet_Point (Se C A) p A Line_on (Li B D) p A = Line_on (LiBD) C A —
Line_on (Li B D) A” by blast

then have “Plane_diffside (Li B D) C A” by (simp add:Plane_diffside_def)

thus “Plane_diffside (Li B D) A C” by (simp add:Plane_diffside_rev)
qed

lemma (in Congruence_Rule) Ang_inside_Bet_Point :
assumes
”Bet_Point (Se pl p3) p2”
”= Eq (Geos (Lin (Li p4 p1)) add Emp) (Geos (Lin (Li p4 p3)) add Emp)”
”— Eq (Geos (Poi p4) add Emp) (Geos (Poi pl) add Emp)”
”— Eq (Geos (Poi p4) add Emp) (Geos (Poi p3) add Emp)”
shows ”Ang_inside (An p1 p4 p3) p2”
proof -
have P1 : "Line_on (Li p1 p3) p1” by (simp add:Line_on_rule)
have P2 : "Line_on (Li p1 p3) p3” by (simp add:Line_on_rule)
have P3 : "Line_on (Li p4 p1) p4” by (simp add:Line_on_rule)
have P4 : "Line_on (Li p4 p1) p1” by (simp add:Line_on_rule)
have P5 : ”Line_on (Li p4 p3) p4” by (simp add:Line_on_rule)
have P6 : "Line_on (Li p4 p3) p3” by (simp add:Line_on_rule)
from assms have P7 : ”— Eq (Geos (Poi pl) add Emp) (Geos (Poi p3) add Emp)”
by (simp add:Bet_Point_def)
from P2 have P8 : ”Eq (Geos (Lin (Li p1 p3)) add Emp) (Geos (Lin (Li p4 p1)) add Emp) = Line_on
(Li p4 p1) p3” by (simp add:Line_on_trans)
from assms P3 P5 P6 P8 have P9 : ”Eq (Geos (Lin (Li p1 p3)) add Emp) (Geos (Lin (Li p4 pl)) add
Emp) =
Eq (Geos (Lin (Li p4 p1)) add Emp) (Geos (Lin (Li p4 p3)) add Emp)” by (simp add:Line_unique)
from assms P9 have P10 : ”— Eq (Geos (Lin (Li p1 p3)) add Emp) (Geos (Lin (Li p4 p1)) add Emp)”
by blast
from P1 have P11 : ”Eq (Geos (Lin (Li pl p3)) add Emp) (Geos (Lin (Li p4 p3)) add Emp) —
Line_on (Li p4 p3) p1” by (simp add:Line_on_trans)
from assms P3 P4 P5 P11 have P12 : "Eq (Geos (Lin (Li pl p3)) add Emp) (Geos (Lin (Li p4 p3))
add Emp) —
Eq (Geos (Lin (Li p4 p1)) add Emp) (Geos (Lin (Li p4 p3)) add Emp)” by (simp add:Line_unique)
from assms P12 have P13 : ”— Eq (Geos (Lin (Li p1 p3)) add Emp) (Geos (Lin (Li p4 p3)) add Emp)”
by blast
from assms P4 P10 have “Plane_sameside (Li p4 p1) p2 p3” by (simp add:Plane_Bet_sameside)
then have P14 : ”Plane_sameside (Li p4 p1) p3 p2” by (simp add:Plane_sameside_rev)
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from assms have P15 : ”Bet_Point (Se p3 pl) p2” by (simp add:Bet_rev)

from P7 have P16 : ”Eq (Geos (Lin (Li p1 p3)) add Emp) (Geos (Lin (Li p3 p1)) add Emp)” by (simp
add:Line_rev)

from P13 P16 have P17 : ”— Eq (Geos (Lin (Li p3 p1)) add Emp) (Geos (Lin (Li p4 p3)) add Emp)”
by (blast intro:Eq_rev Eq_trans)

from assms P6 P15 P17 have “’Plane_sameside (Li p4 p3) p2 p1” by (simp add:Plane_Bet_sameside)

then have P18 : ”Plane_sameside (Li p4 p3) pl p2” by (simp add:Plane_sameside_rev)

from assms have P19 : 7= Eq (Geos (Poi pl) add Emp) (Geos (Poi p4) add Emp)” by (blast in-
tro:Eq_rev)

from P7 have P20 : "= Eq (Geos (Poi p3) add Emp) (Geos (Poi p1) add Emp)” by (blast intro:Eq_rev)

from assms P19 P20 have P21 : ”Def (Ang (An pl p4 p3))” by (simp add:Ang_def)

from P14 P18 P21 show ”Ang_inside (An p1 p4 p3) p2” by (simp add:Ang_inside_def)
ged

lemma (in Congruence_Rule) Ang_inside_HalfLine :
assumes

”Ang_inside (An A B C) D”

”= Eq (Geos (Poi B) add Emp) (Geos (Poi E) add Emp)”

”Line_on (Li B D) E”

”— Bet_Point (Se E D) B”
shows

”Ang_inside (An AB C) E”

proof -

from assms have P1 : ”Def (Ang (An A B C)) A Plane_sameside (Li B A) C D A Plane_sameside (Li
B C) A D” by (simp add:Ang_inside_def)

have Plane_diffside (Li B A) C E = Jp. Bet_Point (Se CE) p A Line_on (Li B A) p

A — Line_on (Li B A) C A — Line_on (Li B A) E” by (simp add:Plane_diffside_def)
then obtain p1 :: Point where ”Plane_diffside (Li B A) C E = Bet_Point (Se C E) p1” by blast
from assms P1 have “Plane_diffside (Li B A) C E = Plane_diffside (Li B A) D E” by (blast in-

tro:Plane_trans)
then have ”Plane_diffside (Li B A) C E = Jp. Bet_Point (Se D E) p A Line_on (Li B A) p

A = Line_on (Li B A) D A — Line_on (Li B A) E” by (simp add:Plane_diffside_def)

then obtain F :: Point where P2 : Plane_diffside (Li B A) C E = Bet_Point (Se D E) F A Line_on
(Li B A) F” by blast

then have “Plane _diffside (Li B A) C E = Bet_Point (Se E D) F” by (simp add:Bet_rev)

then have P3 : ”Plane_diffside (Li B A) C E = Eq (Geos (Poi F) add Emp) (Geos (Poi B) add Emp)

—> Bet_Point (Se E D) B” by (simp add:Point_Eq)

from assms P3 have P4 : “Plane_diffside (Li B A) C E = — Eq (Geos (Poi F) add Emp) (Geos (Poi
B) add Emp)” by blast

have P5 : "Line_on (Li B D) D” by (simp add:Line_on_rule)

have P6 : "Line_on (Li E D) E” by (simp add:Line_on_rule)

have P7 : "Line_on (Li E D) D” by (simp add:Line_on_rule)

from assms P5 P6 P7 have P8 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) —

Eq (Geos (Lin (Li E D)) add Emp) (Geos (Lin (Li B D)) add Emp)” by (simp add:Line_unique)
from P2 have P9 : ”Plane_diffside (Li B A) C E = Line_on (Li E D) F” by (simp add:Line_Bet_on)
from P8 P9 have P10 : "’Plane_diffside (Li B A) CE =

- Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) = Line_on (Li B D) F” by (simp

add:Line_on_trans)
have P11 : ”Line_on (Li B A) B” by (simp add:Line_on_rule)
have P12 : ”Line_on (Li B D) B” by (simp add:Line_on_rule)
from P2 P4 P10 P11 P12 have P13 : "Plane_diffside (Li B A) CE =
- Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) = Eq (Geos (Lin (Li B D)) add Emp)
(Geos (Lin (Li B A)) add Emp)” by (blast intro:Line_unique)
from P5 P13 have P14 : ”Plane_diffside (Li B A) CE —
- Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) = Line_on (Li B A) D” by (simp
add:Line_on_trans)
from P1 have P15 : = Line_on (Li B A) D” by (simp add:Plane_sameside_def)
from P14 P15 have P16 : "= Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) = — Plane_diffside
(Li B A) CE” by blast
from assms P1 have "Plane_diffside (Li B C) A E = Plane_diffside (Li B C) D E” by (blast in-
tro:Plane_trans)
then have ”Plane_diffside (Li B C) A E = Jp. Bet_Point (Se D E) p A Line_on (Li B C) p

A — Line_on (Li B C) D A — Line_on (Li B C) E” by (simp add:Plane _diffside_def)

then obtain G :: Point where P17 : ”Plane_diffside (Li B C) A E = Bet_Point (Se D E) G A Line_on
(Li B C) G” by blast
then have “Plane_diffside (Li B C) A E = Bet_Point (Se E D) G” by (simp add:Bet_rev)
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then have P18 : "Plane_diffside (Li B C) A E = Eq (Geos (Poi G) add Emp) (Geos (Poi B) add
Emp)
—> Bet_Point (Se E D) B” by (simp add:Point_Eq)
from assms P18 have P19 : ”Plane_diffside (Li B C) A E = — Eq (Geos (Poi G) add Emp) (Geos
(Poi B) add Emp)” by blast
from P17 have P20 : ’Plane_diffside (Li B C) A E = Line_on (Li E D) G” by (simp add:Line_Bet_on)
from P8 P20 have P21 : "Plane_diffside (Li B C) A E =
- Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) = Line_on (Li B D) G” by (simp
add:Line_on_trans)
have P22 : ”Line_on (Li B C) B” by (simp add:Line_on_rule)
from P12 P17 P19 P21 P22 have P23 : "Plane_diffside (Li B C) AE =
= Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp)
—> Eq (Geos (Lin (Li B D)) add Emp) (Geos (Lin (Li B C)) add Emp)” by (blast intro:Line_unique)
from P5 P23 have P24 : "Plane_diffside (Li BC) A E =
- Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) = Line_on (Li B C) D” by (simp
add:Line_on_trans)
from P1 have P25 : = Line_on (Li B C) D” by (simp add:Plane_sameside_def)
from P24 P25 have P26 : "= Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) = — Plane_diffside
(Li B C) A E” by blast
from P1 have P27 : = Line_on (Li B A) C” by (simp add:Plane_sameside_def)
from P8 P12 have P28 : - Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) => Line_on (Li E
D) B” by (blast intro:Line_on_trans Eq_rev)
from assms P6 P11 P28 have P29 : "~ Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) —
Line_on (Li B A) E =
Eq (Geos (Lin (Li E D)) add Emp) (Geos (Lin (Li B A)) add Emp)” by (simp add:Line_unique)
from P7 P29 have P30 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) —-
Line_on (Li B A) E = Line_on (Li B A) D” by (simp add:Line_on_trans)
from P15 P30 have P31 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) —
- Line_on (Li B A) E” by blast
from P1 have P32 : - Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)” by (simp add:Ang_def)
have P33 : ”Line_on (Li B C) C” by (simp add:Line_on_rule)
from P12 P22 P32 P33 have P34 : "Line_on (Li B D) C =
Eq (Geos (Lin (Li B D)) add Emp) (Geos (Lin (Li B C)) add Emp)” by (simp add:Line_unique)
from P5 P34 have P35 : ”Line_on (Li B D) C = Line_on (Li B C) D” by (simp add:Line_on_trans)
from P25 P35 have P36 : ”— Line_on (Li B D) C” by blast
from assms have P37 : "Eq (Geos (Poi E) add Emp) (Geos (Poi C) add Emp) = Line_on (Li B D)
C” by (simp add:Point_Eq)
from P36 P37 have P38 : "= Eq (Geos (Poi C) add Emp) (Geos (Poi E) add Emp)” by (blast in-
tro:Eq_rev)
from P16 P27 P31 P38 have P39 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) —
Plane_sameside (Li B A) C E” by (simp add:Plane_not_diffside_sameside)
from P1 have P40 : ”— Line_on (Li B C) A” by (simp add:Plane_sameside_def)
from assms P6 P22 P28 have P41 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) —
Line_on (LiB C) E =
Eq (Geos (Lin (Li E D)) add Emp) (Geos (Lin (Li B C)) add Emp)” by (simp add:Line_unique)
from P7 P41 have P42 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) —-
Line_on (Li B C) E = Line_on (Li B C) D” by (simp add:Line_on_trans)
from P25 P42 have P43 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) = — Line_on (Li
B C) E” by blast
from P39 have P44 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) = — Line_on (Li B A)
E” by (simp add:Plane_sameside_def)
have “Line_on (Li B A) A” by (simp add:Line_on_rule)
then have P45 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) —-
Eq (Geos (Poi A) add Emp) (Geos (Poi E) add Emp) = Line_on (Li B A) E” by (simp add:Point_Eq)
from P44 P45 have P46 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) —
- Eq (Geos (Poi A) add Emp) (Geos (Poi E) add Emp)” by blast
from P26 P40 P43 P46 have P47 : = Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) —>
Plane_sameside (Li B C) A E” by (simp add:Plane_not_diffside_sameside)
from P1 P39 P47 have P48 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) = Ang_inside
(An A B C) E” by (simp add: Ang_inside_def)
from assms have P49 : ”Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp) = Ang_inside (An A
B C) E” by (simp add:Point_Eq)
from P48 P49 show ”Ang_inside (An A B C) E” by blast
ged

lemma (in Congruence_Rule) Ang_outside_Planeside :
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assumes
”Def (Ang (An A B C))”
”— Ang_inside (An A B C) D”
shows ”— (Plane_sameside (Li B A) C D A Plane_sameside (Li B C) A D)”
and ”— Plane_sameside (Li B A) C D A Plane_sameside (Li B C) AD
V Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) A D
V — Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) A D”
proof -
from assms have P1 : ”Plane_sameside (Li B A) C D A Plane_sameside (Li B C) A D = Ang_inside
(An A B C) D” by (simp add:Ang_inside_def)
from assms P1 show ”— (Plane_sameside (Li B A) C D A Plane_sameside (Li B C) A D)” by blast
thus ”— Plane_sameside (Li B A) C D A Plane_sameside (Li B C) AD
V Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) A D
V — Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) A D” by blast
ged

lemma (in Congruence_Rule) Ang_outside_exclusive :
assumes
”Plane_sameside (Li B C) A D”
”= Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)”
”— Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B D)) add Emp)”
shows
”— (— Ang_inside (An A B C) D A = Ang_inside (An D B C) A)”
proof -
from assms have P1 : ”— Line_on (Li B C) A” by (simp add:Plane_sameside_def)
from assms P1 have "Def (Ang (An B C A))” by (simp add:Ang_sinple_def)
then have P2 : ”Def (Ang (An A B C))” by (blast intro:Ang_def_rev Ang_def_inv)
then have P3 : ”— Ang_inside (An A B C) D = — Plane_sameside (Li B A) C D A Plane_sameside
(LiBC)AD
V Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) AD
V — Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) A D”
by (simp add:Ang_outside_Planeside)
from assms have P4 : ”— Line_on (Li B C) D” by (simp add:Plane_sameside_def)
from assms P4 have "Def (Ang (An B C D))” by (simp add:Ang_sinple_def)
then have P5 : ”Def (Ang (An D B C))” by (blast intro:Ang_def_rev Ang_def_inv)
then have P6 : ”— Ang_inside (An D B C) A = — Plane_sameside (Li B D) C A A Plane_sameside
(LiBC)D A
V Plane_sameside (Li B D) C A A — Plane_sameside (Li B C) D A
V — Plane_sameside (Li B D) C A A — Plane_sameside (Li B C) D A”
by (simp add: Ang_outside_Planeside)
from P3 P6 have P7 : - Ang_inside (An A B C) D A = Ang_inside AnDB C) A =
— Plane_sameside (Li B A) C D A Plane_sameside (Li B C) A D A — Plane_sameside (Li B D) C A
A Plane_sameside (LiBC)D A
V — Plane_sameside (Li B A) C D A Plane_sameside (Li B C) A D A Plane_sameside (Li B D) C A
A — Plane_sameside (Li B C) D A
V — Plane_sameside (Li B A) C D A Plane_sameside (Li B C) A D A — Plane_sameside (Li B D) C
A A — Plane_sameside (Li BC) D A
V Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) A D A — Plane_sameside (Li B D) C
A A Plane_sameside (Li B C) D A
V Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) A D A Plane_sameside (Li B D) C A
A — Plane_sameside (LiBC) D A
V Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) A D A — Plane_sameside (Li B D) C
A A — Plane_sameside (Li B C) D A
V — Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) A D A = Plane_sameside (Li B D)
C A A Plane_sameside (LiB C) D A
V — Plane_sameside (i B A) C D A — Plane_sameside (Li B C) A D A Plane_sameside (Li B D) C
A A — Plane_sameside (LiBC)D A
V — Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) A D A — Plane_sameside (Li B D)
C A A — Plane_sameside (Li B C) D A” by blast
from assms have P8 : ”Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) A D A -
Plane_sameside (Li B D) C A A Plane_sameside (LiB C)D A
V Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) A D A Plane_sameside (Li B D) C A
A — Plane_sameside (Li B C) D A
V Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) A D A — Plane_sameside (Li B D) C
A A — Plane_sameside (LiBC) D A
V — Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) A D A — Plane_sameside (Li B D)
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C A A Plane_sameside (LiB C) D A
V — Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) A D A Plane_sameside (Li B D) C
A A — Plane_sameside (Li BC) D A
V — Plane_sameside (Li B A) C D A — Plane_sameside (Li B C) A D A — Plane_sameside (Li B D)
C A A — Plane_sameside (Li B C) D A = False” by blast
from assms have “Plane_sameside (Li B C) D A” by (simp add:Plane_sameside_rev)
then have P9 : ”— Plane_sameside (Li B A) C D A Plane_sameside (Li B C) A D A Plane_sameside
(LiB D) C A A = Plane_sameside (Li BC) D A
V — Plane_sameside (i B A) C D A Plane_sameside (Li B C) A D A — Plane_sameside (Li B D) C
A A — Plane_sameside (Li B C) D A = False” by blast
have P10 : ”Line_on (Li C B) C” by (simp add:Line_on_rule)
have P11 : ”Line_on (Li C B) B” by (simp add:Line_on_rule)
from assms P10 P11 have ”Jp. Bet_Point (Se C p) B A Line_on (Li C B) p” by (blast intro:Bet_extension
Eq-rev)
then obtain E :: Point where P12 : "Bet_Point (Se C E) B A Line_on (Li C B) E” by blast
then have P13 : ”Line_on (Li E C) B” by (simp add:Line_Bet_on)
have P14 : ”Line_on (Li B A) B” by (simp add:Line_on _rule)
have P15 : ”Line_on (Li B A) A” by (simp add:Line_on_rule)
have P16 : “Line_on (Li B C) B” by (simp add:Line_on_rule)
have P17 : ”Line_on (Li B C) C” by (simp add:Line_on_rule)
from P16 have P18 : ”Eq (Geos (Poi B) add Emp) (Geos (Poi A) add Emp) = Line_on (Li B C) A”
by (simp add:Point_Eq)
from P1 P18 have P19 : - Eq (Geos (Poi B) add Emp) (Geos (Poi A) add Emp)” by blast
from P13 P14 P15 P19 have P20 : ”Line_on (Li E C) A = Eq (Geos (Lin (Li B A)) add Emp) (Geos
(Lin (Li E C)) add Emp)” by (simp add:Line_unique)
have P21 : ”Line_on (Li E C) C” by (simp add:Line_on_rule)
from assms P13 P16 P17 P21 have P22 : "Eq (Geos (Lin (Li E C)) add Emp) (Geos (Lin (Li B C))
add Emp)” by (simp add:Line_unique)
from P20 P22 have P23 : ”Line_on (Li E C) A = Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li
B C)) add Emp)” by (blast intro:Eq_trans)
from P15 P23 have P24 : ”Line_on (Li E C) A = Line_on (Li B C) A” by (simp add:Line_on_trans)
from P1 P24 have P25 : ”— Line_on (Li E C) A” by blast
have P26 : “Line_on (Li E C) E” by (simp add:Line_on_rule)
from P21 have P27 : ”Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp) = Line_on (Li E C) A”
by (simp add:Point_Eq)
from P25 P27 have P28 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)” by blast
from P12 have P29 : ”Bet_Point (Se C E) B” by simp
then have P30 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi E) add Emp)” by (simp add:Bet_Point_def
Eq-rev)
have “Plane_diffside (Li B D) C A = Jp. Bet_Point (Se C A) p A Line_on (Li B D) p A = Line_on
(Li BD) C A = Line_on (Li B D) A” by (simp add:Plane_diffside_def)
then have P31 : ’Plane_diffside (Li B D) C A = — Line_on (Li B D) C A = Line_on (Li B D) A” by
blast
have P32 : ”Line_on (Li B D) B” by (simp add:Line_on_rule)
from P29 have P33 : ”— Eq (Geos (Poi E) add Emp) (Geos (Poi B) add Emp)”
by (simp add:Bet_Point_def)
from P13 P26 P32 P33 have P34 : ”Line_on (Li B D) E = Eq (Geos (Lin (Li E C)) add Emp) (Geos
(Lin (Li B D)) add Emp)” by (simp add:Line_unique)
from P21 P34 have P35 : ”Line_on (Li B D) E = Line_on (Li B D) C” by (simp add:Line_on_trans)
from P31 P35 have P36 : ”Plane _diffside (Li B D) C A = — Line_on (Li B D) E” by blast
from P29 have P37 : ”Bet_Point (Se E C) B” by (simp add:Bet_rev)
from P25 P31 P32 P36 P37 have P38 : "Plane_diffside (Li BD) C A =
Line_on_Seg (Li B D) (Se E A) A — Line_on_Seg (Li B D) (Se C A)
V Line_on_Seg (Li B D) (Se C A) A = Line_on_Seg (Li B D) (Se E A)” by (simp add:Pachets_axiom)
have P39 : ”Line_on_Seg (Li B D) (Se E A) = Jp. Line_on (Li B D) p A Bet_Point (Se E A) p” by
(simp add:Line_on_Seg_rule)
from P31 P36 P39 have ”Plane_diffside (Li B D) C A A Line_on_Seg (Li B D) (Se E A) —-
Jp. Bet_Point (Se E A) p A Line_on (Li B D) p A = Line_on (Li B D) E A — Line_on (Li B D) A”
by blast
then have P40 : “Plane_diffside (Li B D) C A A Line_on_Seg (Li B D) (Se E A) = Plane_diffside
(Li B D) E A” by (simp add:Plane_diffside_def)
from P26 have P41 : ”Eq (Geos (Lin (Li E C)) add Emp) (Geos (Lin (Li B D)) add Emp) => Line_on
(Li B D) E” by (simp add:Line_on_trans)
from P36 P41 have P42 : “Plane_diffside (Li B D) C A = — Eq (Geos (Lin (Li E C)) add Emp)
(Geos (Lin (Li B D)) add Emp)” by blast
from P32 P37 P42 have P43 : ”Plane_diffside (Li B D) C A = Plane_diffside (Li B D) E C” by (simp
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add:Plane_Bet_diffside)
from P28 have P44 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)” by (blast intro:Eq_rev)
from P30 P40 P43 P44 have “Plane diffside (Li B D) C A A Line_on_Seg (Li B D) (Se E A) —
Plane_sameside (Li B D) A C” by (blast intro:Plane_trans_inv)
then have P45 : ”Plane_diffside (Li B D) C A A Line_on_Seg (Li B D) (Se E A) = Plane_sameside
(Li B D) C A” by (blast intro:Plane_sameside_rev)
have P46 : ”Plane_diffside (Li B D) C A = — Plane_sameside (Li B D) C A”
by (simp add:Plane_diffside_not_sameside)
from P45 P46 have P47 : Plane_diffside (Li B D) C A = — Line_on_Seg (Li B D) (Se E A)” by
blast
from P38 P47 have Plane_diffside (Li B D) C A = Line_on_Seg (Li B D) (Se C A)” by blast
then have “Plane_diffside (Li B D) C A = Jp. Line_on (Li B D) p A Bet_Point (Se C A) p” by (simp
add:Line_on_Seg_rule)
then obtain F :: Point where P48 : ’Plane_diffside (Li B D) C A = Line_on (Li B D) F A Bet_Point
(Se C A) F” by blast
from P15 have P49 : ”Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B C)) add Emp) = Line_on
(Li B C) A” by (simp add:Line_on_trans)
from P1 P49 have P50 : ”— Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B C)) add Emp)” by
blast
from P48 have P51 : ”Plane _diffside (Li B D) C A = Bet_Point (Se A C) F” by (simp add:Bet_rev)
from assms P19 P50 P51 have P52 : ’Plane_diffside (Li B D) C A = Ang_inside (An A B C) F” by
(simp add:Ang_inside_Bet_Point)
then have ”Plane_diffside (Li B D) C A = Eq (Geos (Poi F) add Emp) (Geos (Poi D) add Emp) —-
Ang_inside (An A B C) D” by (simp add:Point_Eq)
then have P53 : ”— Ang_inside (An A B C) D = Plane_diffside (Li B D) C A = — Eq (Geos (Poi
D) add Emp) (Geos (Poi F) add Emp)” by (blast intro:Eq_rev)
from P48 have Plane_diffside (Li B D) C A = Bet_Point (Se C A) F” by simp
then have “Plane_diffside (Li B D) C A = Eq (Geos (Poi F) add Emp) (Geos (Poi B) add Emp) —-
Bet_Point (Se C A) B” by (simp add:Point_Eq)
then have P54 : ”Plane_diffside (Li B D) C A = Eq (Geos (Poi F) add Emp) (Geos (Poi B) add Emp)
—> Line_on (Li B C) A” by (simp add:Line_Bet_on)
from P1 P54 have P55 : Plane_diffside (Li B D) C A = — Eq (Geos (Poi F) add Emp) (Geos (Poi
B) add Emp)” by blast
have P56 : ”Line_on (Li B D) D” by (simp add:Line_on_rule)
from P16 have P57 : ”Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp) = Line_on (Li B C) D”
by (simp add:Point_Eq)
from P4 P57 have P58 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp)” by blast
from P32 P48 P53 P55 P56 P58 have ”— Ang_inside (An A B C) D = Plane_diffside (Li B D) C A
—
Bet_Point (Se B F) D Vv Bet_Point (Se F D) B V Bet_Point (Se D B) F” by (simp add:Bet_case)
then have P59 : ”— Ang_inside (An A B C) D =—> Plane _diffside (Li B D) C A —
Bet_Point (Se B F) D A = Bet_Point (Se F D) B A = Bet_Point (Se D B) F
V — Bet_Point (Se B F) D A Bet_Point (Se F D) B A = Bet_Point (Se D B) F
V — Bet_Point (Se B F) D A = Bet_Point (Se F D) B A Bet_Point (Se D B) F”
by (simp add:Bet_case_fact)
from P26 have P60 : ”Eq (Geos (Lin (Li E C)) add Emp) (Geos (Lin (Li B D)) add Emp) = Line_on
(Li B D) E” by (simp add:Line_on_trans)
from P36 P60 have P61 : Plane_diffside (Li B D) C A = — Eq (Geos (Lin (Li B D)) add Emp)
(Geos (Lin (Li E C)) add Emp)” by (blast intro:Eq_rev)
have P62 : "Bet_Point (Se F D) B =—> Line_on (Li F D) B” by (simp add:Line_Bet_on)
have P63 : ”Line_on (Li F D) D by (simp add:Line_on_rule)
from P32 P56 P58 P62 P63 have P64 : "Bet_Point (Se F D) B —> Eq (Geos (Lin (Li F D)) add Emp)
(Geos (Lin (Li B D)) add Emp)” by (simp add:Line_unique)
from P61 P64 have P65 : ”Plane_diffside (Li B D) C A = Bet_Point (Se FD) B =
- Eq (Geos (Lin (Li F D)) add Emp) (Geos (Lin (Li E C)) add Emp)” by (blast intro:Eq_trans)
from P13 P65 have P66 : ’Plane_diffside (Li B D) C A = Bet_Point (Se F D) B = Plane _diffside
(Li E C) F D” by (simp add:Plane_Bet_diffside)
have “Line_on (Li C A) A” by (simp add:Line_on_rule)
then have P67 : ”Eq (Geos (Lin (Li C A)) add Emp) (Geos (Lin (Li E C)) add Emp) = Line_on (Li
E C) A” by (simp add:Line_on_trans)
from P25 P67 have P68 : ”— Eq (Geos (Lin (Li C A)) add Emp) (Geos (Lin (Li E C)) add Emp)” by
blast
from P48 have P69 : ”Plane diffside (Li B D) C A = Bet_Point (Se C A) F” by simp
from P21 P68 P69 have P71 : “Plane_diffside (Li B D) C A = Plane_sameside (Li E C) F A” by
(simp add:Plane_Bet_sameside)
from P66 P71 have P72 : ”Plane_diffside (Li B D) C A = Bet_Point (Se FD) B —=
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Plane _diffside (Li E C) A D” by (simp add:Plane_trans)
from P22 P72 have Plane_diffside (Li B D) C A = Bet_Point (Se F D) B —>
Plane _diffside (Li B C) A D” by (simp add:Plane_Line _diff_trans)
then have “Plane_diffside (Li B D) C A = Bet_Point (Se FD) B =
— Plane_sameside (Li B C) A D” by (simp add:Plane_diffside_not_sameside)
then have P73 : ”Plane_sameside (Li B C) A D A Plane_diffside (Li B D) C A = — Bet_Point (Se F
D) B” by blast
have P74 : ”Bet_Point (Se B F) D = Line_on (Li B F) D” by (simp add:Line_Bet_on)
from P59 have P75 : ”— Ang_inside (An A B C) D = Plane _diffside (Li B D) C A —
Bet_Point (Se B F) D — — Bet_Point (Se D F) B” by (blast intro:Bet_rev)
from P52 P58 P74 P75 have ”— Ang_inside (An A B C) D = Plane_diffside (Li B D) C A =
Bet_Point (Se B F) D = Ang_inside (An A B C) D” by (simp add:Ang_inside_HalfLine)
then have P76 : ”— Ang_inside (An A B C) D = Plane_diffside (Li B D) C A = — Bet_Point (Se
B F) D” by blast
have P77 : ”Bet_Point (Se D B) F = Line_on (Li B F) D” by (simp add:Line_Bet_on)
from P59 have P78 : ”— Ang_inside (An A B C) D = Plane _diffside (Li B D) C A —
Bet_Point (Se D B) F = — Bet_Point (Se D F) B” by (blast intro:Bet_rev)
from P52 P58 P77 P78 have ”— Ang_inside (An A B C) D = Plane_diffside (Li B D) C A =
Bet_Point (Se D B) F = Ang_inside (An A B C) D” by (simp add:Ang_inside_HalfLine)
then have P79 : ”— Ang_inside (An A B C) D = Plane _diffside (Li B D) C A = — Bet_Point (Se
D B) F” by blast
from P59 P73 P76 P79 have ”— Ang_inside (An A B C) D A Plane_sameside (Li B C) A D A
Plane _diffside (Li B D) C A = False” by blast
then have P80 : ”— Ang_inside (An A B C) D A — Plane_sameside (Li B A) CD
A Plane_sameside (Li B C) A D A Plane_diffside (Li B D) C A A Plane_sameside (LiBC) D A —
False” by simp
from P5 have ”Def (Tri (Tr B D C))” by (blast intro:Ang_to_Tri Tri_def_rev Tri_def _trans)
then have P81 : = Line_on (Li B D) C” by (simp add:Tri_def_Line)
from P14 P15 P19 P32 have P82 : "Line_on (Li BD) A —
Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B D)) add Emp)” by (simp add:Line_unique)
from assms P82 have P83 : ”— Line_on (Li B D) A” by blast
from P28 P81 P83 have P84 : ”— Plane_sameside (Li B D) C A = Plane_diffside (Li B D) C A” by
(simp add:Plane_not_sameside_diffside)
from P80 P84 have P85 : ”— Ang_inside (An A B C) D A — Plane_sameside (Li B A) CD
A Plane_sameside (Li B C) A D A — Plane_sameside (Li B D) C A A Plane_sameside (Li B C) D A
— False” by simp
from P7 P8 P9 P85 show ”— (— Ang_inside (An A B C) D A = Ang_inside (An D B C) A)” by blast
ged

lemma (in Congruence_Rule) Ang_inside_case :
assumes
”Def (Ang (An A B C))”
”Def (Ang (An D B C))”
”Plane_sameside (Li B C) A D”
”= Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B D)) add Emp)”
shows
”Ang_inside (An A B C) D A = Ang_inside (An DB C) A
V — Ang_inside (An A B C) D A Ang_inside (AnD B C) A”
proof -
have P1 : ”Ang_inside (An A B C) D = Plane_sameside (Li B A) C D A Plane_sameside (Li B C)
A D” by (simp add:Ang_inside_def)
have P2 : ”Ang_inside (An D B C) A = Plane_sameside (Li B D) C A A Plane_sameside (Li B C)
D A” by (simp add:Ang_inside_def)
have P3 : ”Ang_inside (An A B C) D = Plane_diffside (Li B D) A C”
by (simp add:Ang_inside_Planeside)
have ”Plane _diffside (Li B D) A C = Plane_diffside (Li B D) C A” by (simp add:Plane_diffside_rev)
then have P4 : ”Plane diffside (Li B D) A C = — Plane_sameside (Li B D) C A” by (simp
add:Plane_diffside_not_sameside)
from P3 P4 have P5 : ”Ang_inside (An A B C) D = — Plane_sameside (Li B D) C A” by (simp
add:Plane_diffside_rev)
from P2 PS5 have P6 : ”Ang_inside (An A B C) D A Ang_inside (An D B C) A = False” by simp
from assms have P7 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)” by (simp add:Ang_def)
from assms P7 have P8 : ”— Ang_inside (An A B C) D A = Ang_inside (An D B C) A = False” by
(simp add:Ang_outside_exclusive)
from P6 P8 show ”Ang_inside (An A B C) D A — Ang_inside (AnD B C) A
V = Ang_inside (An A B C) D A Ang_inside (An D B C) A” by blast
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ged

lemma (in Congruence_Rule) Plane_sameside_HalfLine :
assumes
”Plane_sameside 11 p1 p2”
”Line_on 11 p3”
“Line_on (Li p3 pl) p4”
”— Bet_Point (Se p4 pl) p3”
”— Eq (Geos (Poi pl) add Emp) (Geos (Poi p4) add Emp)”
”— Eq (Geos (Poi p3) add Emp) (Geos (Poi p4) add Emp)”
shows “Plane_sameside 11 p1 p4”
proof -
from assms have P1: ”— Line_on 11 pl A — Line_on 11 p2
A — Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)” by (simp add:Plane_sameside_def)
have Plane _diffside 11 pl p4 —
Jp. Bet_Point (Se pl p4) p A Line.on 11 p A = Line_on 11 pl A = Line_on 11 p4” by (simp
add:Plane_diffside_def)
then obtain p5 :: Point where P2 : ”Plane_diffside 11 pl p4 =
Bet_Point (Se pl p4) p5 A Line_on 11 p5S A — Line_on 11 p4” by blast
from assms have P3 : ”Eq (Geos (Poi p3) add Emp) (Geos (Poi pl1) add Emp) = Line_on 11 p1” by
(simp add:Point_Eq)
from P1 P3 have P4 : ”— Eq (Geos (Poi p3) add Emp) (Geos (Poi pl) add Emp)” by blast
then have P5 : ”Eq (Geos (Lin (Li p3 pl)) add Emp) (Geos (Lin (Li p1 p3)) add Emp)” by (simp
add:Line_rev)
from assms P5 have P6 : ”Line_on (Li p1 p3) p4” by (simp add:Line_rev Line_on_trans)
from P4 have P7 : ”— Eq (Geos (Poi p1) add Emp) (Geos (Poi p3) add Emp)” by (blast intro:Eq_rev)
from assms P6 P7 have P8 : ”Line_on (Li pl p4) p3” by (simp add:Line_on_rev)
from P2 have P9 : "Plane _diffside 11 pl p4 = Line_on (Li p1 p4) p5” by (simp add:Line_Bet_on)
from assms P2 P8 P9 have P10 : ”Plane_diffside 11 pl p4 = — Eq (Geos (Poi p3) add Emp) (Geos
(Poi p5) add Emp) —
Eq (Geos (Lin (Li p1 p4)) add Emp) (Geos (Lin 11) add Emp)” by (simp add:Line_unique)
have P11 : “Line_on (Li p1 p4) p1” by (simp add:Line_on_rule)
from P10 P11 have P12 : ”Plane_diffside 11 pl p4 = — Eq (Geos (Poi p3) add Emp) (Geos (Poi p5)
add Emp) —
Line_on 11 p1” by (simp add:Line_on_trans)
from P1 P12 have P13 : ”Plane_diffside 11 p1 p4 = Eq (Geos (Poi p5) add Emp) (Geos (Poi p3) add
Emp)” by (blast intro:Eq_rev)
from P2 have P14 : “Plane_diffside 11 pl p4 = Bet_Point (Se p1 p4) p5” by simp
from P13 P14 have “Plane_diffside 11 pl p4 = Bet_Point (Se p1 p4) p3” by (simp add:Point_Eq)
then have P15 : ”Plane_diffside 11 pl p4 = Bet_Point (Se p4 p1) p3” by (simp add:Bet_rev)
from assms P15 have P16 : ”— Plane_diffside 11 p1 p4” by blast
have P17 : ”Line_on (Li p3 pl) p3” by (simp add:Line_on_rule)
from assms P17 have P18 : ”Line_on 11 p4 —=-
Eq (Geos (Lin (Li p3 p1)) add Emp) (Geos (Lin 11) add Emp)” by (simp add:Line_unique)
have P19 : ”Line_on (Li p3 pl) p1” by (simp add:Line_on_rule)
from P18 P19 have P20 : ”Line_on 11 p4 = Line_on 11 p1” by (simp add:Line_on_trans)
from P1 P20 have P21 : = Line_on 11 p4” by blast
from assms P1 P16 P21 show ”Plane_sameside 11 p1 p4” by (simp add:Plane_not_diffside_sameside)
ged

bl

lemma (in Congruence_Rule) Plane_Bet_sameside_rev :
assumes
”Plane_sameside 11 p1 p3”
”Line_on 11 p2”
”— Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)”
”— Eq (Geos (Poi p2) add Emp) (Geos (Poi p3) add Emp)”
”— Eq (Geos (Poi p3) add Emp) (Geos (Poi pl) add Emp)”
”Line_on 12 p1” ”Line_on 12 p2” ”Line_on 12 p3”
”= Eq (Geos (Lin 11) add Emp) (Geos (Lin 12) add Emp)”
shows “Bet_Point (Se p3 p2) pl V Bet_Point (Se p2 pl) p3”
proof -
from assms have P1 : ”Bet_Point (Se p1 p3) p2 V Bet_Point (Se p3 p2) pl V Bet_Point (Se p2 p1) p3”
by (simp add:Bet_case)
have P2 : "Line_on (Li p1 p3) p1” by (simp add:Line_on_rule)
have P3 : "Line_on (Li p1 p3) p3” by (simp add:Line_on_rule)
from assms P2 P3 have P4 : ” Eq (Geos (Lin 12) add Emp) (Geos (Lin (Li p1 p3)) add Emp)” by (simp
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add:Line_unique)
from assms P4 have ”— Eq (Geos (Lin 11) add Emp) (Geos (Lin (Li pl p3)) add Emp)” by (blast
intro:Eq_trans)
then have P6 : ”— Eq (Geos (Lin (Li pl p3)) add Emp) (Geos (Lin 11) add Emp)” by (blast in-
tro:Eq_rev)
from assms P6 have “Bet_Point (Se pl p3) p2 = Plane_diffside 11 p1 p3”
by (simp add:Plane_Bet_diffside)
then have P7 : ”Bet_Point (Se pl p3) p2 = — Plane_sameside 11 p1 p3”
by (simp add:Plane_diffside_not_sameside)
from assms P7 have P8 : ”— Bet_Point (Se p1 p3) p2” by blast
from P1 P8 show “Bet_Point (Se p3 p2) pl V Bet_Point (Se p2 p1) p3” by blast
ged

lemma (in Congruence_Rule) Seg_Bet_relation :
assumes N :
”Bet_Point (Se p1 p2) p3”
shows ”— Eq (Geos (Seg (Se pl p2)) add Emp) (Geos (Seg (Se pl p3)) add Emp)”
proof
assume W : "Eq (Geos (Seg (Se pl p2)) add Emp) (Geos (Seg (Se pl p3)) add Emp)”
from N have “’Inv (Bet_Point (Se p2 p3) pl) A Inv (Bet_Point (Se p3 pl) p2)” by (simp add:Bet_iff)
then have P1 : ”— Bet_Point (Se p2 p3) p1” by (simp add:Inv_def)
have P2 : "Line_on (Li pl p2) p1” by (simp add:Line_on_rule)
have P3 : "Line_on (Li p1 p2) p2” by (simp add:Line_on_rule)
from N have P4 : ”Line_on (Li pl p2) p3” by (simp add:Line_Bet_on)
from N have P5 : ”— Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp)” by (simp add:Bet_Point_def)
from N have ”— Eq (Geos (Poi p3) add Emp) (Geos (Poi pl) add Emp)” by (simp add:Bet_Point_def)
then have P6 : ”— Eq (Geos (Poi p1) add Emp) (Geos (Poi p3) add Emp)” by (blast intro:Eq_rev)
from W P1 P2 P3 P4 PS5 P6 have P7 : "Eq (Geos (Poi p2) add Emp) (Geos (Poi p3) add Emp)” by
(blast intro:Seg_move_unique)
from N have P8 : ”— Eq (Geos (Poi p2) add Emp) (Geos (Poi p3) add Emp)” by (simp add:Bet_Point_def)
from P7 P8 show False by blast
qed

lemma (in Congruence_Rule) Seg_Bet_move_lemmal :
assumes
”Bet_Point (Se p11 p13) p12”
“Line_on 11 p21” ”Line_on 11 p22” ”Line_on 11 p23”
”= Eq (Geos (Poi p21) add Emp) (Geos (Poi p22) add Emp)”
”— Eq (Geos (Poi p21) add Emp) (Geos (Poi p23) add Emp)”
“Eq (Geos (Seg (Se pl1 p12)) add Emp) (Geos (Seg (Se p21 p22)) add Emp)”
“Eq (Geos (Seg (Se p11 p13)) add Emp) (Geos (Seg (Se p21 p23)) add Emp)”
”= Bet_Point (Se p22 p23) p21~
shows "Bet_Point (Se p21 p23) p22”
proof -
from assms have P1 : ”— Eq (Geos (Poi p22) add Emp) (Geos (Poi p21) add Emp)” by (blast in-
tro:Eq_rev)
from assms have ”— Eq (Geos (Poi p12) add Emp) (Geos (Poi p11) add Emp)”
by (simp add:Bet_Point_def)
then have P2 : ”— Eq (Geos (Poi p11) add Emp) (Geos (Poi p12) add Emp)” by (blast intro:Eq_rev)
from assms P1 P2 have ”3p. Eq (Geos (Seg (Se p11 p12)) add Emp) (Geos (Seg (Se p22 p)) add Emp)
A = Bet_Point (Se p p21) p22 A Line_on 11 p A = Eq (Geos (Poi p22) add Emp) (Geos (Poi p) add
Emp)” by (simp add:Seg_move_sameside)
then obtain p211 :: Point where P3 : "Eq (Geos (Seg (Se pl1 p12)) add Emp) (Geos (Seg (Se p22
p211)) add Emp)
A — Bet_Point (Se p211 p21) p22 A Line_on 11 p211 A = Eq (Geos (Poi p22) add Emp) (Geos (Poi
p211) add Emp)” by blast
from assms have ”— Eq (Geos (Poi p13) add Emp) (Geos (Poi p12) add Emp)”
by (simp add:Bet_Point_def)
then have P4 : ”— Eq (Geos (Poi p12) add Emp) (Geos (Poi p13) add Emp)” by (blast intro:Eq_rev)
from assms P3 P4 have ”3Jp. Eq (Geos (Seg (Se p12 p13)) add Emp) (Geos (Seg (Se p22 p)) add Emp)
A Bet_Point (Se p p211) p22 A Line_on 11 p A = Eq (Geos (Poi p22) add Emp) (Geos (Poi p) add
Emp)” by (simp add:Seg_move_diffside)
then obtain p231 :: Point where P5 : ”Eq (Geos (Seg (Se p12 p13)) add Emp) (Geos (Seg (Se p22
p231)) add Emp)
A Bet_Point (Se p231 p211) p22 A Line_on 11 p231 A — Eq (Geos (Poi p22) add Emp) (Geos (Poi
p231) add Emp)” by blast

116



have P6 : "Eq (Geos (Seg (Se p21 p22)) add Emp) (Geos (Seg (Se p22 p21)) add Emp)” by (simp
add:Seg_rev)

from assms have P7 : ”Eq (Geos (Seg (Se p21 p22)) add Emp) (Geos (Seg (Se pl11 p12)) add Emp)”
by (simp add:Eq_rev)

from P3 P7 have P8 : ”Eq (Geos (Seg (Se p22 p211)) add Emp) (Geos (Seg (Se p21 p22)) add Emp)”
by (blast intro:Eq_trans Eq_rev)

from P6 P8 have P9 : ”Eq (Geos (Seg (Se p22 p211)) add Emp) (Geos (Seg (Se p22 p21)) add Emp)”
by (blast intro:Eq_trans)

from assms P1 P3 P9 have P10 : ”Eq (Geos (Poi p211) add Emp) (Geos (Poi p21) add Emp)” by (blast
intro:Seg_move_unique)

from P5 have P11 : ”Bet_Point (Se p211 p231) p22” by (simp add:Bet_rev)

from P10 P11 have P12 : ”Bet_Point (Se p21 p231) p22” by (simp add:Bet_Point_Eq)

have P13 : ”Line_on (Li p11 p12) p11” by (simp add:Line_on_rule)

have P14 : ”Line_on (Li p11 p12) p12” by (simp add:Line_on_rule)

from assms have P15 : ”Line_on (Li p11 p12) p13” by (simp add:Line_Bet_on)

from assms have P16 : ”— Seg_on_Seg (Se pl1 p12) (Se p12 p13)” by (simp add:Seg_Bet_not_on)

from P12 have P17 : "= Seg_on_Seg (Se p21 p22) (Se p22 p231)” by (simp add:Seg_Bet_not_on)

from assms P5 P13 P14 P15 P16 P17 have P18 : ”Eq (Geos (Seg (Se p11 p13)) add Emp) (Geos (Seg
(Se p21 p231)) add Emp)” by (simp add:Seg_add)

from assms P18 have P19 : ”Eq (Geos (Seg (Se p21 p231)) add Emp) (Geos (Seg (Se p21 p23)) add
Emp)” by (blast intro:Eq_trans Eq_rev)

from P12 have P20 : ”— Eq (Geos (Poi p21) add Emp) (Geos (Poi p231) add Emp)” by (simp
add:Bet_Point_def)

from P12 have P21 : ”Bet_Point (Se p231 p21) p22” by (simp add:Bet_rev)

from P21 have P22 : ”Bet_Point (Se p231 p23) p21 = Bet_Point (Se p22 p23) p21” by (blast in-
tro:Bet_swap_134_234)

from assms P22 have P23 : ”— Bet_Point (Se p231 p23) p21” by blast

from assms P5 P19 P20 P23 have P24 : ”Eq (Geos (Poi p231) add Emp) (Geos (Poi p23) add Emp)”
by (blast intro:Seg_move_unique)

from P21 P24 have ”Bet_Point (Se p23 p21) p22” by (simp add:Bet_Point_Eq)

thus ”Bet_Point (Se p21 p23) p22” by (simp add:Bet_rev)
qed

lemma (in Congruence_Rule) Seg_Bet_move_sameside :
assumes
”Bet_Point (Se p11 p13) p12”
“Line_on 11 p21” ”Line_on 11 p4”
”—= Eq (Geos (Poi p21) add Emp) (Geos (Poi p4) add Emp)”
shows ”Jp q. Bet_Point (Se p21 q) p A Line_on 11 p A Line_on 11 q
A Eq (Geos (Seg (Se pl1 p12)) add Emp) (Geos (Seg (Se p21 p)) add Emp)
A Eq (Geos (Seg (Se pl1 p13)) add Emp) (Geos (Seg (Se p21 q)) add Emp)
A — Bet_Point (Se p p4) p21 A — Bet_Point (Se q p4) p21”
proof -
from assms have ”— Eq (Geos (Poi p12) add Emp) (Geos (Poi p11) add Emp)”
by (simp add:Bet_Point_def)
then have P1 : ”— Eq (Geos (Poi p11) add Emp) (Geos (Poi p12) add Emp)” by (blast intro:Eq_rev)
from assms P1 have ”dp. Eq (Geos (Seg (Se pl1 p12)) add Emp) (Geos (Seg (Se p21 p)) add Emp)
A — Bet_Point (Se p p4) p21 A Line_on 11 p A = Eq (Geos (Poi p21) add Emp) (Geos (Poi p) add
Emp)” by (simp add:Seg_move_sameside)
then obtain p22 :: Point where P2 : ”Eq (Geos (Seg (Se p11 p12)) add Emp) (Geos (Seg (Se p21 p22))
add Emp)
A — Bet_Point (Se p22 p4) p21 A Line_on 11 p22 A = Eq (Geos (Poi p21) add Emp) (Geos (Poi
p22) add Emp)” by blast
from assms have P3 : ”— Eq (Geos (Poi pl1) add Emp) (Geos (Poi p13) add Emp)” by (simp
add:Bet_Point_def)
from assms P2 P3 have ”3p. Eq (Geos (Seg (Se p11 p13)) add Emp) (Geos (Seg (Se p21 p)) add Emp)
A — Bet_Point (Se p p22) p21 A Line_on 11 p A = Eq (Geos (Poi p21) add Emp) (Geos (Poi p) add
Emp)” by (simp add:Seg_move_sameside)
then obtain p23 :: Point where P4 : ”Eq (Geos (Seg (Se pl1 p13)) add Emp) (Geos (Seg (Se p21 p23))
add Emp)
A — Bet_Point (Se p23 p22) p21 A Line_on 11 p23 A — Eq (Geos (Poi p21) add Emp) (Geos (Poi
p23) add Emp)” by blast
from P4 have ”— Bet_Point (Se p23 p22) p21” by simp
then have P5 : ”— Bet_Point (Se p22 p23) p21” by (blast intro:Bet_rev)
from assms P2 P4 P5 have P6 : "Bet_Point (Se p21 p23) p22” by (blast intro:Seg_Bet_move_lemmal)
then have P7 : ”Bet_Point (Se p23 p21) p22” by (simp add:Bet_rev)
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from P7 have P8 : ”Bet_Point (Se p23 p4) p21 = Bet_Point (Se p22 p4) p21”
by (blast intro:Bet_swap_134_234)

from P2 P8 have P9 : ”— Bet_Point (Se p23 p4) p21” by blast

from P2 P4 P6 P9 show ”3p q. Bet_Point (Se p21 q) p A Line_on 11 p A Line_on 11 q
A Eq (Geos (Seg (Se pl1 p12)) add Emp) (Geos (Seg (Se p21 p)) add Emp)
A Eq (Geos (Seg (Se pl1 p13)) add Emp) (Geos (Seg (Se p21 q)) add Emp)
A — Bet_Point (Se p p4) p21 A — Bet_Point (Se q p4) p21” by blast

ged

lemma (in Congruence_Rule) Seg_Bet_move_diffside :
assumes
”Bet_Point (Se pl11 p13) p12”
“Line_on 11 p21” ”Line_on 11 p4”
7= Eq (Geos (Poi p21) add Emp) (Geos (Poi p4) add Emp)”
shows ”dp q. Bet_Point (Se p21 q) p A Line_on 11 p A Line_on 11 q
A Eq (Geos (Seg (Se pl1 pl12)) add Emp) (Geos (Seg (Se p21 p)) add Emp)
A Eq (Geos (Seg (Se pl1 p13)) add Emp) (Geos (Seg (Se p21 q)) add Emp)
A Bet_Point (Se p p4) p21 A Bet_Point (Se q p4) p21”
proof -
from assms have ”— Eq (Geos (Poi p12) add Emp) (Geos (Poi p11) add Emp)”
by (simp add:Bet_Point_def)
then have P1 : ”— Eq (Geos (Poi p11) add Emp) (Geos (Poi p12) add Emp)” by (blast intro:Eq_rev)
from assms P1 have ”Jp. Eq (Geos (Seg (Se pl1 p12)) add Emp) (Geos (Seg (Se p21 p)) add Emp)
A Bet_Point (Se p p4) p21 A Line_on 11 p A = Eq (Geos (Poi p21) add Emp) (Geos (Poi p) add
Emp)” by (simp add:Seg_-move_diffside)
then obtain p22 :: Point where P2 : ”Eq (Geos (Seg (Se pl1 p12)) add Emp) (Geos (Seg (Se p21 p22))
add Emp)
A Bet_Point (Se p22 p4) p21 A Line_on 11 p22 A = Eq (Geos (Poi p21) add Emp) (Geos (Poi p22)
add Emp)” by blast
from assms have P3 : 7= Eq (Geos (Poi pl1) add Emp) (Geos (Poi p13) add Emp)” by (simp
add:Bet_Point_def)
from assms P2 P3 have ”3Jp. Eq (Geos (Seg (Se p11 p13)) add Emp) (Geos (Seg (Se p21 p)) add Emp)
A — Bet_Point (Se p p22) p21 A Line_on 11 p A = Eq (Geos (Poi p21) add Emp) (Geos (Poi p) add
Emp)” by (simp add:Seg_move_sameside)
then obtain p23 :: Point where P4 : ”Eq (Geos (Seg (Se p11 p13)) add Emp) (Geos (Seg (Se p21 p23))
add Emp)
A — Bet_Point (Se p23 p22) p21 A Line_on 11 p23 A — Eq (Geos (Poi p21) add Emp) (Geos (Poi
p23) add Emp)” by blast
from P4 have ”— Bet_Point (Se p23 p22) p21” by simp
then have P5 : ”— Bet_Point (Se p22 p23) p21” by (blast intro:Bet_rev)
from assms P2 P4 P5 have P6 : "Bet_Point (Se p21 p23) p22” by (blast intro:Seg_Bet_move_lemmal)
then have P7 : ”Bet_Point (Se p23 p21) p22” by (simp add:Bet_rev)
from P2 P7 have P8 : ”Bet_Point (Se p23 p4) p21” by (blast intro:Bet_swap_234_134)
from P2 P4 P6 P8 show 3p q. Bet_Point (Se p21 q) p A Line_on 11 p A Line_on 11 q
A Eq (Geos (Seg (Se pl1 p12)) add Emp) (Geos (Seg (Se p21 p)) add Emp)
A Eq (Geos (Seg (Se pl1 p13)) add Emp) (Geos (Seg (Se p21 q)) add Emp)
A Bet_Point (Se p p4) p21 A Bet_Point (Se q p4) p21” by blast
ged

lemma (in Congruence_Rule) Seg_Bet_wrong_relation :
assumes
”Bet_Point (Se p11 p13) p12”
”Bet_Point (Se p21 p22) p23”
“Eq (Geos (Seg (Se pl1 p12)) add Emp) (Geos (Seg (Se p21 p22)) add Emp)”
“Eq (Geos (Seg (Se p11 p13)) add Emp) (Geos (Seg (Se p21 p23)) add Emp)”
shows False
proof -
have P1 : "Line_on (Li p21 p22) p21” by (simp add:Line_on_rule)
have P2 : "Line_on (Li p21 p22) p22” by (simp add:Line_on_rule)
from assms have P3 : ”— Eq (Geos (Poi p21) add Emp) (Geos (Poi p22) add Emp)” by (simp
add:Bet_Point_def)
from assms P1 P2 P3 have ”3p q. Bet_Point (Se p21 q) p A Line_on (Li p21 p22) p A Line_on (Li p21
p22)q
A Eq (Geos (Seg (Se pl1 p12)) add Emp) (Geos (Seg (Se p21 p)) add Emp)
A Eq (Geos (Seg (Se pl11 p13)) add Emp) (Geos (Seg (Se p21 q)) add Emp)
A — Bet_Point (Se p p22) p21 A — Bet_Point (Se q p22) p21” by (simp add:Seg_Bet_move_sameside)
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then obtain pn2 pn3 :: Point where P4 : ”Bet_Point (Se p21 pn3) pn2 A Line_on (Li p21 p22) pn2 A
Line_on (Li p21 p22) pn3
A Eq (Geos (Seg (Se pl1 p12)) add Emp) (Geos (Seg (Se p21 pn2)) add Emp)
A Eq (Geos (Seg (Se pl11 p13)) add Emp) (Geos (Seg (Se p21 pn3)) add Emp)
A = Bet_Point (Se pn2 p22) p21 A — Bet_Point (Se pn3 p22) p21” by blast
then have P5 : ”Bet_Point (Se p21 pn3) pn2” by simp
then have ”— Eq (Geos (Poi pn2) add Emp) (Geos (Poi p21) add Emp)” by (simp add:Bet_Point_def)
then have P6 : ”— Eq (Geos (Poi p21) add Emp) (Geos (Poi pn2) add Emp)” by (blast intro:Eq_rev)
from assms P4 have P7 : “Eq (Geos (Seg (Se p21 pn2)) add Emp) (Geos (Seg (Se p21 p22)) add
Emp)” by (blast intro:Eq_trans)
from P1 P2 P3 P4 P6 P7 have P8 : ”Eq (Geos (Poi pn2) add Emp) (Geos (Poi p22) add Emp)” by
(blast intro:Seg_move_unique)
from P5 P8 have ”Bet_Point (Se p21 pn3) p22” by (simp add:Point_Eq)
then have P9 : ”Bet_Point (Se pn3 p21) p22” by (simp add:Bet_rev)
from assms have P10 : "Line_on (Li p21 p22) p23” by (simp add:Line_Bet_on)
from assms have ”— Eq (Geos (Poi p23) add Emp) (Geos (Poi p21) add Emp)”
by (simp add:Bet_Point_def)
then have P11 : ”— Eq (Geos (Poi p21) add Emp) (Geos (Poi p23) add Emp)” by (blast intro:Eq_rev)
from P5 have P12 : ”— Eq (Geos (Poi p21) add Emp) (Geos (Poi pn3) add Emp)”
by (simp add:Bet_Point_def)
from assms P4 have P13 : "Eq (Geos (Seg (Se p21 pn3)) add Emp) (Geos (Seg (Se p21 p23)) add
Emp)” by (blast intro:Eq_trans)
from assms have P14 : ”Bet_Point (Se p22 p21) p23” by (simp add:Bet_rev)
have P15 : ”Bet_Point (Se pn3 p23) p21 = Bet_Point (Se p23 pn3) p21” by (simp add:Bet_rev)
from P14 P15 have ”Bet_Point (Se pn3 p23) p21 = Bet_Point (Se p22 pn3) p21” by (blast in-
tro:Bet_swap_234_134)
then have P16 : ”Bet_Point (Se pn3 p23) p21 = Bet_Point (Se pn3 p22) p21” by (simp add:Bet_rev)
from P4 P16 have P17 : ”— Bet_Point (Se pn3 p23) p21” by blast
from P1 P4 P10 P11 P12 P13 P17 have P18 : “Eq (Geos (Poi pn3) add Emp) (Geos (Poi p23) add
Emp)” by (blast intro:Seg_move _unique)
from P9 P18 have P19 : "Bet_Point (Se p23 p21) p22” by (simp add:Bet_Point_Eq)
from assms have “Inv (Bet_Point (Se p22 p23) p21) A Inv (Bet_Point (Se p23 p21) p22)” by (simp
add:Bet_iff)
then have P20 : ”— Bet_Point (Se p23 p21) p22” by (simp add:Inv_def)
from P19 P20 show False by blast
ged

lemma (in Congruence_Rule) Ang_inside_trans :
assumes
”Ang_inside (An A B C) D” ”Def (Ang (An A B C))”
“Line_on (Li B A1) A” - Bet_Point (Se A A1) B”
“Line_on (Li B C1) C” - Bet_Point (Se C C1) B”
”— Eq (Geos (Poi B) add Emp) (Geos (Poi Al) add Emp)”
”—= Eq (Geos (Poi B) add Emp) (Geos (Poi C1) add Emp)”
shows ”Ang_inside (An A1 B C1) D”
proof -
from assms have P1 : “Plane_sameside (Li B A) C D A Plane_sameside (Li B C) A D” by (simp
add:Ang_inside_def)
have P2 : "Line_on (Li B A) B” by (simp add:Line_on_rule)
have P3 : "Line_on (Li B A1) B” by (simp add:Line_on_rule)
have P4 : "Line_on (Li B A) A” by (simp add:Line_on_rule)
from assms have P5 : ”Def (Tri (Tr A B C))” by (simp add:Ang_to_Tri)
from P5 have P6 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)” by (simp add:Tri_def)
from assms P2 P3 P4 P6 have P7 : "Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B Al)) add
Emp)” by (simp add:Line_unique)
have P8 : "Line_on (Li B C) B” by (simp add:Line_on_rule)
have P9 : "Line_on (Li B C1) B” by (simp add:Line_on_rule)
have P10 : ”Line_on (Li B C) C” by (simp add:Line_on_rule)
from P5 have P11 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)” by (simp add:Tri_def)
from assms P8 P9 P10 P11 have P12 : Eq (Geos (Lin (Li B C)) add Emp) (Geos (Lin (Li B C1)) add
Emp)” by (simp add:Line_unique)
have P13 : ”Plane_diffside (Li B A) C1 D = Plane _diffside (Li B A) D C1”
by (simp add:Plane_diffside_rev)
from P1 have P14 : ”Plane_sameside (Li B A) D C” by (simp add:Plane_sameside_rev)
from P13 P14 have P15 : ”Plane_diffside (Li B A) C1 D = Plane_diffside (Li B A) C C1” by (simp
add:Plane_trans)

119



then have ”Plane_diffside (Li B A) C1 D = Jp. Bet_Point (Se C C1) p
A Line_on (Li B A) p A = Line_on (Li B A) C A = Line_on (Li B A) C1”
by (simp add:Plane_diffside_def)
then obtain B1 :: Point where P16 : ”Plane_diffside (Li B A) C1 D = Bet_Point (Se C C1) Bl
A Line_on (Li B A) B1 A — Line_on (Li B A) C A — Line_on (Li B A) C1” by blast
from P16 have P17 : "Plane_diffside (Li B A) C1 D = Bet_Point (Se C C1) B1” by simp
then have P18 : ”Plane_diffside (Li B A) C1 D = Line_on (Li C C1) B1” by (simp add:Line_Bet_on)
have P19 : ”Line_on (Li B C1) C1” by (simp add:Line_on_rule)
have P20 : ”Line_on (Li C C1) C” by (simp add:Line_on_rule)
have P21 : ”Line_on (Li C C1) C1” by (simp add:Line_on_rule)
from assms P19 P20 P21 have P22 : = Eq (Geos (Poi C) add Emp) (Geos (Poi C1) add Emp) =
Plane_diffside (Li B A) C1 D = Eq (Geos (Lin (Li B C1)) add Emp) (Geos (Lin (Li C C1)) add
Emp)” by (simp add:Line_unique)
from P9 P22 have P23 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi C1) add Emp) —
Plane _diffside (Li B A) C1 D = Line_on (Li C C1) B” by (simp add:Line_on_trans)
from P21 have P24 : ”Eq (Geos (Lin (Li C C1)) add Emp) (Geos (Lin (Li B A)) add Emp) = Line_on
(Li B A) C1” by (simp add:Line_on_trans)
from P16 P24 have P25 : "Plane_diffside (Li B A) C1 D =
- Eq (Geos (Lin (Li C C1)) add Emp) (Geos (Lin (Li B A)) add Emp)” by blast
from P2 P16 P18 P23 P25 have P26 : = Eq (Geos (Poi C) add Emp) (Geos (Poi C1) add Emp) —
Plane _diffside (Li B A) C1 D = Eq (Geos (Poi B1) add Emp) (Geos (Poi B) add Emp)” by (simp
add:Line_unique_Point)
from P17 P26 have P27 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi C1) add Emp) =
Plane_diffside (Li B A) C1 D = Bet_Point (Se C C1) B” by (simp add:Point_Eq)
from assms P27 have P28 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi C1) add Emp) =
— Plane_diffside (Li B A) C1 D” by blast
from assms P2 P9 P19 have P29 : ”Line_on (Li B A) C1 =
Eq (Geos (Lin (Li B C1)) add Emp) (Geos (Lin (Li B A)) add Emp)” by (simp add:Line_unique)
from P12 P29 have P30 : ”Line_on (Li B A) C1 =
Eq (Geos (Lin (Li B C)) add Emp) (Geos (Lin (Li B A)) add Emp)” by (blast intro:Eq_trans)
from P10 P30 have P31 : ”Line_on (Li B A) C1 = Line_on (Li B A) C” by (simp add:Line_on_trans)
from P1 have P32 : ”— Line_on (Li B A) C” by (simp add:Plane_sameside_def)
from P31 P32 have P33 : ”— Line_on (Li B A) C1” by blast
from P1 have P34 : = Line_on (Li B A) D” by (simp add:Plane_sameside_def)
from P12 P19 have Line_on (Li B C) C1” by (blast intro:Line_on_trans Eq_rev)
then have P35 : ”Eq (Geos (Poi C1) add Emp) (Geos (Poi D) add Emp) = Line_on (Li B C) D” by
(simp add:Point_Eq)
from P1 have P36 : ”— Line_on (Li B C) D” by (simp add:Plane_sameside_def)
from P35 P36 have P37 : - Eq (Geos (Poi C1) add Emp) (Geos (Poi D) add Emp)” by blast
from P28 P33 P34 P37 have P38 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi C1) add Emp) =
Plane_sameside (Li B A) C1 D” by (simp add:Plane_not_diffside_sameside)
from P14 have "Eq (Geos (Poi C) add Emp) (Geos (Poi C1) add Emp) = Plane_sameside (Li B A)
D C1” by (simp add:Point_Eq)
then have P39 : ”Eq (Geos (Poi C) add Emp) (Geos (Poi C1) add Emp) = Plane_sameside (Li B A)
C1 D” by (simp add:Plane_sameside_rev)
from P38 P39 have P40 : ”Plane_sameside (Li B A) C1 D” by blast
from P7 P40 have P41 : ’Plane_sameside (Li B A1) C1 D” by (simp add:Plane_Line_trans)
have P42 : ”Plane_diffside (Li B C) A1 D = Plane _diffside (Li BC) D A1”
by (simp add:Plane_diffside_rev)
from P1 have P43 : ”Plane_sameside (Li B C) D A” by (simp add:Plane_sameside_rev)
from P42 P43 have P44 : ”Plane_diffside (Li B C) A1 D = Plane_diffside (Li B C) A A1” by (simp
add:Plane_trans)
then have “Plane_diffside (Li B C) A1 D = Jp. Bet_Point (Se A Al) p
A Line_on (Li B C) p A = Line_on (Li B C) A A — Line_on (Li B C) A1”
by (simp add:Plane_diffside_def)
then obtain B2 :: Point where P45 : ”Plane_diffside (Li B C) A1 D = Bet_Point (Se A A1) B2
A Line_on (Li B C) B2 A — Line_on (Li B C) A A = Line_on (Li B C) A1” by blast
from P45 have P46 : "Plane_diffside (Li B C) A1 D = Bet_Point (Se A A1) B2” by simp
then have P47 : ”Plane _diffside (Li B C) A1 D = Line_on (Li A A1) B2” by (simp add:Line_Bet_on)
have P48 : “Line_on (Li B A1) A1” by (simp add:Line_on_rule)
have P49 : ”Line_on (Li A A1) A” by (simp add:Line_on_rule)
have P50 : ”Line_on (Li A A1) A1” by (simp add:Line_on_rule)
from assms P48 P49 P50 have P51 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi Al) add Emp) —
Plane_diffside (Li B C) A1 D = Eq (Geos (Lin (Li B Al)) add Emp) (Geos (Lin (Li A Al)) add
Emp)” by (simp add:Line_unique)
from P3 P51 have P52 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi Al) add Emp) —
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Plane _diffside (Li B C) A1 D = Line_on (Li A A1) B” by (simp add:Line_on_trans)
from P50 have P53 : ”Eq (Geos (Lin (Li A Al)) add Emp) (Geos (Lin (Li B C)) add Emp) —
Line_on (Li B C) A1” by (simp add:Line_on_trans)
from P45 P53 have P54 : ”Plane_diffside (Li B C) A1 D =
— Eq (Geos (Lin (Li A Al)) add Emp) (Geos (Lin (Li B C)) add Emp)” by blast
from P8 P45 P47 P52 P54 have P55 : = Eq (Geos (Poi A) add Emp) (Geos (Poi Al) add Emp) =
Plane _diffside (Li B C) A1 D = Eq (Geos (Poi B2) add Emp) (Geos (Poi B) add Emp)” by (simp
add:Line_unique_Point)
from P46 P55 have P56 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi Al) add Emp) —
Plane_diffside (Li B C) A1 D = Bet_Point (Se A A1) B” by (simp add:Point_Eq)
from assms P56 have P57 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi Al) add Emp) —-
— Plane _diffside (Li B C) A1 D” by blast
from assms P3 P8 P48 have P58 : ”Line_on (Li B C) Al =
Eq (Geos (Lin (Li B A1)) add Emp) (Geos (Lin (Li B C)) add Emp)” by (simp add:Line_unique)
from P7 P58 have P59 : ”Line_on (Li B C) Al —=-
Eq (Geos (Lin (Li B C)) add Emp) (Geos (Lin (Li B A)) add Emp)” by (blast intro:Eq_trans)
from P10 P59 have P60 : ”Line_on (Li B C) A1 = Line_on (Li B A) C” by (simp add:Line_on_trans)
from P32 P60 have P61 : ”— Line_on (Li B C) A1” by blast
from P7 P48 have "Line_on (Li B A) A1” by (blast intro:Line_on_trans Eq_rev)
then have P62 : "Eq (Geos (Poi A1) add Emp) (Geos (Poi D) add Emp) = Line_on (Li B A) D” by
(simp add:Point_Eq)
from P34 P62 have P63 : ”— Eq (Geos (Poi A1) add Emp) (Geos (Poi D) add Emp)” by blast
from P36 P57 P61 P63 have P64 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi Al) add Emp) —
Plane_sameside (Li B C) A1 D” by (simp add:Plane_not_diffside_sameside)
from P43 have “Eq (Geos (Poi A) add Emp) (Geos (Poi A1) add Emp) = Plane_sameside (Li B C)
D A1” by (simp add:Point_Eq)
then have P65 : ”Eq (Geos (Poi A) add Emp) (Geos (Poi A1) add Emp) = Plane_sameside (Li B C)
A1l D” by (simp add:Plane_sameside_rev)
from P64 P65 have P66 : ’Plane_sameside (Li B C) A1 D” by blast
from P12 P66 have P67 : ”Plane_sameside (Li B C1) A1 D” by (simp add:Plane_Line_trans)
from P12 have P68 : ”Line_on (Li B C1) A1 = Line_on (Li B C) A1” by (blast intro:Line_on_trans
Eq-rev)
from P61 P68 have P69 : ”— Line_on (Li B C1) A1” by blast
from assms P69 have "Def (Ang (An B C1 Al))” by (simp add: Ang_sinple_def)
then have P70 : ”Def (Ang (An Al B C1))” by (blast intro:Ang_def_rev Ang_def_inv)
from P41 P67 P70 show ”Ang_inside (An Al B C1) D” by (simp add:Ang_inside_def)
ged

lemma (in Congruence_Rule) Ang_sub_lemmal :
assumes
”Plane_sameside (Li ol 11) h1 k1”
”— Eq (Geos (Poi 01) add Emp) (Geos (Poi 11) add Emp)”
”Plane_sameside (Li 02 12) h2 k2”
”= Eq (Geos (Poi 02) add Emp) (Geos (Poi 12) add Emp)”
”Cong (Geos (Ang (An hl ol 11)) add Emp) (Geos (Ang (An h2 02 12)) add Emp)”
”Cong (Geos (Ang (An k1 ol 11)) add Emp) (Geos (Ang (An k2 02 12)) add Emp)”
”— Eq (Geos (Lin (Li ol h1)) add Emp) (Geos (Lin (Li o1 k1)) add Emp)”
”— Eq (Geos (Lin (Li 02 h2)) add Emp) (Geos (Lin (Li 02 k2)) add Emp)”
”Ang_inside (An k1 o1 11) h1”
shows
”Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An h2 02 k2)) add Emp)”
”Ang_inside (An k2 02 12) h2”
proof -
from assms have P1 : ”— Line_on (Li ol 11) h1” by (simp add:Plane_sameside_def)
from assms P1 have "Def (Ang (An ol 11 h1))” by (simp add:Ang_sinple_def)
then have P2 : ”Def (Ang (An hl ol 11))” by (blast intro:Ang_def_rev Ang_def_inv)
from assms have P3 : ”— Line_on (Li ol 11) k1” by (simp add:Plane_sameside_def)
from assms P3 have "Def (Ang (An ol 11 k1))” by (simp add:Ang_sinple_def)
then have P4 : “Def (Ang (An k1 ol 11))” by (blast intro: Ang_def_rev Ang_def_inv)
from assms have P5 : ”— Line_on (Li 02 12) h2” by (simp add:Plane_sameside_def)
from assms P5 have "Def (Ang (An 02 12 h2))” by (simp add:Ang_sinple_def)
then have P6 : "Def (Ang (An h2 02 12))” by (blast intro:Ang_def_rev Ang_def_inv)
from assms have P7 : ”— Line_on (Li 02 12) k2” by (simp add:Plane_sameside_def)
from assms P7 have "Def (Ang (An 02 12 k2))” by (simp add:Ang_sinple_def)
then have P8 : “Def (Ang (An k2 02 12))” by (blast intro: Ang_def_rev Ang_def_inv)
from assms P4 P8 have “Jp q. Cong (Geos (Ang (An kl ol 11)) add Emp) (Geos (Ang (An p 02 q))
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add Emp)
A Eq (Geos (Ang (An k2 02 12)) add Emp) (Geos (Ang (An p 02 q)) add Emp)
A Eq (Geos (Seg (Se ol k1)) add Emp) (Geos (Seg (Se 02 p)) add Emp) A Line_on (Li 02 k2) p A
— Bet_Point (Se p k2) 02
A Eq (Geos (Seg (Se ol 11)) add Emp) (Geos (Seg (Se 02 q)) add Emp) A Line_on (Li0212) g A =
Bet_Point (Se q 12) 02 A Def (Ang (An p 02 q))” by (simp add:Ang_replace)
then obtain k21 121 :: Point where P9 : ”Cong (Geos (Ang (An k1 ol 11)) add Emp) (Geos (Ang (An
k21 02 121)) add Emp)
A Eq (Geos (Ang (An k2 02 12)) add Emp) (Geos (Ang (An k21 02 121)) add Emp)
A Eq (Geos (Seg (Se ol k1)) add Emp) (Geos (Seg (Se 02 k21)) add Emp) A Line_on (Li 02 k2)
k21 A — Bet_Point (Se k21 k2) 02
A Eq (Geos (Seg (Se o1 11)) add Emp) (Geos (Seg (Se 02 121)) add Emp) A Line_on (Li 02 12) 121
A — Bet_Point (Se 121 12) 02 A Def (Ang (An k21 02 121))” by blast
from assms have “Plane_diffside (Li ol h1) k1 11” by (simp add:Ang_inside_Planeside)
then have ”3Jp. Bet_Point (Se k1 11) p A Line_on (Li ol h1) p A = Line_on (Li ol h1) k1 A = Line_on
(Liol h1) 11” by (simp add:Plane_diffside_def)
then obtain h11 :: Point where P10 : "Bet_Point (Se k1 11) h11 A Line_on (Li ol h1) h11 A = Line_on
(Liol h1) kl A = Line_on (Li ol hl) 11" by blast
then have “Eq (Geos (Poi h11) add Emp) (Geos (Poi 01) add Emp) =
Bet_Point (Se k1 11) o1” by (blast intro:Point_Eq)
then have P11 : "Eq (Geos (Poi h11) add Emp) (Geos (Poi o1) add Emp) —-
Line_on (Li o1 11) k1” by (simp add:Line_Bet_on)
from P3 P11 have P12 : ”— Eq (Geos (Poi ol) add Emp) (Geos (Poi h11) add Emp)” by (blast in-
tro:Eq-rev)
have P13 : ”Line_on (Li 02 h2) 02” by (simp add:Line_on_rule)
have P14 : ”Line_on (Li 02 h2) h2” by (simp add:Line_on_rule)
from P6 have ”— Eq (Geos (Poi h2) add Emp) (Geos (Poi 02) add Emp)” by (simp add:Ang_def)
then have P15 : = Eq (Geos (Poi 02) add Emp) (Geos (Poi h2) add Emp)” by (blast intro:Eq_rev)
from P12 P13 P14 P15 have ”Jp. Eq (Geos (Seg (Se ol h11)) add Emp) (Geos (Seg (Se 02 p)) add
Emp)
A = Bet_Point (Se p h2) 02 A Line_on (Li 02 h2) p A — Eq (Geos (Poi 02) add Emp) (Geos (Poi p)
add Emp)” by (simp add:Seg_move_sameside)
then obtain h21 :: Point where P16 : ”Eq (Geos (Seg (Se ol h11)) add Emp) (Geos (Seg (Se 02 h21))
add Emp)
A — Bet_Point (Se h21 h2) 02 A Line_on (Li 02 h2) h21 A — Eq (Geos (Poi 02) add Emp) (Geos
(Poi h21) add Emp)” by blast
have P17 : ”Line_on (Li o1 11) 01” by (simp add:Line_on_rule)
have “Line_on (Li h1 h11) h1” by (simp add:Line_on_rule)
then have P18 : ”Eq (Geos (Lin (Li h1 h11)) add Emp) (Geos (Lin (Li ol 11)) add Emp) = Line_on
(Liol 11) h1” by (simp add:Line_on_trans)
from P1 P18 have P19 : ”— Eq (Geos (Lin (Li h1 h11)) add Emp) (Geos (Lin (Li ol 11)) add Emp)”
by blast
from P17 P19 have “Bet Point (Se hl hll) ol = Plane_diffside (Li ol 11) hl h11” by (simp
add:Plane_Bet_diffside)
then have P20 : "Bet_Point (Se h1 h11) ol = Plane_diffside (Li ol 11) h11 h1”
by (simp add:Plane_diffside_rev)
from P10 have P21 : ”Bet_Point (Se 11 k1) h11” by (simp add:Bet_rev)
have P22 : ”Line_on (Li ol 11) 11" by (simp add:Line_on_rule)
have "Line_on (Li 11 k1) k1” by (simp add:Line_on_rule)
then have P23 : "Eq (Geos (Lin (Li 11 k1)) add Emp) (Geos (Lin (Li ol 11)) add Emp) = Line_on
(Li ol 11) k1” by (simp add:Line_on_trans)
from P3 P23 have P24 : ”— Eq (Geos (Lin (Li 11 k1)) add Emp) (Geos (Lin (Li ol 11)) add Emp)” by
blast
from P21 P22 P24 have P25 : ”Plane_sameside (Li ol 11) h11 k1” by (simp add:Plane_Bet_sameside)
from P20 P25 have ”Bet_Point (Se h1 h11) ol = Plane_diffside (Li ol 11) h1 k1”
by (simp add:Plane_trans Plane_diffside_rev)
then have P26 : “Bet_Point (Se hl hl1l) ol = — Plane_sameside (Li ol 11) hl k1” by (simp
add:Plane _diffside_not_sameside)
from assms P26 have P27 : ”— Bet_Point (Se h1 h11) ol1” by blast
have P28 : ”— Bet_Point (Se 11 11) 01” by (simp add:Bet_end_Point)
from assms P2 P10 P22 P27 P28 P12 have P29 : "Eq (Geos (Ang (An hl ol 11)) add Emp) (Geos
(Ang (An h11 ol 11)) add Emp) A Def (Ang (An h11 ol 11))” by (simp add: Ang_Point_swap)
from P9 have P30 : ”— Eq (Geos (Poi 02) add Emp) (Geos (Poi 121) add Emp)” by (simp add:Ang_def)
from P16 have P31 : ”— Bet_Point (Se h2 h21) 02” by (blast intro:Bet_rev)
from P9 have P32 : ”— Bet_Point (Se 12 121) 02” by (blast intro:Bet_rev)
from P6 P9 P16 P30 P31 P32 have P33 : "Eq (Geos (Ang (An h2 02 12)) add Emp) (Geos (Ang (An
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h21 02 121)) add Emp) A Def (Ang (An h21 02 121))” by (simp add:Ang_Point_swap)
from assms P29 have P34 : ”Cong (Geos (Ang (An hl1 ol 11)) add Emp) (Geos (Ang (An h2 02 12))
add Emp)” by (blast intro: Ang_weektrans Ang_rev Eq_rev)
from P33 P34 have P35 : ”Cong (Geos (Ang (An hl1 ol 11)) add Emp) (Geos (Ang (An h21 02 121))
add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P29 have "Def (Tri (Tr h11 ol 11))” by (simp add:Ang_to_Tri)
then have P36 : ”Def (Tri (Tr ol h11 11))” by (blast intro:Tri_def_rev Tri_def_trans)
from P33 have “Def (Tri (Tr h21 02 121))” by (simp add:Ang_to_Tri)
then have P37 : ”Def (Tri (Tr 02 h21 121))” by (blast intro:Tri_def_rev Tri_def _trans)
from P9 P16 P35 P36 P37 have P38 : ”Cong (Geos (Tri (Tr ol h11 11)) add Emp) (Geos (Tri (Tr 02
h21 121)) add Emp)” by (simp add:Tri_SAS)
then have P39 : ”Cong (Geos (Ang (An ol 11 h11)) add Emp) (Geos (Ang (An 02121 h21)) add Emp)”
by (simp add:Tri_Cong_def)
from P4 have P40 : ”Def (Tri (Tr ol k1 11))” by (simp add:Ang_to_Tri Tri_def_rev Tri_def _trans)
from P9 have P41 : ”Def (Tri (Tr 02 k21 121))” by (simp add:Ang_to_Tri Tri_def_rev Tri_def _trans)
from P9 P40 P41 have P42 : ”Cong (Geos (Tri (Tr ol k1 11)) add Emp) (Geos (Tri (Tr 02 k21 121))
add Emp)” by (simp add:Tri_SAS)
then have P43 : ”Cong (Geos (Ang (An ol 11 k1)) add Emp) (Geos (Ang (An 02 121 k21)) add Emp)”
by (simp add:Tri_Cong_def)
from P4 have P44 : ”Def (Ang (An ol 11 k1))” by (blast intro:Ang_def_rev Ang_def_inv)
have P45 : ”Line_on (Li 11 ol) o1” by (simp add:Line_on_rule)
have P46 : ”— Bet_Point (Se ol o1) 11" by (simp add:Bet_end_Point)
from P10 have P47 : ”Line_on (Li 11 k1) h11” by (simp add:Line_Bet_on)
from P10 have "Inv(Bet_Point (Se h11 k1) 11)” by (simp add:Bet_iff)
then have ”— Bet_Point (Se h11 k1) 11” by (simp add:Inv_def)
then have P48 : ”— Bet_Point (Se k1 h11) 11" by (blast intro:Bet_rev)
from assms have P49 : ”— Eq (Geos (Poi 11) add Emp) (Geos (Poi ol) add Emp)” by (blast in-
tro:Eq_rev)
from P10 have "Bet_Point (Se k1 11) h11” by simp
then have P50 : ”— Eq (Geos (Poi 11) add Emp) (Geos (Poi h11) add Emp)” by (simp add:Bet_Point_def)
from P44 P45 P46 P47 P48 P49 P50 have P51 : "Eq (Geos (Ang (An ol 11 k1)) add Emp) (Geos (Ang
(An ol 11 h11)) add Emp) A Def (Ang (An ol 11 h11))” by (simp add:Ang_Point_swap)
have P52 : "Eq (Geos (Ang (An 02 121 k21)) add Emp) (Geos (Ang (An k21 121 02)) add Emp)” by
(simp add:Ang_roll)
from P43 P52 have P53 : ”Cong (Geos (Ang (An ol 11 k1)) add Emp) (Geos (Ang (An k21 121 02))
add Emp)” by (blast intro: Ang_weektrans Ang_rev Eq_rev)
from P51 P53 have P54 : ”Cong (Geos (Ang (An ol 11 h11)) add Emp) (Geos (Ang (An k21 121 02))
add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
have P55 : "Eq (Geos (Ang (An 02 121 h21)) add Emp) (Geos (Ang (An h21 121 02)) add Emp)” by
(simp add:Ang_roll)
from P39 P55 have P56 : ”Cong (Geos (Ang (An ol 11 h11)) add Emp) (Geos (Ang (An h21 121 02))
add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
have P57 : ”Line_on (Li 02 12) 02” by (simp add:Line_on_rule)
have P58 : ”Line_on (Li 121 02) 02” by (simp add:Line_on_rule)
have P59 : “Line_on (Li 121 02) 121” by (simp add:Line_on_rule)
from P9 have P60 : “Line_on (Li 02 12) 121 by simp
from P30 P57 P58 P59 P60 have P61 : ”Eq (Geos (Lin (Li 02 12)) add Emp) (Geos (Lin (Li 121 02))
add Emp)” by (simp add:Line_unique)
from assms P16 P57 have P62 : ”— Eq (Geos (Poi h2) add Emp) (Geos (Poi h21) add Emp) —
Plane_sameside (Li 02 12) h21 h2” by (blast intro:Plane_sameside_HalfLine Plane_sameside _rev)
from assms have P63 : "Plane_sameside (Li 02 12) k2 h2” by (simp add:Plane_sameside_rev)
from P41 have P64 : ”— Eq (Geos (Poi 02) add Emp) (Geos (Poi k21) add Emp)” by (simp add: Tri_def)
from P9 P57 P63 P64 have P65 : ”— Eq (Geos (Poi k2) add Emp) (Geos (Poi k21) add Emp) =
Plane_sameside (Li 02 12) k2 k21” by (simp add:Plane_sameside_HalfLine)
then have P66 : - Eq (Geos (Poi k2) add Emp) (Geos (Poi k21) add Emp) —-
Plane_sameside (Li 02 12) k21 k2” by (simp add:Plane_sameside rev)
from assms P62 have P67 : ”— Eq (Geos (Poi h2) add Emp) (Geos (Poi h21) add Emp) —>-
= Eq (Geos (Poi k2) add Emp) (Geos (Poi h21) add Emp) —>
Plane_sameside (Li 02 12) h21 k2” by (blast intro:Plane_sameside_trans)
have P68 : “Line_on (Li 02 k2) 02” by (simp add:Line_on_rule)
from P9 have P69 : "Eq (Geos (Poi k21) add Emp) (Geos (Poi h21) add Emp) = Line_on (Li 02 k2)
h21” by (blast intro:Point_Eq)
from P9 P13 P16 P68 P69 have P70 : "Eq (Geos (Poi k21) add Emp) (Geos (Poi h21) add Emp) —
Eq (Geos (Lin (Li 02 h2)) add Emp) (Geos (Lin (Li 02 k2)) add Emp)” by (blast intro:Line_unique)
from assms P70 have P71 : = Eq (Geos (Poi k21) add Emp) (Geos (Poi h21) add Emp)” by blast
from P65 P67 P71 have P72 : ”— Eq (Geos (Poi h2) add Emp) (Geos (Poi h21) add Emp) —
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- Eq (Geos (Poi k2) add Emp) (Geos (Poi k21) add Emp) —>
- Eq (Geos (Poi k2) add Emp) (Geos (Poi h21) add Emp) —>
Plane_sameside (Li 02 12) k21 h21” by (blast intro:Plane_sameside_trans Plane_sameside _rev)
from P66 have P73 : ”— Eq (Geos (Poi k2) add Emp) (Geos (Poi k21) add Emp) —>
Eq (Geos (Poi k2) add Emp) (Geos (Poi h21) add Emp) —-
Plane_sameside (Li 02 12) k21 h21” by (simp add:Point_Eq)
from P71 P72 P73 have P74 : ”— Eq (Geos (Poi h2) add Emp) (Geos (Poi h21) add Emp) —>
- Eq (Geos (Poi k2) add Emp) (Geos (Poi k21) add Emp) —>
Plane_sameside (Li 02 12) k21 h21” by blast
from P63 have P75 : ”Eq (Geos (Poi h2) add Emp) (Geos (Poi h21) add Emp) —>
= Eq (Geos (Poi k2) add Emp) (Geos (Poi k21) add Emp) —>
Plane_sameside (Li 02 12) k2 h21” by (simp add:Point_Eq)
from P66 P71 P75 have P76 : ”Eq (Geos (Poi h2) add Emp) (Geos (Poi h21) add Emp) —
- Eq (Geos (Poi k2) add Emp) (Geos (Poi k21) add Emp) —>
Plane_sameside (Li 02 12) k21 h21” by (blast intro:Plane_sameside_trans Eq_rev)
from assms have P77 : ”Eq (Geos (Poi k2) add Emp) (Geos (Poi k21) add Emp) —
Plane_sameside (Li 02 12) h2 k21” by (simp add:Point_Eq)
from P62 P71 P77 have P78 : ”— Eq (Geos (Poi h2) add Emp) (Geos (Poi h21) add Emp) —
Eq (Geos (Poi k2) add Emp) (Geos (Poi k21) add Emp) —-
Plane_sameside (Li 02 12) k21 h21” by (blast intro:Plane_sameside_trans Plane_sameside _rev)
from P77 have P79 : ”Eq (Geos (Poi h2) add Emp) (Geos (Poi h21) add Emp) —
Eq (Geos (Poi k2) add Emp) (Geos (Poi k21) add Emp) —
Plane_sameside (Li 02 12) k21 h21” by (blast intro:Point_Eq Plane_sameside _rev)
from P71 P74 P76 P78 P79 have P80 : Plane_sameside (Li 02 12) k21 h21” by blast
from P61 P74 P80 have P81 : ”Plane_sameside (Li 121 02) k21 h21” by (simp add:Plane_Line_trans)
from P54 P56 P74 P81 have P82 : “Eq (Geos (Lin (Li k21 121)) add Emp) (Geos (Lin (Li h21 121))
add Emp) A — Bet_Point (Se k21 h21) 121 by (simp add: Ang_move_unique)
have P83 : ”Line_on (Li h21 121) h21” by (simp add:Line_on_rule)
from P74 P82 P83 have P84 : Line_on (Li k21 121) h21” by (blast intro:Line_on_trans Eq_rev)
have P85 : ”Line_on (Li k21 121) k21” by (simp add:Line_on_rule)
have P86 : “Line_on (Li k21 121) 121 by (simp add:Line_on_rule)
from P9 have ”— Eq (Geos (Poi 121) add Emp) (Geos (Poi k21) add Emp)” by (simp add:Ang_def)
then have P87 : ”— Eq (Geos (Poi k21) add Emp) (Geos (Poi 121) add Emp)” by (blast intro:Eq_rev)
from P33 have P88 : ”— Eq (Geos (Poi 121) add Emp) (Geos (Poi h21) add Emp)” by (simp add:Ang_def)
from P71 have P89 : ”— Eq (Geos (Poi h21) add Emp) (Geos (Poi k21) add Emp)” by (blast in-
tro:Eq_rev)
from P81 have P90 : ”— Line_on (Li 121 02) k21" by (simp add:Plane_sameside_def)
from P85 have P91 : ”Eq (Geos (Lin (Li k21 121)) add Emp) (Geos (Lin (Li 121 02)) add Emp) —-
Line_on (Li 121 02) k217 by (simp add:Line_on_trans)
from P90 P91 have P92 : ”— Eq (Geos (Lin (Li 121 02)) add Emp) (Geos (Lin (Li k21 121)) add Emp)”
by (blast intro:Eq_rev)
from assms P59 P81 P84 P85 P86 P87 P88 P89 P92 have P93 : “Bet_Point (Se h21 121) k21 Vv
Bet_Point (Se 121 k21) h21” by (simp add:Plane_Bet_sameside_rev)
from P10 have P94 : ”Bet_Point (Se k1 11) h11” by simp
then have P95 : ”Bet_Point (Se 11 k1) h11” by (simp add:Bet_rev)
from P42 have P96 : "Eq (Geos (Seg (Se k1 11)) add Emp) (Geos (Seg (Se k21 121)) add Emp)” by
(simp add:Tri_Cong_def)
then have P97 : ”Eq (Geos (Seg (Se 11 k1)) add Emp) (Geos (Seg (Se 121 k21)) add Emp)” by (blast
intro:Eq_rev Eq_trans Seg_rev)
from P38 have "Eq (Geos (Seg (Se h11 11)) add Emp) (Geos (Seg (Se h21 121)) add Emp)” by (simp
add:Tri_Cong_def)
then have P98 : ”Eq (Geos (Seg (Se 11 h11)) add Emp) (Geos (Seg (Se 121 h21)) add Emp)” by (blast
intro:Eq_rev Eq_trans Seg_rev)
from P95 P97 P98 have P99 : ”— Bet_Point (Se 121 h21) k21" by (blast intro:Seg_Bet_wrong _relation)
then have P100 : ”— Bet_Point (Se h21 121) k21 by (blast intro:Bet_rev)
from P93 P100 have "Bet_Point (Se 121 k21) h21” by blast
then have P101 : ”— Seg_on_Seg (Se k21 h21) (Se h21 121)” by (simp add:Bet_rev Seg_Bet_not_on)
have P102 : ”Line_on (Li k1 11) k1” by (simp add:Line_on_rule)
have P103 : ”Line_on (Li k1 11) 11" by (simp add:Line_on_rule)
from P94 have P104 : ”Line_on (Li k1 11) h11” by (simp add:Line_Bet_on)
from P94 have P105 : ”— Seg_on_Seg (Se k1 h11) (Se h1111)” by (simp add:Seg_Bet_not_on)
from assms P84 P85 P86 P96 P101 P102 P103 P104 P105 have P106 : Eq (Geos (Seg (Se k1 h11))
add Emp) (Geos (Seg (Se k21 h21)) add Emp)” by (simp add:Seg_sub)
from P42 have P107 : ”Cong (Geos (Ang (An 11 k1 o1)) add Emp) (Geos (Ang (An 121 k21 02)) add
Emp)” by (simp add:Tri_Cong_def)
from P4 have P108 : "Def (Ang (An 11 k1 o1))” by (blast intro: Ang_def_rev Ang_def_inv)
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from P94 have Inv (Bet_Point (Se 11 h11) k1)” by (simp add:Bet_iff)

then have P109 : ”— Bet_Point (Se 11 h11) k1” by (simp add:Inv_def)

have P110 : ”Line_on (Li k1 o1) o1” by (simp add:Line_on_rule)

have P111 : ”— Bet_Point (Se ol ol) k1” by (simp add:Bet_end_Point)

from P94 have ”— Eq (Geos (Poi h11) add Emp) (Geos (Poi k1) add Emp)” by (simp add:Bet_Point_def)

then have P112 : ”— Eq (Geos (Poi k1) add Emp) (Geos (Poi h11) add Emp)” by (blast intro:Eq_rev)

from P108 have P113 : ”— Eq (Geos (Poi k1) add Emp) (Geos (Poi 01) add Emp)” by (simp add: Ang_def)

from P104 P108 P109 P110 P111 P112 P113 have P114 : ”Eq (Geos (Ang (An 11 k1 o1)) add Emp)
(Geos (Ang (An h11 k1 ol)) add Emp) A Def (Ang (An h11 k1 ol))” by (simp add:Ang_Point_swap)

from P9 have P115 : ”Def (Ang (An 121 k21 02))” by (blast intro: Ang_def_rev Ang_def_inv)

have P116 : ”Line_on (Li k21 02) 02” by (simp add:Line_on_rule)

have P117 : ”— Bet_Point (Se 02 02) k21” by (simp add:Bet_end_Point)

from P64 have P119 : ”— Eq (Geos (Poi k21) add Emp) (Geos (Poi 02) add Emp)” by (blast in-
tro:Eq_rev)

from assms P71 P84 P99 P115 P116 P117 P119 have P120 : "Eq (Geos (Ang (An 121 k21 02)) add
Emp) (Geos (Ang (Anh21 k21 02)) add Emp) A Def (Ang (An h21 k21 02))” by (simp add: Ang_Point_swap)

from P107 P114 have P121 : ”Cong (Geos (Ang (An h11 k1 o1)) add Emp) (Geos (Ang (An 121 k21
02)) add Emp)” by (blast intro: Ang_weektrans Ang_rev Eq_rev)

from P120 P121 have P122 : ” Cong (Geos (Ang (An h11 k1 ol)) add Emp) (Geos (Ang (An h21 k21
02)) add Emp)” by (blast intro: Ang_weektrans Ang_rev Eq_rev)

from P114 have P123 : ”Def (Tri (Tr k1 h11 o1))” by (blast intro: Ang_to_Tri Tri_def_rev Tri_def _trans)

from P120 have P124 : ”Def (Tri (Tr k21 h21 02))” by (blast intro: Ang_to_Tri Tri_def_rev Tri_def _trans)

from P9 have P125 : ”Eq (Geos (Seg (Se k1 ol)) add Emp) (Geos (Seg (Se k21 02)) add Emp)” by
(blast intro:Seg_rev Eq-trans Eq_rev)

from P106 P122 P123 P124 P125 have "Cong (Geos (Tri (Tr k1 h11 ol)) add Emp) (Geos (Tri (Tr
k21 h21 02)) add Emp)” by (simp add:Tri_SAS)

then have P126 : ”’Cong (Geos (Ang (An k1 ol h11)) add Emp) (Geos (Ang (An k21 02 h21)) add
Emp)” by (simp add:Tri_Cong_def)

have P127 : ”Eq (Geos (Ang (An k1 ol h11)) add Emp) (Geos (Ang (An h11 ol k1)) add Emp)” by
(simp add:Ang_roll)

have P128 : ”Eq (Geos (Ang (An k21 02 h21)) add Emp) (Geos (Ang (An h21 02 k21)) add Emp)”
by (simp add:Ang_roll)

from P126 P127 have P129 : ”Cong (Geos (Ang (An hl1 ol k1)) add Emp) (Geos (Ang (An k21 02
h21)) add Emp)” by (blast intro: Ang_weektrans Ang_rev Eq_rev)

from P128 P129 have P130 : ”Cong (Geos (Ang (An hl1 ol k1)) add Emp) (Geos (Ang (An h21 02
k21)) add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)

from P114 have P131 : ”Def (Ang (An h11 ol k1))” by (simp add:Ang_def_inv)

from P2 have ”— Eq (Geos (Poi h1) add Emp) (Geos (Poi 01) add Emp)” by (simp add: Ang_def)

then have P132 : ”— Eq (Geos (Poi o1) add Emp) (Geos (Poi h1) add Emp)” by (blast intro:Eq_rev)

from P10 P12 P132 have P133 : "Line_on (Li ol h11) h1” by (blast intro:Line_on_rev)

from P27 have P134 : ”— Bet_Point (Se h11 h1) o1 by (blast intro:Bet_rev)

have P135 : ”Line_on (Li ol k1) k1” by (simp add:Line_on_rule)

have P136 : ”— Bet_Point (Se k1 k1) o1” by (simp add:Bet_end_Point)

from P4 have ”— Eq (Geos (Poi k1) add Emp) (Geos (Poi 01) add Emp)” by (simp add: Ang_def)

then have P137 : ”— Eq (Geos (Poi o1) add Emp) (Geos (Poi k1) add Emp)” by (blast intro:Eq_rev)

from P131 P132 P133 P134 P135 P136 P137 have P138 : ”Eq (Geos (Ang (An h11 ol k1)) add Emp)
(Geos (Ang (An hl ol k1)) add Emp) A Def (Ang (An hl ol k1))” by (simp add: Ang_Point_swap)

from P120 have P139 : ”Def (Ang (An h21 02 k21))” by (simp add: Ang_def_inv)

from P15 P16 have P140 : “Line_on (Li 02 h21) h2” by (simp add:Line_on_rev)

from P16 have P141 : ”— Bet_Point (Se h21 h2) 02” by (blast intro:Bet_rev)

from P8 have ”— Eq (Geos (Poi k2) add Emp) (Geos (Poi 02) add Emp)” by (simp add: Ang_def)

then have P142 : ”— Eq (Geos (Poi 02) add Emp) (Geos (Poi k2) add Emp)” by (blast intro:Eq_rev)

from P9 P64 P142 have P143 : ”Line_on (Li 02 k21) k2” by (simp add:Line_on_rev)

from P9 P15 P139 P140 P141 P142 P143 have P143 : "Eq (Geos (Ang (An h21 02 k21)) add Emp)
(Geos (Ang (An h2 02 k2)) add Emp) A Def (Ang (An h2 02 k2))” by (simp add: Ang_Point_swap)

from P130 P138 have P145 : ”Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An h21 02
k21)) add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)

from P143 P145 show ”Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An h2 02 k2)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)

from P93 P100 have P146 : ”Bet_Point (Se k21 121) h21” by (blast intro:Bet_rev)

from P9 have P147 : ”— Eq (Geos (Lin (Li 02 k21)) add Emp) (Geos (Lin (Li 02 121)) add Emp)”

by (simp add:Ang_def)
from P30 P64 P146 P147 have P148 : ”Ang_inside (An k21 02 121) h21”
by (simp add:Ang_inside_Bet_Point)
from P8 have P149 : - Eq (Geos (Poi 02) add Emp) (Geos (Poi 12) add Emp)” by (simp add:Ang_def)
from P9 P142 P148 P149 have P150 : ”Ang_inside (An k2 02 12) h21” by (simp add:Ang_inside_trans)
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from P15 P16 have P151 : ”Line_on (Li 02 h21) h2” by (simp add:Line_on_rev)

from P16 have P152 : ”— Bet_Point (Se h2 h21) 02” by (blast intro:Bet_rev)

from P15 P150 P151 P152 show ”Ang_inside (An k2 02 12) h2” by (simp add:Ang_inside_HalfLine)
ged

theorem (in Congruence_Rule) Ang_sub :
assumes
”Plane_sameside (Li ol 11) h1 k1”
”— Eq (Geos (Poi 01) add Emp) (Geos (Poi 11) add Emp)”
”Plane_sameside (Li 02 12) h2 k2”
”= Eq (Geos (Poi 02) add Emp) (Geos (Poi 12) add Emp)”
”Cong (Geos (Ang (An hl ol 11)) add Emp) (Geos (Ang (An h2 02 12)) add Emp)”
”Cong (Geos (Ang (An k1 ol 11)) add Emp) (Geos (Ang (An k2 02 12)) add Emp)”
”— Eq (Geos (Lin (Li ol h1)) add Emp) (Geos (Lin (Li o1 k1)) add Emp)”
”— Eq (Geos (Lin (Li 02 h2)) add Emp) (Geos (Lin (Li 02 k2)) add Emp)”
shows
”Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An h2 02 k2)) add Emp)”
proof -
from assms have P1 : ”— Line_on (Li ol 11) h1” by (simp add:Plane_sameside_def)
from assms P1 have "Def (Ang (An ol 11 h1))” by (simp add:Ang_sinple_def)
then have P2 : ”Def (Ang (An hl ol 11))” by (blast intro:Ang_def_rev Ang_def_inv)
from assms have P3 : ”— Line_on (Li ol 11) k1” by (simp add:Plane_sameside_def)
from assms P3 have "Def (Ang (An ol 11 k1))” by (simp add:Ang_sinple_def)
then have P4 : “Def (Ang (An k1 ol 11))” by (blast intro:Ang_def_rev Ang_def_inv)
from assms P2 P4 have P5 : ”Ang_inside (An hl ol 11) k1 A = Ang_inside (An k1 o1 11) hl
V = Ang_inside (An hl ol 11) k1 A Ang_inside (An k1 ol 11) h1” by (simp add:Ang_inside_case)
from assms have P6 : ”Ang_inside (An k1 ol 11) hl =
Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An h2 02 k2)) add Emp)” by (simp
add:Ang_sub_lemmal)
from assms have P7 : ”Plane_sameside (Li o1 11) k1 h1” by (simp add:Plane_sameside_rev)
from assms have P8 : ”Plane_sameside (Li 02 12) k2 h2” by (simp add:Plane_sameside_rev)
from assms have P9 : ”— Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li ol h1)) add Emp)” by
(blast intro:Eq_rev)
from assms have P10 : ”— Eq (Geos (Lin (Li 02 k2)) add Emp) (Geos (Lin (Li 02 h2)) add Emp)” by
(blast intro:Eq_rev)
from assms P7 P8 P9 P10 have P11 : ”Ang_inside (An h1 o1 11) k1l =
Cong (Geos (Ang (An k1 ol hl)) add Emp) (Geos (Ang (An k2 02 h2)) add Emp)” by (simp
add:Ang_sub_lemmal)
have P12 : ”Eq (Geos (Ang (An k1 ol h1)) add Emp) (Geos (Ang (An hl ol k1)) add Emp)” by (simp
add:Ang_roll)
have P13 : ”Eq (Geos (Ang (An k2 02 h2)) add Emp) (Geos (Ang (An h2 02 k2)) add Emp)” by (simp
add:Ang_roll)
from P11 P12 have P14 : ”Ang_inside (An hl ol I1) kl =
Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An k2 02 h2)) add Emp)” by (blast in-
tro:Ang_weektrans Ang_rev Eq_rev)
from P13 P14 have P15 : ”Ang_inside (An hl ol 11) kl =
Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An h2 02 k2)) add Emp)” by (blast in-
tro:Ang_weektrans Ang_rev Eq_rev)
from PS5 P6 P15 show ”Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An h2 02 k2)) add
Emp)” by blast
ged

theorem (in Congruence_Rule) Ang_add :
assumes
”Plane_diffside (Li ol 11) h1 k1”
”— Eq (Geos (Poi 01) add Emp) (Geos (Poi 11) add Emp)”
”Plane_diffside (Li 02 12) h2 k2”
”= Eq (Geos (Poi 02) add Emp) (Geos (Poi 12) add Emp)”
”Cong (Geos (Ang (An hl ol 11)) add Emp) (Geos (Ang (An h2 02 12)) add Emp)”
”Cong (Geos (Ang (An k1 ol 11)) add Emp) (Geos (Ang (An k2 02 12)) add Emp)”
”— Eq (Geos (Lin (Li ol h1)) add Emp) (Geos (Lin (Li o1 k1)) add Emp)”
”— Eq (Geos (Lin (Li 02 h2)) add Emp) (Geos (Lin (Li 02 k2)) add Emp)”
shows
”Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An h2 02 k2)) add Emp)”
proof -
from assms have ”Jp. Bet_Point (Se h1 k1) p A Line_on (Liol 11) p
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A — Line_on (Li ol 11) h1 A — Line_on (Li ol 11) k1” by (simp add:Plane_diffside_def)
then obtain 111 :: Point where P1 : ”Bet_Point (Se h1 k1) I11 A Line_on (Li ol 11) 111
A — Line_on (Li ol 11) h1 A — Line_on (Li ol 11) k1 by blast
have P2 : "Line_on (Li ol 11) o1” by (simp add:Line_on_rule)
then have P3 : "Eq (Geos (Poi o1) add Emp) (Geos (Poi k1) add Emp) = Line_on (Li ol 11) k1” by
(simp add:Point_Eq)
from P1 P3 have P4 : ”— Eq (Geos (Poi o1) add Emp) (Geos (Poi k1) add Emp)” by blast
have P5 : "Line_on (Li o1 k1) o1” by (simp add:Line_on_rule)
have P6 : "Line_on (Li o1 k1) k1” by (simp add:Line_on_rule)
from P4 P5 P6 have ”Jp. Eq (Geos (Seg (Se ol k1)) add Emp) (Geos (Seg (Se ol p)) add Emp)
A Bet_Point (Se p k1) ol A Line_on (Li ol k1) p A = Eq (Geos (Poi o1) add Emp) (Geos (Poi p)
add Emp)” by (simp add:Seg_move_diffside)
then obtain k11 :: Point where P7 : "Eq (Geos (Seg (Se ol k1)) add Emp) (Geos (Seg (Se ol k11))
add Emp)
A Bet_Point (Se k11 k1) ol A Line_on (Li ol k1) k11 A = Eq (Geos (Poi o1) add Emp) (Geos (Poi
k11) add Emp)” by blast
from P7 have P8 : ”Bet_Point (Se k11 k1) o1” by blast
have “Line_on (Li k11 k1) k1” by (simp add:Line_on_rule)
then have P9 : "Eq (Geos (Lin (Li k11 k1)) add Emp) (Geos (Lin (Li ol 11)) add Emp) = Line_on
(Li ol 11) k1” by (simp add:Line_on_trans)
from P1 P9 have P10 : ”— Eq (Geos (Lin (Li k11 k1)) add Emp) (Geos (Lin (Li o1 11)) add Emp)” by
blast
from P2 P8 P10 have “Plane _diffside (Li o1 11) k11 k1” by (simp add:Plane_Bet_diffside)
then have P11 : ”Plane_diffside (Li ol 11) k1 k11" by (simp add:Plane_diffside_rev)
from assms have P12 : ”Plane_diffside (Li ol 11) k1 h1” by (simp add:Plane_diffside_rev)
from P2 have P13 : ”Eq (Geos (Poi 01) add Emp) (Geos (Poi hl) add Emp) = Line_on (Li ol 11)
h1” by (simp add:Point_Eq)
from P1 P13 have P14 : - Eq (Geos (Poi o1) add Emp) (Geos (Poi h1) add Emp)” by blast
have P15 : ”Line_on (Li ol hl) o1” by (simp add:Line_on_rule)
have P16 : ”Line_on (Li ol h1) h1” by (simp add:Line_on_rule)
from P5 P14 P15 P16 have P17 : "Line_on (Li ol k1) hl
—> Eq (Geos (Lin (Liol h1)) add Emp) (Geos (Lin (Li 0ol k1)) add Emp)” by (simp add:Line_unique)
from assms P17 have P18 : ”— Line_on (Li ol k1) h1” by blast
from P7 have P19 : ”Eq (Geos (Poi k11) add Emp) (Geos (Poi h1) add Emp) = Line_on (Li ol k1)
h1” by (blast intro:Point_Eq)
from P18 P19 have P20 : ”— Eq (Geos (Poi k11) add Emp) (Geos (Poi h1) add Emp)” by blast
from P11 P12 P20 have ”Plane_sameside (Li ol 11) k11 h1” by (blast intro:Plane_trans_inv)
then have P21 : ”Plane_sameside (Li ol 11) h1 k11” by (simp add:Plane_sameside_rev)
from assms have ”Jp. Bet_Point (Se h2 k2) p A Line_on (Li 02 12) p
A — Line_on (Li 02 12) h2 A — Line_on (Li 02 12) k2” by (simp add:Plane_diffside_def)
then obtain 121 :: Point where P22 : ”Bet_Point (Se h2 k2) 121 A Line_on (Li 02 12) 121
A — Line_on (Li 02 12) h2 A — Line_on (Li 02 12) k2 by blast
have P23 : ”Line_on (Li 02 12) 02” by (simp add:Line_on_rule)
then have P24 : "Eq (Geos (Poi 02) add Emp) (Geos (Poi k2) add Emp) = Line_on (Li 02 12) k2”
by (simp add:Point_Eq)
from P22 P24 have P25 : ”— Eq (Geos (Poi 02) add Emp) (Geos (Poi k2) add Emp)” by blast
have P26 : “Line_on (Li 02 k2) 02” by (simp add:Line_on_rule)
have P27 : ”Line_on (Li 02 k2) k2” by (simp add:Line_on_rule)
from P4 P25 P26 P27 have ”Jdp. Eq (Geos (Seg (Se ol k1)) add Emp) (Geos (Seg (Se 02 p)) add Emp)
A Bet_Point (Se p k2) 02 A Line_on (Li 02 k2) p A = Eq (Geos (Poi 02) add Emp) (Geos (Poi p)
add Emp)” by (simp add:Seg_move_diffside)
then obtain k21 :: Point where P28 : "Eq (Geos (Seg (Se ol k1)) add Emp) (Geos (Seg (Se 02 k21))
add Emp)
A Bet_Point (Se k21 k2) 02 A Line_on (Li 02 k2) k21 A = Eq (Geos (Poi 02) add Emp) (Geos (Poi
k21) add Emp)” by blast
from P28 have P29 : ”Bet_Point (Se k21 k2) 02” by blast
have "Line_on (Li k21 k2) k2” by (simp add:Line_on_rule)
then have P30 : ”Eq (Geos (Lin (Li k21 k2)) add Emp) (Geos (Lin (Li 02 12)) add Emp) = Line_on
(Li 02 12) k2” by (simp add:Line_on_trans)
from assms have ”Jp. Bet_Point (Se h2 k2) p A Line_on (Li 02 12) p
A — Line_on (Li 02 12) h2 A — Line_on (Li 02 12) k2” by (simp add:Plane_diffside_def)
from P22 P30 have P31 : - Eq (Geos (Lin (Li k21 k2)) add Emp) (Geos (Lin (Li 02 12)) add Emp)”
by blast
from P23 P29 P31 have ”Plane_diffside (Li 02 12) k21 k2” by (simp add:Plane_Bet_diffside)
then have P32 : ”Plane_diffside (Li 02 12) k2 k21" by (simp add:Plane_diffside_rev)
from assms have P33 : ”Plane_diffside (Li 02 12) k2 h2” by (simp add:Plane_diffside_rev)
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from P23 have P34 : ”Eq (Geos (Poi 02) add Emp) (Geos (Poi h2) add Emp) = Line_on (Li 02 12)
h2” by (simp add:Point_Eq)
from P22 P34 have P35 : ”— Eq (Geos (Poi 02) add Emp) (Geos (Poi h2) add Emp)” by blast
have P36 : “Line_on (Li 02 h2) 02” by (simp add:Line_on_rule)
have P37 : ”Line_on (Li 02 h2) h2” by (simp add:Line_on_rule)
from P26 P35 P36 P37 have P38 : ”Line_on (Li 02 k2) h2
=—> Eq (Geos (Lin (Li 02 h2)) add Emp) (Geos (Lin (Li 02 k2)) add Emp)” by (simp add:Line_unique)
from assms P38 have P39 : ”— Line_on (Li 02 k2) h2” by blast
from P28 have P40 : ”Eq (Geos (Poi k21) add Emp) (Geos (Poi h2) add Emp) = Line_on (Li 02 k2)
h2” by (blast intro:Point_Eq)
from P39 P40 have P41 : ”— Eq (Geos (Poi k21) add Emp) (Geos (Poi h2) add Emp)” by blast
from P32 P33 P41 have "Plane_sameside (Li 02 12) k21 h2” by (blast intro:Plane_trans_inv)
then have P42 : ”Plane_sameside (Li 02 12) h2 k21" by (simp add:Plane_sameside_rev)
from assms P1 have "Def (Ang (An ol 11 k1))” by (simp add:Ang_sinple_def)
then have P43 : ”Def (Ang (An k1 ol 11))” by (blast intro:Ang_def_rev Ang_def_inv)
from assms P22 have ”Def (Ang (An 02 12 k2))” by (simp add: Ang_sinple_def)
then have P44 : "Def (Ang (An k2 02 12))” by (blast intro:Ang_def_rev Ang_def_inv)
from P8 have P45 : ”Bet_Point (Se k1 k11) ol1” by (simp add:Bet_rev)
from P28 have P46 : ”Bet_Point (Se k2 k21) 02” by (simp add:Bet_rev)
from assms P43 P44 P45 P46 have P47 : ”Cong (Geos (Ang (An 11 ol k11)) add Emp) (Geos (Ang
(An 12 02 k21)) add Emp)” by (simp add:Ang_complementary)
have P48 : “Eq (Geos (Ang (An 11 ol k11)) add Emp) (Geos (Ang (An k11 ol 11)) add Emp)” by
(simp add:Ang_roll)
have P49 : ”Eq (Geos (Ang (An 12 02 k21)) add Emp) (Geos (Ang (An k21 02 12)) add Emp)” by
(simp add:Ang_roll)
from P47 P48 have P50 : ”Cong (Geos (Ang (An k11 ol 11)) add Emp) (Geos (Ang (An 12 02 k21))
add Emp)” by (blast intro: Ang_weektrans Ang_rev Eq_rev)
from P49 P50 have P51 : ”Cong (Geos (Ang (An k11 ol 11)) add Emp) (Geos (Ang (An k21 02 12))
add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
have P52 : ”Line_on (Li ol k11) k11” by (simp add:Line_on_rule)
have P53 : ”Line_on (Li ol k11) 01” by (simp add:Line_on_rule)
from P5 P7 P52 P53 have P54 : "Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li ol k11)) add
Emp)” by (blast intro:Line_unique)
from P54 have P55 : ”Eq (Geos (Lin (Li ol h1l)) add Emp) (Geos (Lin (Li ol k11)) add Emp)
—> Eq (Geos (Lin (Li o1l h1)) add Emp) (Geos (Lin (Li o1 k1)) add Emp)” by (blast intro:Eq_trans
Eq.rev)
from assms P55 have P56 : 7= Eq (Geos (Lin (Li ol hl)) add Emp) (Geos (Lin (Li ol k11)) add
Emp)” by blast
have P57 : ”Line_on (Li 02 k21) k21" by (simp add:Line_on_rule)
have P58 : “Line_on (Li 02 k21) 02” by (simp add:Line_on_rule)
from P26 P28 P57 P58 have P59 : "Eq (Geos (Lin (Li 02 k2)) add Emp) (Geos (Lin (Li 02 k21)) add
Emp)” by (blast intro:Line_unique)
from P59 have P60 : ”Eq (Geos (Lin (Li 02 h2)) add Emp) (Geos (Lin (Li 02 k21)) add Emp)
= Eq (Geos (Lin (L1 02 h2)) add Emp) (Geos (Lin (Li 02 k2)) add Emp)” by (blast intro:Eq_trans
Eq-rev)
from assms P60 have P61 : = Eq (Geos (Lin (Li 02 h2)) add Emp) (Geos (Lin (Li 02 k21)) add
Emp)” by blast
from assms P21 P42 P51 P56 P61 have P62 : ”Cong (Geos (Ang (An hl ol k11)) add Emp) (Geos
(Ang (An h2 02 k21)) add Emp)” by (simp add:Ang_sub)
have P63 : ”Eq (Geos (Ang (An hl ol k11)) add Emp) (Geos (Ang (An k11 ol h1)) add Emp)” by
(simp add:Ang_roll)
have P64 : "Eq (Geos (Ang (An h2 02 k21)) add Emp) (Geos (Ang (An k21 02 h2)) add Emp)” by
(simp add:Ang_roll)
from P62 P63 have P65 : ”Cong (Geos (Ang (An k11 ol hl)) add Emp) (Geos (Ang (An h2 02 k21))
add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P64 P65 have P66 : ”Cong (Geos (Ang (An k11 ol hl)) add Emp) (Geos (Ang (An k21 02 h2))
add Emp)” by (blast intro: Ang_weektrans Ang_rev Eq_rev)
from P54 have P67 : "Line_on (Liol k11) h1 = Line_on (Li o1 k1) h1” by (blast intro:Line_on_trans
Eq.rev)
qfrom P18 P67 have P68 : ”— Line_on (Li ol k11) h1” by blast
from P7 P68 have "Def (Ang (An ol k11 h1))” by (simp add: Ang_sinple_def)
then have P69 : “Def (Ang (An k11 ol h1))” by (blast intro:Ang_def_rev Ang_def_inv)
from P59 have P70 : "Line_on (Li 02 k21) h2 = Line_on (Li 02 k2) h2” by (blast intro:Line_on_trans
Eq-rev)
from P39 P70 have P71 : ”— Line_on (Li 02 k21) h2” by blast
from P28 P71 have "Def (Ang (An 02 k21 h2))” by (simp add:Ang_sinple_def)
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then have P72 : ”Def (Ang (An k21 02 h2))” by (blast intro:Ang_def_rev Ang_def_inv)

from P8 P29 P66 P69 P72 show ”Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An h2 02
k2)) add Emp)” by (simp add:Ang_complementary)
ged

lemma (in Congruence_Rule) Ang_split_lemmal :
assumes N :
”Def (Ang (An hl ol k1))” ”Def (Ang (An h2 02 k2))”
”Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An h2 02 k2)) add Emp)”
”Cong (Geos (Ang (An 11 ol k1)) add Emp) (Geos (Ang (An 12 02 k2)) add Emp)”
”Plane_sameside (Li ol k1) h111”
”Plane_sameside (Li 02 k2) h2 12”
”= Eq (Geos (Lin (Li ol 11)) add Emp) (Geos (Lin (Li ol h1)) add Emp)”
shows
”— Eq (Geos (Lin (Li 02 12)) add Emp) (Geos (Lin (Li 02 h2)) add Emp)”
proof
assume W : "Eq (Geos (Lin (Li 02 12)) add Emp) (Geos (Lin (Li 02 h2)) add Emp)”
have P1 : "Line_on (Li 02 k2) 02” by (simp add:Line_on_rule)
from N have P2 : ”— Line_on (Li 02 k2) h2 A = Line_on (Li 02 k2) 12
A — Eq (Geos (Poi h2) add Emp) (Geos (Poi 12) add Emp)” by (simp add:Plane_sameside_def)
from P1 P2 have ”Bet_Point (Se h2 12) 02 = (Jp. Bet_Point (Se h2 12) p
A Line_on (Li 02 k2) p A — Line_on (Li 02 k2) h2 A = Line_on (Li 02 k2) 12)” by blast
then have ”Bet_Point (Se h2 12) 02 = Plane _diffside (Li 02 k2) h2 12”
by (simp add:Plane_diffside_def)
then have P3 : ”Bet_Point (Se h2 12) 02 = — Plane_sameside (Li 02 k2) h2 12”
by (simp add:Plane_diffside_not_sameside)
from N P3 have P4 : ”— Bet_Point (Se h2 12) 02” by blast
have P5 : ”Line_on (Li 02 12) 12” by (simp add:Line_on_rule)
from W P5 have P6 : ”Line_on (Li 02 h2) 12” by (simp add:Line_on_trans)
have P7 : "Line_on (Li 02 k2) k2” by (simp add:Line_on_rule)
have P8 : ”— Bet_Point (Se k2 k2) 02” by (simp add:Bet_end_Point)
from P1 have P9 : ”Eq (Geos (Poi 02) add Emp) (Geos (Poi 12) add Emp) = Line_on (Li 02 k2) 12”
by (simp add:Point_Eq)
from P2 P9 have P10 : ”— Eq (Geos (Poi 02) add Emp) (Geos (Poi 12) add Emp)” by blast
from N have “Def (Tri (Tr h2 02 k2))” by (simp add:Ang_to_Tri)
then have P11 : = Eq (Geos (Poi 02) add Emp) (Geos (Poi k2) add Emp)” by (simp add:Tri_def)
from N P4 P6 P7 P8 P10 P11 have P12 :
”Eq (Geos (Ang (An h2 02 k2)) add Emp) (Geos (Ang (An 12 02 k2)) add Emp) A Def (Ang (An
12 02 k2))” by (simp add:Ang_Point_swap)
from N P12 have P13 : ”Cong (Geos (Ang (An 12 02 k2)) add Emp) (Geos (Ang (An hl ol k1)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from N have P14 : ”Cong (Geos (Ang (An 12 02 k2)) add Emp) (Geos (Ang (An 11 ol k1)) add Emp)”
by (blast intro:Ang_rev)
from N P13 P14 have P15 : ”Eq (Geos (Lin (Li hl o1)) add Emp) (Geos (Lin (Li 11 o1)) add Emp) A
— Bet_Point (Se h1 11) o1” by (simp add:Ang_move_unique)
from N have ”Def (Tri (Tr h1 ol k1))” by (simp add:Ang_to_Tri)
then have ”— Eq (Geos (Poi h1) add Emp) (Geos (Poi 01) add Emp)” by (simp add:Tri_def)
then have P16 : ”Eq (Geos (Lin (Li h1 ol)) add Emp) (Geos (Lin (Li ol hl)) add Emp)” by (simp
add:Line_rev)
from N have P17 : ”— Line_on (Li ol k1) h1 A = Line_on (Li ol k1) 11
A = Eq (Geos (Poi hl) add Emp) (Geos (Poi 11) add Emp)” by (simp add:Plane_sameside_def)
have P18 : “Line_on (Li ol k1) o1” by (simp add:Line_on_rule)
then have P19 : ”Eq (Geos (Poi 01) add Emp) (Geos (Poi 11) add Emp) = Line_on (Li ol k1) 11" by
(simp add:Point_Eq)
from P17 P19 have ”— Eq (Geos (Poi o1) add Emp) (Geos (Poi 11) add Emp)” by blast
then have P20 : ”Eq (Geos (Lin (Li ol 11)) add Emp) (Geos (Lin (Li 11 o1)) add Emp)” by (simp
add:Line_rev)
from P15 P16 have P21 : "Eq (Geos (Lin (Li ol h1)) add Emp) (Geos (Lin (Li 11 ol)) add Emp)” by
(blast intro:Eq_rev Eq_trans)
from P20 P21 have P22 : ”Eq (Geos (Lin (Li ol 11)) add Emp) (Geos (Lin (Li ol h1)) add Emp)” by
(blast intro:Eq_rev Eq_trans)
from N P22 show False by blast
ged

theorem (in Congruence_Rule) Ang_split :
assumes
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”Def (Ang (An hl ol k1))” ”Def (Ang (An h2 02 k2))”
”Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An h2 02 k2)) add Emp)”
”Ang_inside (An hl ol k1) 117
shows
”Jp. Ang_inside (An h2 02 k2) p
A Cong (Geos (Ang (An hl ol 11)) add Emp) (Geos (Ang (An h2 02 p)) add Emp)
A Cong (Geos (Ang (An k1 ol 11)) add Emp) (Geos (Ang (An k2 02 p)) add Emp)”
proof -
from assms have P1 : ”Plane_sameside (Li ol h1) k1 11 A Plane_sameside (Li ol k1) h1 11” by (simp
add:Ang_inside_def)
from assms have P2 : = Line_on (Li 02 k2) h2” by (simp add:Ang_to_Tri Tri_def_Line)
from P1 have P3 : ”— Line_on (Li ol k1) 11" by (simp add:Plane_sameside_def)
from assms have P4 : “Def (Tri (Tr hl ol k1))” by (simp add:Ang_to_Tri)
then have P5 : ”— Eq (Geos (Poi 01) add Emp) (Geos (Poi k1) add Emp)” by (simp add:Tri_def)
from P3 P5 have “Def (Ang (An ol k1 11))” by (simp add:Ang_sinple_def)
then have P6 : ”Def (Ang (An k1 ol 11))” by (blast intro:Ang_def_rev Ang_def_inv)
from P2 P6 have ”Jp. Cong (Geos (Ang (An k1 ol 11)) add Emp) (Geos (Ang (An p 02 k2)) add Emp)
A Plane_sameside (Li 02 k2) p h2” by (simp add:Ang_move_sameside)
then obtain 12 :: Point where P7 : ”Cong (Geos (Ang (An k1 ol 11)) add Emp) (Geos (Ang (An 12 02
k2)) add Emp)
A Plane_sameside (Li 02 k2) 12 h2” by blast
from assms have ”Def (Tri (Tr h2 02 k2))” by (simp add:Ang_to_Tri)
then have P8 : ”— Eq (Geos (Poi 02) add Emp) (Geos (Poi k2) add Emp)” by (simp add:Tri_def)
have P9 : ”Eq (Geos (Ang (An k1 ol 11)) add Emp) (Geos (Ang (An 11 ol k1)) add Emp)” by (simp
add:Ang_roll)
from P7 P9 have P10 : ”Cong (Geos (Ang (An 11 ol k1)) add Emp) (Geos (Ang (An 12 02 k2)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P1 have P11 : ”— Line_on_Seg (Li ol hl) (Se k1 11) A = Line_on (Li ol hl) k1
A — Line_on (Li ol h1) 11 A = Eq (Geos (Poi k1) add Emp) (Geos (Poi 11) add Emp)” by (simp
add:Plane_sameside_def)
have “Line_on (Li ol 11) 11” by (simp add:Line_on_rule)
then have P12 : ”Eq (Geos (Lin (Li ol 11)) add Emp) (Geos (Lin (Li ol h1)) add Emp) = Line_on
(Liol h1) 11” by (simp add:Line_on_trans)
from P11 P12 have P13 : ”— Eq (Geos (Lin (Li ol 11)) add Emp) (Geos (Lin (Li ol h1)) add Emp)”
by blast
from P7 have P14 : ”Plane_sameside (Li 02 k2) h2 12” by (simp add:Plane_sameside_rev)
from assms P1 P10 P13 P14 have P15 : "= Eq (Geos (Lin (Li 02 12)) add Emp) (Geos (Lin (Li 02 h2))
add Emp)” by (simp add:Ang_split_lemmal)
from P1 have P16 : ”Plane_sameside (Li ol k1) 11 h1” by (simp add:Plane_sameside_rev)
from P7 have P17 : ”Plane_sameside (Li 02 k2) 12 h2” by simp
from assms P5 P8 P10 P13 P15 P16 P17 have P18 :
”Cong (Geos (Ang (An 11 ol hl)) add Emp) (Geos (Ang (An 12 02 h2)) add Emp)
A Ang_inside (An h2 02 k2) 12” by (simp add:Ang_sub_lemmal)
have P19 : ”Eq (Geos (Ang (An 12 02 k2)) add Emp) (Geos (Ang (An k2 02 12)) add Emp)” by (simp
add:Ang_roll)
from P7 P19 have P20 : ”Cong (Geos (Ang (An k1 ol 11)) add Emp) (Geos (Ang (An k2 02 12)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
have P21 : "Eq (Geos (Ang (An 11 ol h1)) add Emp) (Geos (Ang (An hl ol 11)) add Emp)” by (simp
add:Ang_roll)
have P22 : "Eq (Geos (Ang (An 12 02 h2)) add Emp) (Geos (Ang (An h2 02 12)) add Emp)” by (simp
add: Ang_roll)
from P18 P21 have P23 : ”Cong (Geos (Ang (An hl ol 11)) add Emp) (Geos (Ang (An 12 02 h2)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P22 P23 have P24 : ”Cong (Geos (Ang (An hl ol 11)) add Emp) (Geos (Ang (An h2 02 12)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P18 P20 P24 show ”3p. Ang_inside (An h2 02 k2) p
A Cong (Geos (Ang (An hl ol 11)) add Emp) (Geos (Ang (An h2 o2 p)) add Emp)
A Cong (Geos (Ang (An k1 ol 11)) add Emp) (Geos (Ang (An k2 02 p)) add Emp)” by blast

ged

theorem (in Congruence _Rule) Ang_split_unique :
assumes
”Def (Ang (An hl ol k1))” ”Def (Ang (An h2 02 k2))”
”Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An h2 02 k2)) add Emp)”
”Ang_inside (An hl ol k1) 117
”Ang_inside (An h2 02 k2) 121”

130



”Cong (Geos (Ang (An hl ol 11)) add Emp) (Geos (Ang (An h2 02 121)) add Emp)”
”Cong (Geos (Ang (An k1 ol 11)) add Emp) (Geos (Ang (An k2 02 121)) add Emp)”
”Ang_inside (An h2 02 k2) 122”
”Cong (Geos (Ang (An hl ol 11)) add Emp) (Geos (Ang (An h2 02 122)) add Emp)”
”Cong (Geos (Ang (An k1 ol 11)) add Emp) (Geos (Ang (An k2 02 122)) add Emp)”
shows
”Eq (Geos (Lin (Li 02 121)) add Emp) (Geos (Lin (Li 02 122)) add Emp)”
proof -
from assms have ”Plane_sameside (Li 02 h2) k2 121 A Plane_sameside (Li 02 k2) h2 121” by (simp
add:Ang_inside_def)
then have P1 : ”Plane_sameside (Li 02 k2) 121 h2” by (simp add:Plane_sameside_rev)
from assms have P2 : “Plane_sameside (Li 02 h2) k2 122 A Plane_sameside (Li 02 k2) h2 122” by
(simp add:Ang_inside_def)
from P1 P2 have P3 : ”— Eq (Geos (Poi 122) add Emp) (Geos (Poi 121) add Emp) —>
Plane_sameside (Li 02 k2) 121 122” by (simp add:Plane_sameside_trans)
have P4 : "Eq (Geos (Ang (An k2 02 121)) add Emp) (Geos (Ang (An 121 02 k2)) add Emp)” by (simp
add:Ang_roll)
from assms P4 have P5 : ”Cong (Geos (Ang (An k1 ol 11)) add Emp) (Geos (Ang (An 121 02 k2))
add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
have P6 : "Eq (Geos (Ang (An k2 02 122)) add Emp) (Geos (Ang (An 122 02 k2)) add Emp)” by (simp
add:Ang_roll)
from assms P6 have P7 : ”Cong (Geos (Ang (An k1 ol 11)) add Emp) (Geos (Ang (An 122 02 k2))
add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P3 P5 P7 have P8 : ”— Eq (Geos (Poi 122) add Emp) (Geos (Poi 121) add Emp) —
Eq (Geos (Lin (Li121 02)) add Emp) (Geos (Lin (Li 122 02)) add Emp)”
by (simp add:Ang_move_unique)
have P9 : "Line_on (Li 02 k2) 02” by (simp add:Line_on_rule)
from P1 have P10 : ”— Line_on (Li 02 k2) 121 by (simp add:Plane_sameside_def)
from P9 have P11 : ”Eq (Geos (Poi 02) add Emp) (Geos (Poi 121) add Emp) = Line_on (Li 02 k2)
1217 by (simp add:Point_Eq)
from P10 P11 have P12 : ”— Eq (Geos (Poi 02) add Emp) (Geos (Poi 121) add Emp)” by blast
then have P13 : ”Eq (Geos (Lin (Li 02 121)) add Emp) (Geos (Lin (Li 121 02)) add Emp)” by (simp
add:Line_rev)
from P2 have P14 : ”— Line_on (Li 02 k2) 122” by (simp add:Plane_sameside_def)
from P9 have P15 : ”Eq (Geos (Poi 02) add Emp) (Geos (Poi 122) add Emp) = Line_on (Li 02 k2)
122” by (simp add:Point_Eq)
from P14 P15 have 7= Eq (Geos (Poi 02) add Emp) (Geos (Poi 122) add Emp)” by blast
then have P16 : ”Eq (Geos (Lin (Li 02 122)) add Emp) (Geos (Lin (Li 122 02)) add Emp)” by (simp
add:Line_rev)
from P8 P13 have P17 : = Eq (Geos (Poi 122) add Emp) (Geos (Poi 121) add Emp) —
Eq (Geos (Lin (Li 02 121)) add Emp) (Geos (Lin (Li 122 02)) add Emp)” by (blast intro:Eq_rev
Eq-trans)
from P16 P17 have P18 : ”— Eq (Geos (Poi 122) add Emp) (Geos (Poi 121) add Emp) =
Eq (Geos (Lin (Li 02 121)) add Emp) (Geos (Lin (Li 02 122)) add Emp)” by (blast intro:Eq_rev
Eq-trans)
have P19 : ”Line_on (Li 02 121) 02” by (simp add:Line_on_rule)
have P20 : ”Line_on (Li 02 121) 121” by (simp add:Line_on_rule)
have P21 : ”Line_on (Li 02 122) 02” by (simp add:Line_on_rule)
have ”Line_on (Li 02 122) 122” by (simp add:Line_on_rule)
then have P22 : ”Eq (Geos (Poi 122) add Emp) (Geos (Poi 121) add Emp) = Line_on (Li 02 122)
121” by (simp add:Point_Eq)
from P12 P19 P20 P21 P22 have P23 : ”Eq (Geos (Poi 122) add Emp) (Geos (Poi 121) add Emp) —>
Eq (Geos (Lin (Li 02 121)) add Emp) (Geos (Lin (Li 02 122)) add Emp)” by (simp add:Line_unique)
from P18 P23 show “Eq (Geos (Lin (Li 02 121)) add Emp) (Geos (Lin (Li 02 122)) add Emp)” by blast
ged

lemma (in Congruence_Rule) Tri_week SSS_lemmal :
assumes
”Plane_diffside (Li x y) z1 z2”
”— Eq (Geos (Poi x) add Emp) (Geos (Poi y) add Emp)”
“Eq (Geos (Seg (Se x z1)) add Emp) (Geos (Seg (Se x z2)) add Emp)”
“Eq (Geos (Seg (Se y z1)) add Emp) (Geos (Seg (Se y z2)) add Emp)”
”3p. Bet_Point (Se z1 z2) p A Line_on (Li x y) p A Eq (Geos (Poi x) add Emp) (Geos (Poi p) add
Emp)79
shows ”Cong (Geos (Ang (An x z1 y)) add Emp) (Geos (Ang (An x z2 y)) add Emp)”
proof -
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from assms have P1 : ”Jp. Bet_Point (Se z1 z2) p A Line_on (Li x y) p
A — Line_on (Li x y) z1 A — Line_on (Li x y) z2” by (simp add:Plane_diffside_def)
from assms obtain pn :: Point where P2 : ”Bet_Point (Se z1 z2) pn A Line_on (Li x y) pn A Eq (Geos
(Poi x) add Emp) (Geos (Poi pn) add Emp)” by blast
from P2 have P3 : ”Bet_Point (Se z1 z2) pn” by simp
then have P4 : “Line_on (Li z1 z2) pn” by (simp add:Line_Bet_on)
from P2 P4 have P5 : ”Line_on (Li z1 z2) x” by (blast intro:Eq_rev Point_Eq)
from assms P3 have P6 : "Bet_Point (Se z1 z2) x” by (blast intro:Eq_rev Point_Eq)
have P7 : "Line_on (Li x y) x” by (simp add:Line_on_rule)
have P8 : "Line_on (Li x y) y” by (simp add:Line_on_rule)
from assms P5 P7 P8 have P9 : "Line_on (Li z1 z2) y = Eq (Geos (Lin (Li z1 z2)) add Emp) (Geos
(Lin (Li x y)) add Emp)” by (simp add:Line_unique)
have P10 : ”Line_on (Li z1 z2) z1” by (simp add:Line_on_rule)
from P9 P10 have P11 : ”Line_on (Li zI z2) y => Line_on (Li x y) z1” by (simp add:Line_on_trans)
from P1 P11 have P12 : ”— Line_on (Li z1 z2) y” by blast
from P3 have P13 : ”— Eq (Geos (Poi z1) add Emp) (Geos (Poi z2) add Emp)” by (simp add:Bet_Point_def)
from P8 have P14 : ”Eq (Geos (Poi z2) add Emp) (Geos (Poi y) add Emp) = Line_on (Li x y) z2”
by (blast intro:Eq_rev Point_Eq)
from P1 P14 have P15 : ”— Eq (Geos (Poi z2) add Emp) (Geos (Poi y) add Emp)” by blast
from P8 have P16 : ”Eq (Geos (Poi y) add Emp) (Geos (Poi z1) add Emp) = Line_on (Li x y) z1”
by (blast intro:Eq_rev Point_Eq)
from P1 P16 have P17 : = Eq (Geos (Poi y) add Emp) (Geos (Poi z1) add Emp)” by blast
from P12 P13 have P18 : ”Def (Tri (Tr z1 z2 y))” by (simp add:Ang_sinple_def Ang_to_Tri)
then have P19 : ”Def (Tri (Try z1 z2))” by (blast intro:Tri_def_trans)
from assms P19 have P20 : "Cong (Geos (Ang (Any z1 z2)) add Emp) (Geos (Ang (Any z2 z1)) add
Emp)” by (simp add:Tri_isosceles)
from P18 have P21 : "Def (Ang (An z1 z2 y))” by (simp add:Tri_to_Ang)
from P6 have P22 : ”Line_on (Li z2 z1) x” by (simp add:Line_Bet_on)
from P6 have P23 : ”Inv (Bet_Point (Se z2 x) z1) A Inv (Bet_Point (Se x z1) z2)” by (simp add:Bet_iff)
then have ”— Bet_Point (Se x z1) z2” by (simp add:Inv_def)
then have P24 : ”— Bet_Point (Se z1 x) z2” by (blast intro:Bet_rev)
have P25 : ”Line_on (Li z2 y) y” by (simp add:Line_on_rule)
have P26 : ”— Bet_Point (Se y y) z2” by (simp add:Bet_end_Point)
from P6 have P27 : - Eq (Geos (Poi z2) add Emp) (Geos (Poi x) add Emp)” by (simp add:Bet_Point_def)
from P15 P21 P22 P24 P25 P26 P27 have P28 :
“Eq (Geos (Ang (An z1 z2 y)) add Emp) (Geos (Ang (An x z2 y)) add Emp) A Def (Ang (An x z2
y))” by (simp add: Ang_Point_swap)
have P29 : ”Eq (Geos (Ang (An y z2 z1)) add Emp) (Geos (Ang (An z1 z2 y)) add Emp)” by (simp
add:Ang_roll)
from P20 P29 have P30 : ”Cong (Geos (Ang (Any z1 z2)) add Emp) (Geos (Ang (An z1 z2 y)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P28 P30 have P31 : "Cong (Geos (Ang (An y z1 z2)) add Emp) (Geos (Ang (An x z2 y)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P19 have P32 : "Def (Ang (An z2 z1 y))” by (blast intro:Tri_to_Ang Tri_def_rev)
from P6 have P33 : ”Line_on (Li z1 z2) x” by (simp add:Line_Bet_on)
from P23 have P34 : ”— Bet_Point (Se z2 x) z1” by (simp add:Inv_def)
have P35 : ”Line_on (Li z1 y) y” by (simp add:Line_on_rule)
have P36 : ”— Bet_Point (Se y y) z1” by (simp add:Bet_end_Point)
from P6 have ”— Eq (Geos (Poi x) add Emp) (Geos (Poi z1) add Emp)” by (simp add:Bet_Point_def)
then have P37 : ”— Eq (Geos (Poi z1) add Emp) (Geos (Poi x) add Emp)” by (blast intro:Eq_rev)
from P17 have P38 : ”— Eq (Geos (Poi z1) add Emp) (Geos (Poi y) add Emp)” by (blast intro:Eq_rev)
from P32 P33 P34 P35 P36 P37 P38 have P39 :
“Eq (Geos (Ang (An z2 z1 y)) add Emp) (Geos (Ang (An x z1 y)) add Emp) A Def (Ang (An x z1
y))” by (simp add:Ang_Point_swap)
have P40 : ”Eq (Geos (Ang (An y z1 z2)) add Emp) (Geos (Ang (An z2 z1 y)) add Emp)” by (simp
add: Ang_roll)
from P31 P40 have P41 : ”Cong (Geos (Ang (An z2 z1 y)) add Emp) (Geos (Ang (An x z2 y)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P39 P41 show "Cong (Geos (Ang (An x z1 y)) add Emp) (Geos (Ang (An x z2 y)) add Emp)”
by (blast intro:Ang_weektrans Ang_rev Eq_rev)
ged

theorem (in Congruence Rule) Tri_week_SSS :
assumes
”Plane_diffside (Li x y) z1 z2”
”— Eq (Geos (Poi x) add Emp) (Geos (Poi y) add Emp)”
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“Eq (Geos (Seg (Se x z1)) add Emp) (Geos (Seg (Se x z2)) add Emp)”
“Eq (Geos (Seg (Se y z1)) add Emp) (Geos (Seg (Se y z2)) add Emp)”
shows ”Cong (Geos (Ang (An x y z1)) add Emp) (Geos (Ang (An x y z2)) add Emp)”
proof -
from assms have ”3p. Bet_Point (Se z1 z2) p A Line_on (Lix y) p
A~ Line_on (Lixy)zl A = Lme on (Li x y) z2” by (simp add Plane_diffside_def)
then obtain pn :: Point where P1 : ”Bet_Point (Se z1 z2) pn A Line_on (Li x y) pn
A — Line_on (Li xy)zl A = Line_on (Li x y) z2” by blast
have P2 : ”Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) A Eq (Geos (Poi y) add Emp) (Geos
(Poi pn) add Emp) —
Eq (Geos (Poi x) add Emp) (Geos (Poi y) add Emp)” by (blast intro:Eq_trans)
from assms P2 have ”— (Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) A Eq (Geos (Poi y) add
Emp) (Geos (Poi pn) add Emp))” by blast
then have P3 : "Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) A = Eq (Geos (Poi y) add Emp)
(Geos (Poi pn) add Emp)
V = Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) A Eq (Geos (Poi y) add Emp) (Geos (Poi
pn) add Emp)
V = Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) A = Eq (Geos (Poi y) add Emp) (Geos
(Poi pn) add Emp)” by blast
from P1 have P4 : "Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) —>
Jp. Bet_Point (Se z1 z2) p A Line_on (Li x y) p A Eq (Geos (Poi x) add Emp) (Geos (Poi p) add
Emp)” by blast
from assms P4 have P5 : ”Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) —
Cong (Geos (Ang (An x z1 y)) add Emp) (Geos (Ang (An x z2 y)) add Emp)”
by (simp add:Tri-week_SSS_lemmal)
have P6 : "Line_on (Li x y) x” by (simp add:Line_on_rule)
then have P7 : "Eq (Geos (Poi x) add Emp) (Geos (Poi z1) add Emp) = Line_on (Li x y) z1” by
(simp add:Point_Eq)
from P1 P7 have P8 : ”— Eq (Geos (Poi z1) add Emp) (Geos (Poi x) add Emp)” by (blast intro:Eq_rev)
have P9 : "Line_on (Li x y) y” by (simp add:Line_on_rule)
then have P10 : ”Eq (Geos (Poi y) add Emp) (Geos (Poi z1) add Emp) = Line_on (Li x y) z1” by
(simp add:Point_Eq)
from P1 P10 have P11 : ”— Eq (Geos (Poi y) add Emp) (Geos (Poi z1) add Emp)” by blast
from assms P1 have "Def (Tri (Tr x y z1))” by (simp add:Ang_sinple_def Ang_to_Tr1)
then have P12 : ”Def (Tri (Tr z1 x y))” by (simp add:Tri_def _trans)
from P6 have P13 : ”Eq (Geos (Poi x) add Emp) (Geos (Poi z2) add Emp) = Line_on (Li x y) z2”
by (simp add:Point_Eq)
from P1 P13 have P14 : = Eq (Geos (Poi z2) add Emp) (Geos (Poi x) add Emp)” by (blast in-
tro:Eq_rev)
from P9 have P15 : ”Eq (Geos (Poi y) add Emp) (Geos (Poi z2) add Emp) = Line_on (Li x y) z2”
by (simp add:Point_Eq)
from P1 P15 have P16 : ”— Eq (Geos (Poi y) add Emp) (Geos (Poi z2) add Emp)” by (blast in-
tro:Eq_rev)
from assms P1 have "Def (Tri (Tr x y z2))” by (simp add:Ang_sinple_def Ang_to_Tri)
then have P17 : ”Def (Tri (Tr z2 x y))” by (simp add:Tri_def_trans)
have P18 : “Eq (Geos (Seg (Se x z1)) add Emp) (Geos (Seg (Se z1 x)) add Emp)” by (blast in-
tro:Seg_rev)
have P19 : ”Eq (Geos (Seg (Se x z2)) add Emp) (Geos (Seg (Se z2 x)) add Emp)” by (blast in-
tro:Seg_rev)
from assms P18 have P20 : ”Eq (Geos (Seg (Se z1 x)) add Emp) (Geos (Seg (Se x z2)) add Emp)” by
(blast intro:Eq_trans Eq_rev)
from P19 P20 have P21 : ”Eq (Geos (Seg (Se z1 x)) add Emp) (Geos (Seg (Se z2 x)) add Emp)” by
(blast intro:Eq_trans Eq_rev)
have P22 : ”Eq (Geos (Seg (Se y z1)) add Emp) (Geos (Seg (Se z1 y)) add Emp)” by (blast in-
tro:Seg_rev)
have P23 : ”Eq (Geos (Seg (Se y z2)) add Emp) (Geos (Seg (Se z2 y)) add Emp)” by (blast in-
tro:Seg_rev)
from assms P22 have P24 : ”Eq (Geos (Seg (Se z1 y)) add Emp) (Geos (Seg (Se y z2)) add Emp)” by
(blast intro:Eq_trans Eq_rev)
from P23 P24 have P25 : ”Eq (Geos (Seg (Se z1 y)) add Emp) (Geos (Seg (Se z2 y)) add Emp)” by
(blast intro:Eq_trans Eq_rev)
from P5 P12 P17 P21 P25 have "Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) —>
Cong (Geos (Tri (Tr z1 x y)) add Emp) (Geos (Tri (Tr z2 x y)) add Emp)” by (simp add:Tri_SAS)
then have P26 : ”Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) —
Cong (Geos (Ang (An z1 y x)) add Emp) (Geos (Ang (An z2 y x)) add Emp)”
by (simp add:Tri_Cong_def)
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have P27 : ”Eq (Geos (Ang (An z1 y x)) add Emp) (Geos (Ang (An x y z1)) add Emp)” by (simp
add:Ang_roll)
have P28 : "Eq (Geos (Ang (An z2 y x)) add Emp) (Geos (Ang (An x y z2)) add Emp)” by (simp
add: Ang_roll)
from P26 P27 have P29 : ”Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) —>
Cong (Geos (Ang (An x y z1)) add Emp) (Geos (Ang (An z2 y x)) add Emp)” by (blast in-
tro:Ang_weektrans Ang_rev Eq_rev)
from P28 P29 have P30 : ”Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) —>
Cong (Geos (Ang (An x y z1)) add Emp) (Geos (Ang (An x y z2)) add Emp)” by (blast in-
tro:Ang_weektrans Ang_rev Eq_rev)
from assms have P31 : "Eq (Geos (Lin (Li x y)) add Emp) (Geos (Lin (Li y x)) add Emp)” by (simp
add:Line_rev)
from assms P31 have P32 : “Plane_diffside (Liy x) z1 z2” by (simp add:Plane_Line_diff_trans)
from assms have P33 : ”— Eq (Geos (Poi y) add Emp) (Geos (Poi x) add Emp)” by (blast intro:Eq_rev)
from P1 P31 have P34 : ”Line_on (Li y x) pn” by (blast intro:Line_on_trans)
from P1 P34 have P35 : ”Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add Emp) —-
Jp. Bet_Point (Se z1 z2) p A Line_on (Li y x) p A Eq (Geos (Poi y) add Emp) (Geos (Poi p) add
Emp)” by blast
from assms P32 P33 P35 have P36 : "Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add Emp) —
Cong (Geos (Ang (Any z1 x)) add Emp) (Geos (Ang (An y z2 x)) add Emp)”
by (simp add:Tri_week _SSS_lemmal)
from P12 have P37 : ”Def (Tri (Tr z1 y x))” by (blast intro: Tri_def_trans Tri_def_rev)
from P17 have P38 : ”Def (Tri (Tr z2 y x))” by (blast intro: Tri_def_trans Tri_def_rev)
from P21 P25 P36 P37 P38 have “Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add Emp) —>
Cong (Geos (Tri (Tr z1 y x)) add Emp) (Geos (Tri (Tr z2 y x)) add Emp)” by (simp add:Tri_SAS)
then have P39 : ”Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add Emp) =
Cong (Geos (Ang (An x y z1)) add Emp) (Geos (Ang (An x y z2)) add Emp)”
by (simp add:Tri_Cong_def)
from P1 have P40 : ”Bet_Point (Se z1 z2) pn” by simp
then have P41 : ”Line_on (Li z1 z2) pn” by (simp add:Line_Bet_on)
have “Line_on (Li z1 z2) z1” by (simp add:Line_on_rule)
then have P42 : ”Eq (Geos (Lin (Li z1 z2)) add Emp) (Geos (Lin (Li x y)) add Emp) = Line_on (Li
x y) z1” by (simp add:Line_on_trans)
from P1 P42 have P43 : ”— Eq (Geos (Lin (Li z1 z2)) add Emp) (Geos (Lin (Li x y)) add Emp)” by
blast
from P1 P6 P41 have P44 : ”— Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) = Line_on (Li
z1 722) x =
Eq (Geos (Lin (Li z1 z2)) add Emp) (Geos (Lin (Li x y)) add Emp)” by (simp add:Line_unique)
from P43 P44 have P45 : ”— Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) —-
— Line_on (Li z1 z2) x” by blast
from P40 have P46 : ”— Eq (Geos (Poi z1) add Emp) (Geos (Poi z2) add Emp)”
by (simp add:Bet_Point_def)
from P45 P46 have ”— Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) —-
Def (Tri (Tr z1 z2 x))” by (simp add: Ang_sinple_def Ang_to_Tri)
then have P47 : ”— Eq (Geos (Po1 x) add Emp) (Geos (Poi pn) add Emp) —
Def (Tri (Tr x z1 z2))” by (simp add:Tri_def_trans)
from assms P47 have P48 : ”— Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) —
Cong (Geos (Ang (An x z1 z2)) add Emp) (Geos (Ang (An x z2 z1)) add Emp)”
by (simp add:Tri_isosceles)
have P49 : ”Line_on (Li z1 x) x” by (simp add:Line_on _rule)
have P50 : ”— Bet_Point (Se x x) z1” by (simp add:Bet_end_Point)
from P40 have P51 : “Inv (Bet_Point (Se z2 pn) z1) A Inv (Bet_Point (Se pn z1) z2)” by (simp
add:Bet_iff)
then have P52 : ”— Bet_Point (Se z2 pn) z1” by (simp add:Inv_def)
from P40 have ”— Eq (Geos (Poi pn) add Emp) (Geos (Poi z1) add Emp)” by (simp add:Bet_Point_def)
then have P53 : - Eq (Geos (Poi z1) add Emp) (Geos (Poi pn) add Emp)” by (blast intro:Eq_rev)
from P47 have P54 : ”— Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) =—
Def (Ang (An x z1 z2))” by (simp add:Tri_to_Ang)
from P8 P41 P49 P50 P52 P53 P54 have P55 : ”— Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add
Emp) =
Eq (Geos (Ang (An x z1 z2)) add Emp) (Geos (Ang (An x z1 pn)) add Emp) A Def (Ang (An x z1
pn))” by (simp add:Ang_Point_swap)
from P48 P55 have P56 : ”— Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) —
Cong (Geos (Ang (An x z1 pn)) add Emp) (Geos (Ang (An x z2 z1)) add Emp)” by (blast in-
tro:Ang_weektrans Ang_rev Eq_rev)
from P47 have P57 : ”— Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) =
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Def (Ang (An x z2 z1))” by (blast intro: Tri_def_rev Tri_def_trans Tri_to_Ang)
have P58 : ”Line_on (Li z2 x) x” by (simp add:Line_on _rule)
have P59 : ”— Bet_Point (Se x x) z2” by (simp add:Bet_end_Point)
from P40 have P60 : "Line_on (Li z2 z1) pn” by (simp add:Line_Bet_on)
from P51 have ”— Bet_Point (Se pn z1) z2” by (simp add:Inv_def)
then have P61 : ”— Bet_Point (Se z1 pn) z2” by (blast intro:Bet_rev)
from P40 have P62 : ”— Eq (Geos (Poi z2) add Emp) (Geos (Poi pn) add Emp)”
by (simp add:Bet_Point_def)
from P14 P57 P58 P59 P60 P61 P62 have P63 : ”— Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add
Emp) =
Eq (Geos (Ang (An x z2 z1)) add Emp) (Geos (Ang (An x z2 pn)) add Emp) A Def (Ang (An x z2
pn))” by (simp add:Ang_Point_swap)
from P56 P63 have P64 : ”— Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) —
Cong (Geos (Ang (An x z1 pn)) add Emp) (Geos (Ang (An x z2 pn)) add Emp)” by (blast in-
tro:Ang_weektrans Ang_rev Eq_rev)
from P1 P9 P41 have P65 : ”— Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add Emp) = Line_on (Li
z1722)y =
Eq (Geos (Lin (Li z1 z2)) add Emp) (Geos (Lin (Li x y)) add Emp)” by (simp add:Line_unique)
from P43 P65 have P66 : ”— Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add Emp) —-
— Line_on (Li z1 z2) y” by blast
from P46 P66 have ”— Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add Emp) —>
Def (Tri (Tr z1 z2 y))” by (simp add:Ang_sinple_def Ang_to_Tri)
then have P67 : = Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add Emp) —-
Def (Tri (Tr y z1 z2))” by (simp add:Tri_def_trans)
from assms P67 have P68 : ”— Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add Emp) —-
Cong (Geos (Ang (Any z1 z2)) add Emp) (Geos (Ang (Any z2 z1)) add Emp)”
by (simp add:Tri_isosceles)
from P67 have P69 : ”— Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add Emp) —
Def (Ang (Any z1 z2))” by (simp add:Tri_to_Ang)
have P70 : “Line_on (Li z1 y) y” by (simp add:Line_on_rule)
have P71 : ”— Bet_Point (Se y y) z1” by (simp add:Bet_end_Point)
from P11 have P72 : - Eq (Geos (Poi z1) add Emp) (Geos (Poi y) add Emp)” by (blast intro:Eq_rev)
from P41 P52 P53 P69 P70 P71 P72 have P73 : ”— Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add
Emp) =
Eq (Geos (Ang (Any z1 z2)) add Emp) (Geos (Ang (An y z1 pn)) add Emp) A Def (Ang (Any zl
pn))” by (simp add:Ang_Point_swap)
from P68 P73 have P74 : ”— Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add Emp) —-
Cong (Geos (Ang (An y z1 pn)) add Emp) (Geos (Ang (An y z2 z1)) add Emp)” by (blast in-
tro:Ang_weektrans Ang_rev Eq_rev)
from P69 have P75 : ”— Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add Emp) —
Def (Ang (Any z2 z1))” by (simp add: Ang_def_inv)
have P76 : “Line_on (Li z2 y) y” by (simp add:Line_on_rule)
have P77 : ”— Bet_Point (Se y y) z2” by (simp add:Bet_end_Point)
from P16 have P78 : ”— Eq (Geos (Poi z2) add Emp) (Geos (Poi y) add Emp)” by (blast intro:Eq_rev)
from P60 P61 P62 P75 P76 P77 P78 have P79 : ”— Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add
Emp) —
Eq (Geos (Ang (Any z2 z1)) add Emp) (Geos (Ang (An y z2 pn)) add Emp) A Def (Ang (Any z2
pn))” by (simp add:Ang_Point_swap)
from P74 P79 have P80 : ”— Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add Emp) —
Cong (Geos (Ang (An y z1 pn)) add Emp) (Geos (Ang (An y z2 pn)) add Emp)” by (blast in-
tro:Ang_weektrans Ang_rev Eq_rev)
have P81 : = Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) —>
- Eq (Geos (Poi pn) add Emp) (Geos (Poi x) add Emp)” by (blast intro:Eq_rev)
from assms P1 P6 P9 P81 have
. ”— Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) A — Eq (Geos (Poi y) add Emp) (Geos
(Poi pn) add Emp) —-
Bet_Point (Se x pn) y V Bet_Point (Se pn y) x VV Bet_Point (Se y x) pn” by (simp add:Bet_case)
then have P82 :
7= Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) A — Eq (Geos (Poi y) add Emp) (Geos
(Poi pn) add Emp) —-
Bet_Point (Se x pn) y A — Bet_Point (Se pn y) x A = Bet_Point (Se y x) pn
V — Bet_Point (Se x pn) y A Bet_Point (Se pn y) x A = Bet_Point (Se y x) pn
V = Bet_Point (Se x pn) y A = Bet_Point (Se pn y) x A Bet_Point (Se y x) pn”
by (simp add:Bet_case_fact)
have P83 : ”"Bet_Point (Se x pn) y = Bet_Point (Se pn x) y” by (simp add:Bet_rev)
have P84 : ”Line_on (Li z1 pn) pn” by (simp add:Line_on_rule)
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have P85 : “Line_on (Li pn x) x” by (simp add:Line_on_rule)
from P83 have P86 : ”Bet_Point (Se x pn) y = Line_on (Li pn x) y” by (simp add:Line_Bet_on)
from assms P6 P9 P85 P86 have P87 : ”Bet_Point (Se x pn) y =
Eq (Geos (Lin (Li pn x)) add Emp) (Geos (Lin (Li x y)) add Emp)” by (simp add:Line_unique)
have P88 : “Line_on (Li z1 pn) z1” by (simp add:Line_on_rule)
from P87 P88 have P89 : ”Bet_Point (Se x pn) y =
Eq (Geos (Lin (Li pn x)) add Emp) (Geos (Lin (Li z1 pn)) add Emp) = Line_on (Li x y) z1” by
(blast intro:Line_on_trans Eq_rev)
from P1 P89 have P90 : ”Bet_Point (Se x pn) y =
- Eq (Geos (Lin (Li pn x)) add Emp) (Geos (Lin (Li z1 pn)) add Emp)” by blast
from P83 P84 P90 have P91 : “Bet_Point (Se x pn) y = Plane_sameside (Li z1 pn) y X by (simp
add:Plane_Bet_sameside)
have P92 : ”Line_on (Li z2 pn) pn” by (simp add:Line_on_rule)
have P93 : ”Line_on (Li z2 pn) z2” by (simp add:Line_on_rule)
from P87 P93 have P94 : ”Bet_Point (Se x pn) y =
Eq (Geos (Lin (Li pn x)) add Emp) (Geos (Lin (Li z2 pn)) add Emp) = Line_on (Li x y) z2” by
(blast intro:Line_on_trans Eq_rev)
from P1 P94 have P95 : "Bet_Point (Se x pn) y =
- Eq (Geos (Lin (Li pn x)) add Emp) (Geos (Lin (Li z2 pn)) add Emp)” by blast
from P83 P92 P95 have P96 : “Bet_Point (Se x pn) y = Plane_sameside (Li z2 pn) y x” by (simp
add:Plane_Bet_sameside)
from P37 have "Def (Ang (Any z1 x))” by (blast intro:Tri_to_Ang Ang_def_rev Ang_def_inv)
then have P97 : = Eq (Geos (Lin (Li z1 y)) add Emp) (Geos (Lin (Li z1 x)) add Emp)” by (simp
add:Ang_def)
from P38 have "Def (Ang (An y z2 x))” by (blast intro:Tri_to_Ang Ang_def_rev Ang_def_inv)
then have P98 : ”— Eq (Geos (Lin (Li z2 y)) add Emp) (Geos (Lin (Li z2 x)) add Emp)” by (simp
add:Ang_def)
from P53 P62 P64 P80 P91 P96 P97 P98 have P99 : "~ Eq (Geos (Poi x) add Emp) (Geos (Poi pn)
add Emp)
A — Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add Emp) => Bet_Point (Se x pn) y —>
Cong (Geos (Ang (Any z1 x)) add Emp) (Geos (Ang (Any z2 x)) add Emp)” by (simp add:Ang_sub)
have P100 : ”Line_on (Li pn y) y” by (simp add:Line_on_rule)
from P85 have P101 : ”Bet_Point (Se pn y) x => Line_on (Li pn y) x” by (simp add:Line_Bet_on)
from assms P6 P9 P100 P101 have P102 : ”Bet_Point (Se pn y) x =
Eq (Geos (Lin (Li pn y)) add Emp) (Geos (Lin (Li x y)) add Emp)” by (simp add:Line_unique)
from P88 P102 have P103 : ”Bet_Point (Se pn y) x =
Eq (Geos (Lin (Li pn y)) add Emp) (Geos (Lin (Li z1 pn)) add Emp) = Line_on (Li x y) z1” by
(blast intro:Line_on_trans Eq_rev)
from P1 P103 have P104 : ”Bet_Point (Se pn y) x =
- Eq (Geos (Lin (Li pn y)) add Emp) (Geos (Lin (Li z1 pn)) add Emp)” by blast
from P84 P104 have "Bet_Point (Se pn y) x = Plane_sameside (Li z1 pn) x y”
by (simp add:Plane_Bet_sameside)
then have P105 : ”Bet_Point (Se pn y) x = Plane_sameside (Li z1 pn) y x”
by (simp add:Plane_sameside_rev)
from P93 P102 have P106 : "Bet_Point (Se pn y) x =
Eq (Geos (Lin (Li pn y)) add Emp) (Geos (Lin (Li z2 pn)) add Emp) = Line_on (Li x y) z2” by
(blast intro:Line_on_trans Eq_rev)
from P1 P106 have P107 : ”Bet_Point (Se pny) x =
- Eq (Geos (Lin (Li pn y)) add Emp) (Geos (Lin (Li z2 pn)) add Emp)” by blast
from P92 P107 have "Bet_Point (Se pn y) x = Plane_sameside (Li z2 pn) x y”
by (simp add:Plane_Bet_sameside)
then have P108 : "Bet_Point (Se pn y) x = Plane_sameside (Li z2 pn) y x”
by (simp add:Plane_sameside_rev)
from P53 P62 P64 P80 P97 P98 P105 P108 have P109 : ”— Eq (Geos (Poi x) add Emp) (Geos (Poi
pn) add Emp)
A — Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add Emp) =—> Bet_Point (Se pn y) x —>
Cong (Geos (Ang (Any z1 x)) add Emp) (Geos (Ang (Any z2 x)) add Emp)” by (simp add: Ang_sub)
have P110 : ”Bet_Point (Se y x) pn = Bet_Point (Se x y) pn” by (simp add:Bet_rev)
from P88 have P111 : ”Eq (Geos (Lin (Li x y)) add Emp) (Geos (Lin (Li z1 pn)) add Emp)
— Line_on (Li x y) z1” by (blast intro:Line_on_trans Eq_rev)
from P1 P111 have P112 : "= Eq (Geos (Lin (Li x y)) add Emp) (Geos (Lin (Li z1 pn)) add Emp)” by
blast
from P84 P110 P112 have “Bet_Point (Se y x) pn = Plane _diffside (Li z1 pn) x y” by (simp
add:Plane_Bet_diffside)
then have P113 : ”Bet_Point (Se y x) pn = Plane_diffside (Li zI pn) y x”
by (simp add:Plane_diffside_rev)
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from P93 have P114 : Eq (Geos (Lin (Li x y)) add Emp) (Geos (Lin (Li z2 pn)) add Emp)
—> Line_on (Li x y) z2” by (blast intro:Line_on_trans Eq_rev)
from P1 P114 have P115 : ”— Eq (Geos (Lin (Li x y)) add Emp) (Geos (Lin (Li z2 pn)) add Emp)” by
blast
from P92 P110 P115 have “Bet_Point (Se y x) pn = Plane_diffside (Li z2 pn) x y” by (simp
add:Plane_Bet_diffside)
then have P116 : ”Bet_Point (Se y x) pn = Plane _diffside (Li z2 pn) y x”
by (simp add:Plane_diffside_rev)
from P53 P62 P64 P80 P97 P98 P113 P116 have P117 : ”— Eq (Geos (Poi x) add Emp) (Geos (Poi
pn) add Emp)
A = Eq (Geos (Poi y) add Emp) (Geos (Poi pn) add Emp) = Bet_Point (Se y x) pn —>
Cong (Geos (Ang (Any z1 x)) add Emp) (Geos (Ang (Any z2 x)) add Emp)” by (simp add: Ang_add)
from P82 P99 P109 P117 have P118 :
”— Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) A = Eq (Geos (Poi y) add Emp) (Geos
(Poi pn) add Emp) —-
Cong (Geos (Ang (Any z1 x)) add Emp) (Geos (Ang (An y z2 x)) add Emp)” by blast
from P21 P25 P37 P38 P118 have
”= Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) A — Eq (Geos (Poi y) add Emp) (Geos
(Poi pn) add Emp) =
Cong (Geos (Tri (Tr z1 y x)) add Emp) (Geos (Tri (Tr z2 y x)) add Emp)” by (simp add: Tri_SAS)
then have P119 :
”— Eq (Geos (Poi x) add Emp) (Geos (Poi pn) add Emp) A — Eq (Geos (Poi y) add Emp) (Geos
(Poi pn) add Emp) —>
Cong (Geos (Ang (An x y z1)) add Emp) (Geos (Ang (An x y z2)) add Emp)”
by (simp add:Tri_Cong_def)
from P3 P30 P39 P119 show ”Cong (Geos (Ang (An x y z1)) add Emp) (Geos (Ang (An x y z2)) add
Emp)” by blast
ged

theorem (in Congruence_Rule) Tri_SSS :
assumes
“Def (Tri (Tr A1 B1 C1))” ”Def (Tri (Tr A2 B2 C2))”
”Eq (Geos (Seg (Se Al B1)) add Emp) (Geos (Seg (Se A2 B2)) add Emp)”
“Eq (Geos (Seg (Se B1 C1)) add Emp) (Geos (Seg (Se B2 C2)) add Emp)”
“Eq (Geos (Seg (Se C1 Al)) add Emp) (Geos (Seg (Se C2 A2)) add Emp)”
shows ”Cong (Geos (Tri (Tr A1 B1 C1)) add Emp) (Geos (Tri (Tr A2 B2 C2)) add Emp)”
proof -
from assms have "Def (Tri (Tr C2 B2 A2))” by (simp add:Tri_def_rev)
then have P1 : ”— Line_on (Li A2 C2) B2” by (simp add:Tri_def_Line)
from assms have P2 : ”Def (Ang (An B1 A1 C1))” by (blast intro:Tri_def_rev Tri_def_trans Tri_to_Ang)
from P1 P2 have ”dp. Cong (Geos (Ang (An B1 Al C1)) add Emp) (Geos (Ang (An p A2 C2)) add
Emp) A Plane_sameside (Li A2 C2) p B2” by (simp add:Ang_move_sameside)
then obtain B21 :: Point where P3 : ”Cong (Geos (Ang (An B1 Al C1)) add Emp) (Geos (Ang (An
B21 A2 C2)) add Emp)
A Plane_sameside (Li A2 C2) B21 B2” by blast
then have P4 : ”— Line_on (Li A2 C2) B21” by (simp add:Plane_sameside_def)
from P2 P4 have ”dp. Cong (Geos (Ang (An B1 Al C1)) add Emp) (Geos (Ang (An p A2 C2)) add
Emp) A Plane_diffside (Li A2 C2) p B21” by (simp add: Ang_move_diffside)
then obtain B22 :: Point where P5 : ”Cong (Geos (Ang (An B1 A1 C1)) add Emp) (Geos (Ang (An
B22 A2 C2)) add Emp)
A Plane _diffside (Li A2 C2) B22 B21” by blast
have P6 : "Line_on (Li A2 B21) A2” by (simp add:Line_on_rule)
have P7 : "Line_on (Li A2 B21) B21” by (simp add:Line_on_rule)
have P8 : "Line_on (Li A2 C2) A2” by (simp add:Line_on_rule)
then have P9 : “Eq (Geos (Poi A2) add Emp) (Geos (Poi B21) add Emp) = Line_on (Li A2 C2)
B21” by (simp add:Point_Eq)
from P4 P9 have P10 : ”= Eq (Geos (Poi A2) add Emp) (Geos (Poi B21) add Emp)” by blast
from assms have P11 : 7= Eq (Geos (Poi Al) add Emp) (Geos (Poi B1) add Emp)” by (simp
add:Tri_def)
from P6 P7 P10 P11 have ”3Jp. Eq (Geos (Seg (Se Al B1)) add Emp) (Geos (Seg (Se A2 p)) add Emp)
A — Bet_Point (Se p B21) A2 A Line_on (Li A2 B21) p A = Eq (Geos (Poi A2) add Emp) (Geos
(Poi p) add Emp)” by (simp add:Seg_move_sameside)
then obtain B211 :: Point where P12 : “Eq (Geos (Seg (Se Al B1)) add Emp) (Geos (Seg (Se A2
B211)) add Emp)
A — Bet_Point (Se B211 B21) A2 A Line_on (Li A2 B21) B211 A = Eq (Geos (Poi A2) add Emp)
(Geos (Poi B211) add Emp)” by blast
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have P13 : ”Line_on (Li A2 B22) A2” by (simp add:Line_on_rule)
have P14 : ”Line_on (Li A2 B22) B22” by (simp add:Line_on_rule)
from P8 have P15 : ”Eq (Geos (Poi A2) add Emp) (Geos (Poi B22) add Emp) = Line_on (Li A2
C2) B22” by (simp add:Point_Eq)
from P5 have P16 : ”Jp. Bet_Point (Se B22 B21) p A Line_on (Li A2 C2) p
A = Line_on (Li A2 C2) B22 A — Line_on (Li A2 C2) B21” by (simp add:Plane_diffside_def)
from P15 P16 have P17 : ”— Eq (Geos (Poi A2) add Emp) (Geos (Poi B22) add Emp)” by blast
from P11 P13 P14 P17 have ”dp. Eq (Geos (Seg (Se Al B1)) add Emp) (Geos (Seg (Se A2 p)) add
Emp)
A — Bet_Point (Se p B22) A2 A Line_on (Li A2 B22) p A = Eq (Geos (Poi A2) add Emp) (Geos
(Poi p) add Emp)” by (simp add:Seg_move_sameside)
then obtain B221 :: Point where P18 : "Eq (Geos (Seg (Se Al B1)) add Emp) (Geos (Seg (Se A2
B221)) add Emp)
A — Bet_Point (Se B221 B22) A2 A Line_on (Li A2 B22) B221 A — Eq (Geos (Poi A2) add Emp)
(Geos (Poi B221) add Emp)” by blast
from assms have P19 : 7= Eq (Geos (Poi C2) add Emp) (Geos (Poi A2) add Emp)” by (simp
add:Tri_def)
then have P20 : ”— Eq (Geos (Poi A2) add Emp) (Geos (Poi C2) add Emp)” by (blast intro:Eq_rev)
from P4 P20 have P21 : ”Def (Ang (An B21 A2 C2))” by (blast intro:Ang_sinple_def Ang_def_rev
Ang_def_inv)
from P12 have ”— Bet_Point (Se B211 B21) A2” by blast
then have P22 : ”— Bet_Point (Se B21 B211) A2” by (blast intro:Bet_rev)
have P23 : ”Line_on (Li A2 C2) C2” by (simp add:Line_on_rule)
have P24 : ”— Bet_Point (Se C2 C2) A2” by (simp add:Bet_end_Point)
from P12 P20 P21 P22 P23 P24 have P25 :
”Eq (Geos (Ang (An B21 A2 C2)) add Emp) (Geos (Ang (An B211 A2 C2)) add Emp) A Def (Ang
(An B211 A2 C2))” by (simp add:Ang_Point_swap)
from P3 P25 have P26 : ”Cong (Geos (Ang (An B1 A1 C1)) add Emp) (Geos (Ang (An B211 A2 C2))
add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from assms have P27 : ”Def (Tri (Tr A1 B1 C1))” by (simp add:Ang_to_Tri)
from P25 have P28 : ”Def (Tri (Tr A2 B211 C2))” by (blast intro: Ang_to_Tri Tri_def_trans Tri_def_rev)
from assms have P29 : "Eq (Geos (Seg (Se A1 C1)) add Emp) (Geos (Seg (Se A2 C2)) add Emp)” by
(blast intro:Seg_rev Eq_rev Eq-trans)
from P12 P26 P27 P28 P29 have ”Cong (Geos (Tri (Tr A1 B1 C1)) add Emp) (Geos (Tri (Tr A2 B211
C2)) add Emp)” by (simp add:Tri_SAS)
then have P30 : ”Eq (Geos (Seg (Se B1 C1)) add Emp) (Geos (Seg (Se B211 C2)) add Emp)” by (simp
add:Tri_Cong_def)
from P16 P20 have P31 : "Def (Ang (An B22 A2 C2))” by (blast intro:Ang_sinple_def Ang_def_rev
Ang_def_inv)
from P18 have ”— Bet_Point (Se B221 B22) A2” by blast
then have P32 : ”— Bet_Point (Se B22 B221) A2” by (blast intro:Bet_rev)
from P18 P20 P23 P24 P31 P32 have P33 :
“Eq (Geos (Ang (An B22 A2 C2)) add Emp) (Geos (Ang (An B221 A2 C2)) add Emp) A Def (Ang
(An B221 A2 C2))” by (simp add:Ang_Point_swap)
from P5 P33 have P34 : ”Cong (Geos (Ang (An B1 A1 C1)) add Emp) (Geos (Ang (An B221 A2 C2))
add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P33 have P35 : ”Def (Tri (Tr A2 B221 C2))” by (blast intro: Ang_to_Tri Tri_def_trans Tri_def_rev)
from P18 P27 P29 P34 P35 have ”Cong (Geos (Tri (Tr A1 B1 C1)) add Emp) (Geos (Tri (Tr A2 B221
C2)) add Emp)” by (simp add: Tri_SAS)
then have P36 : ”Eq (Geos (Seg (Se B1 C1)) add Emp) (Geos (Seg (Se B221 C2)) add Emp)” by (simp
add:Tri_Cong_def)
from P12 have P37 : ”Eq (Geos (Seg (Se Al B1)) add Emp) (Geos (Seg (Se A2 B211)) add Emp)” by
simp
from P18 have P38 : ”Eq (Geos (Seg (Se Al B1)) add Emp) (Geos (Seg (Se A2 B221)) add Emp)” by
simp
from P37 P38 have P39 : ”Eq (Geos (Seg (Se A2 B221)) add Emp) (Geos (Seg (Se A2 B211)) add
Emp)” by (blast intro:Eq_trans Eq_rev)
from assms P38 have P40 : “Eq (Geos (Seg (Se A2 B221)) add Emp) (Geos (Seg (Se A2 B2)) add
Emp)” by (blast intro:Eq_trans Eq_rev)
from P30 P36 have P41 : "Eq (Geos (Seg (Se B221 C2)) add Emp) (Geos (Seg (Se B211 C2)) add
Emp)” by (blast intro:Eq_trans Eq_rev)
from assms P36 have P42 : ”Eq (Geos (Seg (Se B221 C2)) add Emp) (Geos (Seg (Se B2 C2)) add
Emp)” by (blast intro:Eq_trans Eq_rev)
from P5 have P43 : ”Plane_diffside (Li A2 C2) B22 B21” by simp
then have P44 : ”Eq (Geos (Poi B21) add Emp) (Geos (Poi B211) add Emp) —-
Plane_diffside (L1 A2 C2) B22 B211” by (blast intro:Point_Eq Eq_rev)
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from P6 P8 P20 P23 have P45 : ”Line_on (Li A2 B21) C2 —
Eq (Geos (Lin (Li A2 B21)) add Emp) (Geos (Lin (Li A2 C2)) add Emp)” by (simp add:Line_unique)
from P7 P45 have P46 : ”Line_on (Li A2 B21) C2 = Line_on (Li A2 C2) B21”
by (simp add:Line_on_trans)
from P4 P46 have P47 : ”— Line_on (Li A2 B21) C2” by blast
from P6 P7 P10 P12 P22 P47 have P48 : ”Plane_sameside (Li C2 A2) B21 B211 Vv Eq (Geos (Poi
B21) add Emp) (Geos (Poi B211) add Emp)” by (simp add:Seg_Plane_sameside)
from P20 have P49 : ”Plane_sameside (Li C2 A2) B21 B211 =
Plane_sameside (Li A2 C2) B21 B211” by (blast intro:Line_rev Plane Line_trans Eq_rev)
from P43 have P50 : ”Plane_diffside (Li A2 C2) B21 B22” by (simp add:Plane_diffside_rev)
from P49 P50 have P51 : ”Plane_sameside (Li C2 A2) B21 B211 =
Plane_diffside (Li A2 C2) B22 B211” by (simp add:Plane_trans Plane_diffside_rev)
from P44 P48 P51 have P52 : ”Plane_diffside (i A2 C2) B22 B211” by blast
then have “Plane _diffside (i A2 C2) B211 B22” by (blast intro:Plane_diffside_rev)
then have P53 : "Eq (Geos (Poi B22) add Emp) (Geos (Poi B221) add Emp) —
Plane _diffside (Li A2 C2) B211 B221” by (blast intro:Point_Eq Eq_rev)
from P8 P13 P20 P23 have P54 : ”Line_on (Li A2 B22) C2 =
Eq (Geos (Lin (Li A2 B22)) add Emp) (Geos (Lin (Li A2 C2)) add Emp)” by (simp add:Line_unique)
from P14 P54 have P55 : ”Line_on (Li A2 B22) C2 = Line_on (Li A2 C2) B22”
by (simp add:Line_on_trans)
from P16 P55 have P56 : ”— Line_on (Li A2 B22) C2” by blast
from P31 have ”— Eq (Geos (Poi B22) add Emp) (Geos (Poi A2) add Emp)” by (simp add:Ang_def)
then have P57 : ”— Eq (Geos (Poi A2) add Emp) (Geos (Poi B22) add Emp)” by (blast intro:Eq_rev)
from P13 P14 P18 P32 P56 P57 have P58 : ”Plane_sameside (Li C2 A2) B22 B221 V Eq (Geos (Poi
B22) add Emp) (Geos (Poi B221) add Emp)” by (simp add:Seg_Plane_sameside)
from P20 have P59 : “Plane_sameside (Li C2 A2) B22 B221 — Plane_sameside (Li A2 C2) B22
B221” by (blast intro:Line_rev Plane_Line_trans Eq_rev)
from P52 P59 have P60 : ”Plane_sameside (Li C2 A2) B22 B221 —
Plane _diffside (Li A2 C2) B211 B221” by (simp add:Plane_trans Plane_diffside_rev)
from P53 P58 P60 have “Plane_diffside (Li A2 C2) B211 B221” by blast
then have P61 : ”Plane_diffside (Li A2 C2) B221 B211” by (simp add:Plane_diffside_rev)
from P20 P61 have P62 : ”Plane_diffside (Li C2 A2) B221 B211”
by (blast intro:Line_rev Plane_Line_diff_trans)
have P63 : ”Eq (Geos (Seg (Se B221 C2)) add Emp) (Geos (Seg (Se C2 B221)) add Emp)” by (simp
add:Seg_rev)
have P64 : ”Eq (Geos (Seg (Se B211 C2)) add Emp) (Geos (Seg (Se C2 B211)) add Emp)” by (simp
add:Seg_rev)
from P41 P63 P64 have P65 : "Eq (Geos (Seg (Se C2 B221)) add Emp) (Geos (Seg (Se C2 B211))
add Emp)” by (blast intro:Eq_rev Eq_trans)
from P19 P39 P62 P65 have P66 : ”Cong (Geos (Ang (An C2 A2 B221)) add Emp) (Geos (Ang (An
C2 A2 B211)) add Emp)” by (simp add:Tri_week_SSS)
have P67 : ”Eq (Geos (Ang (An C2 A2 B211)) add Emp) (Geos (Ang (An B211 A2 C2)) add Emp)”
by (simp add:Ang_roll)
from P66 P67 have P68 : "Cong (Geos (Ang (An C2 A2 B221)) add Emp) (Geos (Ang (An B211 A2
C2)) add Emp)” by (blast intro: Ang_weektrans Ang_rev Eq_rev)
from P3 have P69 : “Plane_sameside (Li A2 C2) B21 B2” by simp
from P50 P69 have P70 : ”Plane_diffside (Li A2 C2) B2 B22” by (simp add:Plane_trans)
then have P71 : ”Plane_diffside (Li A2 C2) B22 B2” by (simp add:Plane_diffside_rev)
from P70 have P72 : ”Eq (Geos (Poi B22) add Emp) (Geos (Poi B221) add Emp) —>
Plane _diffside (Li A2 C2) B221 B2” by (blast intro:Point_Eq Plane_diffside_rev)
from P59 P71 have P73 : ”Plane_sameside (Li C2 A2) B22 B221 —
Plane_diffside (Li A2 C2) B221 B2” by (simp add:Plane_trans)
from P58 P72 P73 have P74 : ”Plane_diffside (Li A2 C2) B221 B2” by blast
from P20 P74 have P75 : ”Plane_diffside (Li C2 A2) B221 B2”
by (blast intro:Line_rev Plane_Line_diff_trans)
have P76 : Eq (Geos (Seg (Se B221 C2)) add Emp) (Geos (Seg (Se C2 B221)) add Emp)” by (simp
add:Seg_rev)
have P77 : ”"Eq (Geos (Seg (Se B2 C2)) add Emp) (Geos (Seg (Se C2 B2)) add Emp)” by (simp
add:Seg_rev)
from P42 P76 P77 have P78 : "Eq (Geos (Seg (Se C2 B221)) add Emp) (Geos (Seg (Se C2 B2)) add
Emp)” by (blast intro:Eq_rev Eq_trans)
from P19 P40 P75 P78 have P79 : ”Cong (Geos (Ang (An C2 A2 B221)) add Emp) (Geos (Ang (An
C2 A2 B2)) add Emp)” by (simp add:Tri_week_SSS)
have P80 : "Eq (Geos (Ang (An C2 A2 B2)) add Emp) (Geos (Ang (An B2 A2 C2)) add Emp)” by
(simp add:Ang_roll)
from P79 P80 have P81 : ”Cong (Geos (Ang (An C2 A2 B221)) add Emp) (Geos (Ang (An B2 A2
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C2)) add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P52 P71 have P82 : ”— Eq (Geos (Poi B2) add Emp) (Geos (Poi B211) add Emp) —
Plane_sameside (Li A2 C2) B2 B211” by (blast intro:Plane_trans_inv)
from P68 P81 P82 have P83 : ”— Eq (Geos (Poi B2) add Emp) (Geos (Poi B211) add Emp) —
Eq (Geos (Lin (Li B2 A2)) add Emp) (Geos (Lin (Li B211 A2)) add Emp) A — Bet_Point (Se B2
B211) A2” by (simp add:Ang_move_unique)
from assms have P84 : ”Def (Ang (An B2 A2 C2))” by (blast intro: Tri_to_Ang Ang_def_rev Ang_def_inv)
then have ”— Eq (Geos (Poi B2) add Emp) (Geos (Poi A2) add Emp)” by (simp add:Ang_def)
then have P85 : ”Eq (Geos (Lin (Li B2 A2)) add Emp) (Geos (Lin (Li A2 B2)) add Emp)” by (simp
add:Line_rev)
have P86 : “Line_on (Li B211 A2) B211” by (simp add:Line_on_rule)
from P83 P85 P86 have P87 : ”— Eq (Geos (Poi B2) add Emp) (Geos (Poi B211) add Emp) =
Line_on (Li A2 B2) B211” by (blast intro:Eq_rev Line_on_trans)
have ”Line_on (Li A2 B2) B2” by (simp add:Line_on_rule)
then have P88 : ”Eq (Geos (Poi B2) add Emp) (Geos (Poi B211) add Emp) = Line_on (Li A2 B2)
B211” by (simp add:Point_Eq)
from P87 P88 have P89 : “Line_on (Li A2 B2) B211” by blast
have P90 : ”— Bet_Point (Se B2 B2) A2” by (simp add:Bet_end_Point)
have P91 : "Eq (Geos (Poi B2) add Emp) (Geos (Poi B211) add Emp) —
Bet_Point (Se B211 B2) A2 = Bet_Point (Se B2 B2) A2” by (blast intro:Eq_rev Bet_Point_Eq)
from P90 P91 have P92 : ”Eq (Geos (Poi B2) add Emp) (Geos (Poi B211) add Emp) = — Bet_Point
(Se B2 B211) A2” by (blast intro:Bet_rev)
from P83 P92 have P93 : ”— Bet_Point (Se B2 B211) A2” by blast
from P12 P20 P23 P24 P84 P89 P93 have P94 :
”Eq (Geos (Ang (An B2 A2 C2)) add Emp) (Geos (Ang (An B211 A2 C2)) add Emp) A Def (Ang
(An B211 A2 C2))” by (simp add:Ang_Point_swap)
from P25 P94 have P95 : "Eq (Geos (Ang (An B21 A2 C2)) add Emp) (Geos (Ang (An B2 A2 C2))
add Emp)” by (blast intro:Eq_rev Eq_trans)
from P3 P95 have P96 : ”Cong (Geos (Ang (An B1 Al C1)) add Emp) (Geos (Ang (An B2 A2 C2))
add Emp)” by (blast intro: Ang_weektrans Ang_rev Eq_rev)
have P97 : “Eq (Geos (Seg (Se C1 Al)) add Emp) (Geos (Seg (Se Al C1)) add Emp)” by (simp
add:Seg_rev)
have P98 : “Eq (Geos (Seg (Se C2 A2)) add Emp) (Geos (Seg (Se A2 C2)) add Emp)” by (simp
add:Seg_rev)
from assms P97 P98 have P99 : “Eq (Geos (Seg (Se Al C1)) add Emp) (Geos (Seg (Se A2 C2)) add
Emp)” by (blast intro:Eq_rev Eq_trans)
from assms have P100 : ”Def (Tri (Tr A1 B1 C1))” by (simp add: Ang_to_Tri)
from assms have P101 : ”Def (Tri (Tr A2 B2 C2))” by (simp add: Ang_to_Tri)
from assms P96 P99 P100 P101 show "Cong (Geos (Tri (Tr A1 B1 C1)) add Emp) (Geos (Tri (Tr A2
B2 C2)) add Emp)” by (simp add: Tri_SAS)

ged

theorem (in Congruence_Rule) Ang_trans :
assumes
”Def (Ang (An Al B1 C1))” "Def (Ang (An A2 B2 C2))” "Def (Ang (An A3 B3 C3))”
”Cong (Geos (Ang (An A2 B2 C2)) add Emp) (Geos (Ang (An Al B1 C1)) add Emp)”
”Cong (Geos (Ang (An A3 B3 C3)) add Emp) (Geos (Ang (An Al B1 C1)) add Emp)”
shows ”Cong (Geos (Ang (An A2 B2 C2)) add Emp) (Geos (Ang (An A3 B3 C3)) add Emp)”
proof -
from assms have P1 : ”Cong (Geos (Ang (An A1 B1 C1)) add Emp) (Geos (Ang (An A2 B2 C2)) add
Emp)” by (simp add:Ang_rev)
from assms P1 have ”dp q. Cong (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang (An p B2 q))
add Emp)
A Eq (Geos (Ang (An A2 B2 C2)) add Emp) (Geos (Ang (An p B2 q)) add Emp)
A Eq (Geos (Seg (Se B1 Al)) add Emp) (Geos (Seg (Se B2 p)) add Emp)
A Line_on (Li B2 A2) p A — Bet_Point (Se p A2) B2
A Eq (Geos (Seg (Se B1 C1)) add Emp) (Geos (Seg (Se B2 q)) add Emp)
A Line_on (Li B2 C2) q A — Bet_Point (Se q C2) B2 A Def (Ang (An p B2 q))” by (simp
add:Ang_replace)
then obtain A21 C21 :: Point where P2 : ”Cong (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang
(An A21 B2 C21)) add Emp)
A Eq (Geos (Ang (An A2 B2 C2)) add Emp) (Geos (Ang (An A21 B2 C21)) add Emp)
A Eq (Geos (Seg (Se B1 Al)) add Emp) (Geos (Seg (Se B2 A21)) add Emp)
A Line_on (Li B2 A2) A21 A - Bet_Point (Se A21 A2) B2
A Eq (Geos (Seg (Se B1 C1)) add Emp) (Geos (Seg (Se B2 C21)) add Emp)
A Line_on (Li B2 C2) C21 A — Bet_Point (Se C21 C2) B2 A Def (Ang (An A21 B2 C21))” by blast
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from assms have P3 : ”Cong (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang (An A3 B3 C3)) add
Emp)” by (simp add:Ang_rev)

from assms P3 have ”dp q. Cong (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang (An p B3 q))
add Emp)

A Eq (Geos (Ang (An A3 B3 C3)) add Emp) (Geos (Ang (An p B3 q)) add Emp)

A Eq (Geos (Seg (Se B1 Al)) add Emp) (Geos (Seg (Se B3 p)) add Emp)

A Line_on (Li B3 A3) p A = Bet_Point (Se p A3) B3

A Eq (Geos (Seg (Se B1 C1)) add Emp) (Geos (Seg (Se B3 q)) add Emp)

A Line_on (Li B3 C3) q A — Bet_Point (Se q C3) B3 A Def (Ang (An p B3 q))” by (simp

add:Ang_replace)
then obtain A31 C31 :: Point where P4 : ”Cong (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang
(An A31 B3 C31)) add Emp)
A Eq (Geos (Ang (An A3 B3 C3)) add Emp) (Geos (Ang (An A31 B3 C31)) add Emp)
A Eq (Geos (Seg (Se B1 Al)) add Emp) (Geos (Seg (Se B3 A31)) add Emp)
A Line_on (Li B3 A3) A31 A - Bet_Point (Se A31 A3) B3
A Eq (Geos (Seg (Se B1 C1)) add Emp) (Geos (Seg (Se B3 C31)) add Emp)
A Line_on (Li B3 C3) C31 A — Bet_Point (Se C31 C3) B3 A Def (Ang (An A31 B3 C31))” by blast
from assms have P5 : ”Def (Tri (Tr B1 A1 C1))” by (blast intro:Tri_def_rev Tri_def_trans Ang_to_Tri)
from P2 have P6 : ”Def (Tri (Tr B2 A21 C21))” by (blast intro:Tri_def_rev Tri_def_trans Ang_to_Tri)
from P2 P5 P6 have "Cong (Geos (Tri (Tr B1 Al C1)) add Emp) (Geos (Tri (Tr B2 A21 C21)) add
Emp)” by (simp add:Tri_SAS)

then have P7 : "Eq (Geos (Seg (Se A1 C1)) add Emp) (Geos (Seg (Se A21 C21)) add Emp)” by (simp
add:Tri_Cong_def)

from P4 have P8 : ”Def (Tri (Tr B3 A31 C31))” by (blast intro:Tri_def_rev Tri_def_trans Ang_to_Tri)

from P4 P5 P8 have "Cong (Geos (Tri (Tr B1 Al C1)) add Emp) (Geos (Tri (Tr B3 A31 C31)) add
Emp)” by (simp add:Tri_SAS)

then have P9 : ”Eq (Geos (Seg (Se A1 C1)) add Emp) (Geos (Seg (Se A31 C31)) add Emp)” by (simp
add:Tri_Cong_def)

from P6 have P10 : “Def (Tri (Tr A21 C21 B2))” by (blast intro:Tri_def _trans)

from P8 have P11 : ”Def (Tri (Tr A31 C31 B3))” by (blast intro:Tri_def_trans)

from P7 P9 have P12 : ”Eq (Geos (Seg (Se A21 C21)) add Emp) (Geos (Seg (Se A31 C31)) add
Emp)” by (blast intro:Eq_trans)

from P2 P4 have P13 : ”Eq (Geos (Seg (Se B2 A21)) add Emp) (Geos (Seg (Se B3 A31)) add Emp)”
by (blast intro:Eq_trans)

from P2 P4 have P14 : ”Eq (Geos (Seg (Se B2 C21)) add Emp) (Geos (Seg (Se B3 C31)) add Emp)”
by (blast intro:Eq_trans)

have P15 : "Eq (Geos (Seg (Se B2 C21)) add Emp) (Geos (Seg (Se C21 B2)) add Emp)” by (simp
add:Seg_rev)

have P16 : ”Eq (Geos (Seg (Se B3 C31)) add Emp) (Geos (Seg (Se C31 B3)) add Emp)” by (simp
add:Seg_rev)

from P14 P15 P16 have P17 : "Eq (Geos (Seg (Se C21 B2)) add Emp) (Geos (Seg (Se C31 B3)) add
Emp)” by (blast intro:Eq_trans Eq_rev)

from P10 P11 P12 P13 P17 have ”Cong (Geos (Tri (Tr A21 C21 B2)) add Emp) (Geos (Tri (Tr A31
C31 B3)) add Emp)” by (simp add:Tri_SSS)

then have P18 : ”Cong (Geos (Ang (An A21 B2 C21)) add Emp) (Geos (Ang (An A31 B3 C31)) add
Emp)” by (simp add:Tri_Cong_def)

from P2 P18 have P19 : "Cong (Geos (Ang (An A2 B2 C2)) add Emp) (Geos (Ang (An A31 B3 C31))
add Emp)” by (blast intro: Ang_weektrans Ang_rev)

from P4 P19 show ”Cong (Geos (Ang (An A2 B2 C2)) add Emp) (Geos (Ang (An A3 B3 C3)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev)
ged

lemma (in Congruence_Rule) Ang_move_unique_inv :
assumes
“Def (Ang (An pl p2 p3))” "Def (Ang (An p4 p2 p3))”
’Plane_sameside (Li p2 p3) pl p4”
”Eq (Geos (Lin (Li p2 p1)) add Emp) (Geos (Lin (Li p2 p4)) add Emp)”
shows
”Cong (Geos (Ang (An pl p2 p3)) add Emp) (Geos (Ang (An p4 p2 p3)) add Emp)”
proof -
have P1 : "Line_on (Li p2 p4) p4” by (simp add:Line_on_rule)
from assms P1 have P2 : ”Line_on (Li p2 p1) p4” by (blast intro:Line_on_trans Eq_rev)
have P3 : "Line_on (Li p2 p3) p2” by (simp add:Line_on_rule)
from assms have P4 : = Line_on (Li p2 p3) p1” by (simp add:Plane_sameside_def)
from assms have P5 : ”— Line_on (Li p2 p3) p4” by (simp add:Plane_sameside_def)
from P3 P4 P5 have
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”Bet_Point (Se p1 p4) p2 => Jp. Bet_Point (Se p1 p4) p A Line_on (Li p2 p3) p
A = Line_on (Li p2 p3) pl A = Line_on (Li p2 p3) p4” by blast
then have "Bet_Point (Se pl p4) p2 = Plane_diffside (Li p2 p3) p1 p4”
by (simp add:Plane_diffside_def)
then have P6 : ”Bet_Point (Se p1 p4) p2 = — Plane_sameside (Li p2 p3) pl p4”
by (simp add:Plane_diffside_not_sameside)
from assms P6 have P7 : ”— Bet_Point (Se p1 p4) p2” by blast
have P8 : "Line_on (Li p2 p3) p3” by (simp add:Line_on_rule)
have P9 : ”— Bet_Point (Se p3 p3) p2” by (simp add:Bet_end_Point)
from assms have ”— Eq (Geos (Poi p4) add Emp) (Geos (Poi p2) add Emp)” by (simp add:Ang_def)
then have P10 : ”— Eq (Geos (Poi p2) add Emp) (Geos (Poi p4) add Emp)” by (blast intro:Eq-rev)
from assms have P11 : ”— Eq (Geos (Poi p2) add Emp) (Geos (Poi p3) add Emp)”
by (simp add:Ang_def)
from assms P2 P7 P8 P9 P10 P11 have "Eq (Geos (Ang (An pl p2 p3)) add Emp) (Geos (Ang (An p4
p2 p3)) add Emp)
A Def (Ang (An p4 p2 p3))” by (simp add:Ang_Point_swap)
thus ”Cong (Geos (Ang (An pl p2 p3)) add Emp) (Geos (Ang (An p4 p2 p3)) add Emp)” by (blast
intro:Ang_weektrans)
ged

theorem (in Congruence_Rule) Ang_move_Greater :
assumes
”Def (Ang (An hl ol k1))” ”Def (Ang (An h2 02 12))”
”Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An h2 02 k2)) add Emp)”
”Plane_sameside (Li 02 h2) k2 12”
”Cong (Geos (Ang (An h2 02 12)) add Emp) (Geos (Ang (An hl ol 11)) add Emp)”
”Plane_sameside (Li ol h1) k1 11”
”Ang_inside (An h2 02 12) k2”
shows
”—= Ang_inside (An hl ol k1) 117
”= Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li ol 11)) add Emp)”
proof -
from assms have P1 : ”— Line_on (Li 02 h2) k2” by (simp add:Plane_sameside_def)
from assms have ”— Eq (Geos (Poi h2) add Emp) (Geos (Poi 02) add Emp)” by (simp add: Ang_def)
then have P2 : ”— Eq (Geos (Poi 02) add Emp) (Geos (Poi h2) add Emp)” by (blast intro:Eq_rev)
from P1 P2 have “Def (Ang (An 02 h2 k2))” by (simp add: Ang_sinple_def)
then have P3 : ”Def (Ang (An h2 02 k2))” by (blast intro: Ang_def rev Ang_def_inv)
from assms P3 have ”Ang_inside (An h1 ol k1) 11 = Jp. Ang_inside (An h2 02 k2) p
A Cong (Geos (Ang (An hl ol 11)) add Emp) (Geos (Ang (An h2 02 p)) add Emp)
A Cong (Geos (Ang (An k1 ol 11)) add Emp) (Geos (Ang (An k2 02 p)) add Emp)” by (simp
add: Ang_split)
then obtain 121 :: Point where P4 : ”Ang_inside (An hl ol k1) 11 = Ang_inside (An h2 02 k2) 121
A Cong (Geos (Ang (An hl ol 11)) add Emp) (Geos (Ang (An h2 02 121)) add Emp)
A Cong (Geos (Ang (An k1 ol 11)) add Emp) (Geos (Ang (An k2 02 121)) add Emp)” by blast
then have P5 : ”Ang_inside (An hl ol k1) 11 =
Plane_sameside (Li 02 k2) h2121 A Plane_sameside (Li 02 h2) k2 121 by (simp add: Ang_inside_def)
from assms have P6 : ”Plane_diffside (Li 02 k2) h2 12” by (simp add:Ang_inside_Planeside)
from P5 P6 have ”Ang_inside (An hl ol k1) 11 =
Plane _diffside (Li 02 k2) 121 12” by (blast intro:Plane_trans)
then have ”Ang_inside (An hl ol k1) 11 = Jp. Bet_Point (Se 121 12) p A Line_on (Li 02 k2) p
A = Line_on (Li 02 k2) 121 A — Line_on (Li 02 k2) 12” by (simp add:Plane_diffside_def)
then obtain pn :: Point where P7 : ”Ang_inside (An hl ol k1) 11 =
Bet_Point (Se 121 12) pn A Line_on (Li 02 k2) pn
A — Line_on (Li 02 k2) 121 A — Line_on (Li 02 k2) 12” by blast
then have P8 : ”Ang_inside (An hl ol k1) 11 = Bet_Point (Se 121 12) pn” by simp
then have P9 : ”Ang_inside (An hl ol k1) 11 =
= Eq (Geos (Poi 121) add Emp) (Geos (Poi 12) add Emp)” by (simp add:Bet_Point_def)
from assms have P10 : ”Plane_sameside (Li 02 h2) 12 k2” by (simp add:Plane_sameside_rev)
from P5 P9 P10 have P11 : ”Ang_inside (An hl ol k1) 11 = Plane_sameside (Li 02 h2) 12 121" by
(blast intro:Plane_sameside_trans)
from P8 have P12 : ”Ang_inside (An hl ol k1) 11 =
Eq (Geos (Poi pn) add Emp) (Geos (Poi 02) add Emp) = Bet_Point (Se 121 12) 02” by (simp
add:Point_Eq)
have P13 : ”Line_on (Li 02 h2) 02” by (simp add:Line_on_rule)
have P14 : ”Line_on (Li 121 12) 12” by (simp add:Line_on_rule)
from P14 have P15 : ”Eq (Geos (Lin (Li 121 12)) add Emp) (Geos (Lin (Li 02 h2)) add Emp) —-
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Line_on (Li 02 h2) 12” by (simp add:Line_on_trans)
from assms have ”Def (Tri (Tr 02 h2 12))” by (blast intro: Ang_to_Tri Tri_def _rev Tri_def _trans)
then have P16 : ”— Line_on (Li 02 h2) 12” by (simp add:Tri_def_Line)
from P15 P16 have P17 : "= Eq (Geos (Lin (Li 121 12)) add Emp) (Geos (Lin (Li 02 h2)) add Emp)”
by blast
from P12 P13 P17 have ”Ang_inside (An hl ol k1) Il =
Eq (Geos (Poi pn) add Emp) (Geos (Poi 02) add Emp) —>
Plane _diffside (Li 02 h2) 12 121" by (simp add:Plane_Bet_diffside Plane_diffside_rev)
then have P18 : ”Ang_inside (An hl ol k1) 11 =
Eq (Geos (Poi pn) add Emp) (Geos (Poi 02) add Emp) —>
— Plane_sameside (Li 02 h2) 12 121” by (simp add:Plane_diffside_not_sameside)
from P11 P18 have P19 : ”Ang_inside (An hl ol k1) 11 =
- Eq (Geos (Poi pn) add Emp) (Geos (Poi 02) add Emp)” by blast
have P20 : ”Line_on (Li 02 k2) 02” by (simp add:Line_on_rule)
from P8 have P21 : ”Ang_inside (Anhl ol k1) 11 = Line_on (Li121 12) pn” by (simp add:Line_Bet_on)
from P7 P19 P20 P21 have P22 : ”Ang_inside (An h1l ol k1) 11 = Line_on (Li 121 12) 02 —
Eq (Geos (Lin (Li 121 12)) add Emp) (Geos (Lin (Li 02 k2)) add Emp)” by (simp add:Line_unique)
from P14 P22 have P23 : ”Ang_inside (An hl ol k1) 11 =
Line_on (Li 121 12) 02 = Line_on (Li 02 k2) 12” by (simp add:Line_on_trans)
from P7 P23 have P24 : ”Ang_inside (An hl ol k1) Il = — Line_on (Li 121 12) 02” by blast
from P9 P24 have ”Ang_inside (An hl ol k1) 11 = Def (Ang (An 121 12 02))”
by (simp add:Ang_sinple_def)
then have P25 : ”Ang_inside (Anhl ol k1) 11 = Def (Ang (An121 0212))” by (blast intro: Ang_def rev
Ang_def_inv)
then have P26 : ”Ang_inside (An hl ol k1) 11 =
- Eq (Geos (Lin (Li 02 121)) add Emp) (Geos (Lin (Li 02 12)) add Emp)” by (simp add: Ang_def)
have P27 : ”Eq (Geos (Ang (An h2 02 121)) add Emp) (Geos (Ang (An 121 02 h2)) add Emp)” by
(simp add:Ang_roll)
from P4 P27 have P28 : ”Ang_inside (An hl ol k1) 11 =
Cong (Geos (Ang (An hl ol 11)) add Emp) (Geos (Ang (An 121 02 h2)) add Emp)” by (blast in-
tro:Ang_weektrans Ang_rev Eq_rev)
have P29 : ”Eq (Geos (Ang (An h2 02 12)) add Emp) (Geos (Ang (An 12 02 h2)) add Emp)” by (simp
add:Ang_roll)
from assms P29 have P30 : "Cong (Geos (Ang (An hl ol 11)) add Emp) (Geos (Ang (An 12 02 h2))
add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P11 P28 P30 have P31 : ”Ang_inside (An hl ol k1) 11 =
Eq (Geos (Lin (Li12 02)) add Emp) (Geos (Lin (Li 121 02)) add Emp)” by (simp add:Ang_move _unique)
from P25 have P32 : ”Ang_inside (Anhl ol k1) 11 = Def (Tri (Tr121 02 12))” by (simp add:Ang_to_Tri)
then have ”Ang_inside (An hl ol k1) 11 = — Eq (Geos (Poi 02) add Emp) (Geos (Poi 12) add Emp)”
by (simp add:Tri_def)
then have P33 : ”Ang_inside (An hl ol k1) Il =
Eq (Geos (Lin (Li 02 12)) add Emp) (Geos (Lin (Li 12 02)) add Emp)” by (simp add:Line_rev)
from P32 have ”Ang_inside (An hl ol k1) Il =
= Eq (Geos (Poi 121) add Emp) (Geos (Poi 02) add Emp)” by (simp add:Tri_def)
then have P34 : ”Ang_inside (An hl ol k1) 11 =
Eq (Geos (Lin (Li 121 02)) add Emp) (Geos (Lin (Li 02 121)) add Emp)” by (simp add:Line_rev)
from P31 P33 have P35 : ”Ang_inside (An hl ol k1) 11 =
Eq (Geos (Lin (Li 02 12)) add Emp) (Geos (Lin (Li 121 02)) add Emp)” by (blast intro:Eq_rev
Eq_trans)
from P34 P35 have P36 : ”Ang_inside (An hl ol k1) 11 =
Eq (Geos (Lin (Li 02 121)) add Emp) (Geos (Lin (Li 02 12)) add Emp)” by (blast intro:Eq_rev
Eq-trans)
from P26 P36 show ”— Ang_inside (An hl ol k1) 11” by blast
from assms have P37 : ”Def (Ang (An k1 ol h1))” by (blast intro:Ang_def_rev)
from assms have P38 : ”— Line_on (Li o1 h1) 11" by (simp add:Plane_sameside_def)
from P37 have P39 : ”— Eq (Geos (Poi 0o1) add Emp) (Geos (Poi h1) add Emp)” by (simp add: Ang_def)
from P38 P39 have “Def (Ang (An ol hl 11))” by (simp add:Ang_sinple_def)
then have P40 : ”Def (Ang (An 11 ol hl))” by (blast intro:Ang_def_rev Ang_def_inv)
from assms P37 P40 have P41 : ”Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li o1 11)) add Emp)
—
Cong (Geos (Ang (An k1 ol hl)) add Emp) (Geos (Ang (An 11 ol hl)) add Emp)” by (simp
add:Ang_move_unique_inv)
have P42 : ”Cong (Geos (Ang (An k1 ol hl)) add Emp) (Geos (Ang (An hl ol k1)) add Emp)” by
(simp add:Ang_roll)
from assms P37 P40 P41 P42 have P43 : "Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li ol 11))
add Emp) =
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Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An 11 ol hl)) add Emp)” by (blast in-
tro:Ang_trans Ang_rev)
have P44 : ”Cong (Geos (Ang (An 11 ol hl)) add Emp) (Geos (Ang (An hl ol 11)) add Emp)” by
(simp add:Ang_roll)
from P40 have P45 : "Def (Ang (An hl ol 11))” by (blast intro: Ang_def_rev)
from assms P40 P43 P44 P45 have P46 : "Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li ol 11))
add Emp) —
Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An hl ol 11)) add Emp)” by (blast in-
tro:Ang_trans Ang_rev)
from assms P45 P46 have P47 : ”Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li o1 11)) add Emp)

Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An h2 02 12)) add Emp)” by (blast in-
tro:Ang_trans Ang_rev)
from assms P3 P47 have P48 : ”Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li ol 11)) add Emp)

Cong (Geos (Ang (An h2 02 k2)) add Emp) (Geos (Ang (An h2 02 12)) add Emp)” by (blast in-
tro:Ang_trans Ang_rev)
from P29 P48 have P49 : ”Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li ol 11)) add Emp) =
Cong (Geos (Ang (An h2 02 k2)) add Emp) (Geos (Ang (An 12 02 h2)) add Emp)” by (blast in-
tro:Ang_weektrans Ang_rev Eq_rev)
have P50 : ”Cong (Geos (Ang (An h2 02 k2)) add Emp) (Geos (Ang (An k2 02 h2)) add Emp)” by
(simp add:Ang_roll)
from assms P49 P50 have P51 : ”Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li ol 11)) add Emp)
=
Eq (Geos (Lin (Li k2 02)) add Emp) (Geos (Lin (Li 12 02)) add Emp)
A = Bet_Point (Se k2 12) 02” by (simp add: Ang_move_unique)
from assms have "Def (Ang (An h2 02 12)) A Plane_sameside (Li 02 h2) 12 k2
A Plane_sameside (Li 02 12) h2 k2” by (simp add:Ang_inside_def)
then have P52 : ”— Line_on (Li 02 12) k2” by (simp add:Plane_sameside_def)
from assms have ”— Eq (Geos (Poi 02) add Emp) (Geos (Poi 12) add Emp)” by (simp add:Ang_def)
then have P53 : ”Eq (Geos (Lin (Li 02 12)) add Emp) (Geos (Lin (Li 12 02)) add Emp)” by (simp
add:Line_rev)
from P51 P53 have P54 : ”Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li ol 11)) add Emp) =
Eq (Geos (Lin (Li k2 02)) add Emp) (Geos (Lin (Li 02 12)) add Emp)” by (blast intro:Eq_trans)
have P55 : ”Line_on (Li k2 02) k2” by (simp add:Line_on_rule)
from P54 P55 have P56 : ”Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li o1 11)) add Emp) —>
Line_on (Li 02 12) k2” by (simp add:Line_on_trans)
from P52 P56 show ”— Eq (Geos (Lin (Li o1 k1)) add Emp) (Geos (Lin (Li ol 11)) add Emp)” by blast
qed

theorem (in Congruence_Rule) Ang_move_Smaller :
assumes
”Def (Ang (An hl ol k1))” ”Def (Ang (An h2 02 12))”
”Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An h2 02 k2)) add Emp)”
”Plane_sameside (Li 02 h2) k2 12”
”Cong (Geos (Ang (An h2 02 12)) add Emp) (Geos (Ang (An hl ol 11)) add Emp)”
”Plane_sameside (Li ol h1) k1 11”
”— Ang_inside (An h2 02 12) k2”
”— Eq (Geos (Lin (Li 02 k2)) add Emp) (Geos (Lin (Li 02 12)) add Emp)”
shows ”Ang_inside (An hl ol k1) 11”
proof -
have P1: ”Ang_inside (An 12 02 h2) k2 = Ang_inside (An h2 02 12) k2” by (simp add:Ang_inside_def
Ang_def_rev)
from assms P1 have P2 : ”— Ang_inside (An 12 02 h2) k2” by blast
from assms have P3 : ”— Line_on (Li 02 h2) k2” by (simp add:Plane_sameside_def)
from assms have ”— Eq (Geos (Poi h2) add Emp) (Geos (Poi 02) add Emp)” by (simp add: Ang_def)
then have P4 : ”— Eq (Geos (Poi 02) add Emp) (Geos (Poi h2) add Emp)” by (blast intro:Eq_rev)
from P3 P4 have ”Def (Ang (An 02 h2 k2))” by (simp add:Ang_sinple_def)
then have P5 : “Def (Ang (An k2 02 h2))” by (blast intro: Ang_def_rev Ang_def_inv)
from assms have P6 : ”Def (Ang (An 12 02 h2))” by (blast intro: Ang_def_rev)
from assms PS5 P6 have P7 : ”Ang_inside (An k2 02 h2) 12 A = Ang_inside (An 12 02 h2) k2
V — Ang_inside (An k2 02 h2) 12 A Ang_inside (An 12 02 h2) k2” by (simp add:Ang_inside_case)
from P2 P7 have ”Ang_inside (An k2 02 h2) 12” by blast
then have P8 : ”Ang_inside (An h2 02 k2) 12” by (simp add:Ang_inside_def Ang_def_rev)
from assms have P9 : ”— Line_on (Li ol h1) 11" by (simp add:Plane_sameside_def)
from assms have ”— Eq (Geos (Poi h1) add Emp) (Geos (Poi ol) add Emp)” by (simp add:Ang_def)

144



then have P10 : ”— Eq (Geos (Poi o1) add Emp) (Geos (Poi h1) add Emp)” by (blast intro:Eq_rev)
from P9 P10 have "Def (Ang (An ol hl 11))” by (simp add: Ang_sinple_def)
then have P11 : ”Def (Ang (An hl ol 11))” by (blast intro:Ang_def_rev Ang_def_inv)
from P5 have P12 : ”Def (Ang (An h2 02 k2))” by (blast intro: Ang_def_rev Ang_def_inv)
from assms have P13 : ”Cong (Geos (Ang (An hl ol 11)) add Emp) (Geos (Ang (An h2 02 12)) add
Emp)” by (blast intro:Ang_rev)
from assms have P14 : ”Plane_sameside (Li 02 h2) 12 k2” by (simp add:Plane_sameside_rev)
from assms have P15 : ”Cong (Geos (Ang (An h2 02 k2)) add Emp) (Geos (Ang (An hl ol k1)) add
Emp)” by (blast intro:Ang_rev)
from assms have P16 : "Plane_sameside (Li ol h1) 11 k1” by (simp add:Plane_sameside_rev)
from P8 P11 P12 P13 P14 P15 P16 have P17 : ”— Ang_inside (An hl ol 11) k1”
by (simp add:Ang_move_Greater)
have P18 : ”Ang_inside (An11 ol h1) k1l = Ang_inside (An h1l o1 11) k1” by (simp add:Ang_inside_def
Ang_def _rev)
from P17 P18 have P19 : = Ang_inside (An 11 ol h1) k1” by blast
from assms have P20 : "Def (Ang (An k1 ol h1))” by (blast intro:Ang_def_rev)
from P11 have P21 : "Def (Ang (An 11 ol hl))” by (blast intro: Ang_def_rev)
have “Line_on (Li ol k1) k1” by (simp add:Line_on_rule)
then have P22 : ”Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li o1 11)) add Emp) =
Line_on (Li ol 11) k1” by (simp add:Line_on_trans)
have P23 : ”Line_on (Li ol h1) o1” by (simp add:Line_on_rule)
have ”Line_on (Li 11 k1) 11” by (simp add:Line_on_rule)
then have P24 : ”Eq (Geos (Lin (Li 11 k1)) add Emp) (Geos (Lin (Li ol h1)) add Emp) = Line_on
(Liol h1) 11” by (simp add:Line_on_trans)
from P9 P24 have P25 : "= Eq (Geos (Lin (Li 11 k1)) add Emp) (Geos (Lin (Li ol h1)) add Emp)” by
blast
from P23 P25 have ”Bet_Point (Se 11 k1) ol = Plane_diffside (Li ol h1) 11 k1”
by (simp add:Plane_Bet_diffside)
then have P26 : ”Bet_Point (Se 11 k1) ol = — Plane_sameside (Li ol h1) 11 k1”
by (simp add:Plane_diffside_not_sameside)
from P16 P26 have P27 : ”— Bet_Point (Se 11 k1) o1” by blast
have P28 : “Line_on (Li ol h1) h1” by (simp add:Line_on_rule)
have P29 : ”— Bet_Point (Se h1 h1) o1” by (simp add:Bet_end_Point)
from assms have P30 : ”— Eq (Geos (Poi 01) add Emp) (Geos (Poi k1) add Emp)”
by (simp add:Ang_def)
from P10 P21 P22 P27 P28 P29 P30 have P31 : "Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li
ol 11)) add Emp) —
Eq (Geos (Ang (An 11 ol hl)) add Emp) (Geos (Ang (An k1 ol hl)) add Emp) A Def (Ang (An k1
ol h1))” by (simp add:Ang_Point_swap)
have P32 : "Eq (Geos (Ang (An 11 ol hl)) add Emp) (Geos (Ang (An hl ol 11)) add Emp)” by (simp
add:Ang_roll)
from P31 P32 have P33 : ”Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li o1 11)) add Emp) —>
Eq (Geos (Ang (An hl ol 11)) add Emp) (Geos (Ang (An k1 ol hl)) add Emp)” by (blast in-
tro:Eq-trans Eq_rev)
have P34 : ”Eq (Geos (Ang (An k1 ol h1)) add Emp) (Geos (Ang (An hl ol k1)) add Emp)” by (simp
add:Ang_roll)
from P33 P34 have P35 : ”Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li o1 11)) add Emp) =
Eq (Geos (Ang (An hl ol 11)) add Emp) (Geos (Ang (An hl ol k1)) add Emp)” by (blast in-
tro:Eq_trans Eq_rev)
from assms P35 have P36 : "Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li ol 11)) add Emp)
=
Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An h2 02 12)) add Emp)” by (blast in-
tro:Ang_weektrans Ang_rev Eq_rev)
have P37 : ”Eq (Geos (Ang (An h2 02 k2)) add Emp) (Geos (Ang (An k2 02 h2)) add Emp)” by (simp
add:Ang_roll)
from assms P37 have P38 : ”Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An k2 02 h2))
add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
have P39 : ”Eq (Geos (Ang (An h2 02 12)) add Emp) (Geos (Ang (An 12 02 h2)) add Emp)” by (simp
add:Ang_roll)
from P36 P39 have P40 : ”Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li o1 11)) add Emp) —>
Cong (Geos (Ang (An hl ol k1)) add Emp) (Geos (Ang (An 12 02 h2)) add Emp)” by (blast in-
tro:Ang_weektrans Ang_rev Eq_rev)
from assms P38 P40 have P41 : ”Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li ol 11)) add Emp)

Eq (Geos (Lin (Li k2 02)) add Emp) (Geos (Lin (Li 12 02)) add Emp) A — Bet_Point (Se k2 12) 02”
by (simp add: Ang_move_unique)
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from P12 have ”— Eq (Geos (Poi 02) add Emp) (Geos (Poi k2) add Emp)” by (simp add: Ang_def)
then have P42 : ”Eq (Geos (Lin (Li 02 k2)) add Emp) (Geos (Lin (Li k2 02)) add Emp)” by (simp
add:Line_rev)
from P41 P42 have P43 : Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li ol 11)) add Emp) —
Eq (Geos (Lin (Li 02 k2)) add Emp) (Geos (Lin (Li 12 02)) add Emp)” by (blast intro:Eq_rev
Eq-trans)
from assms have ”— Eq (Geos (Poi 02) add Emp) (Geos (Poi 12) add Emp)” by (simp add:Ang_def)
then have P44 : ”Eq (Geos (Lin (Li 02 12)) add Emp) (Geos (Lin (Li 12 02)) add Emp)” by (simp
add:Line_rev)
from P43 P44 have P45 : Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li ol 11)) add Emp) —
Eq (Geos (Lin (Li 02 k2)) add Emp) (Geos (Lin (Li 02 12)) add Emp)” by (blast intro:Eq_rev
Eq-trans)
from assms P45 have P46 : ”— Eq (Geos (Lin (Li ol k1)) add Emp) (Geos (Lin (Li ol 11)) add Emp)”
by blast
from assms P20 P21 P46 have P47 : ”Ang_inside (An k1 ol h1) 11 A — Ang_inside (An 11 ol h1) k1
V — Ang_inside (An k1 ol h1) 11 A Ang_inside (An 11 ol h1) k1” by (simp add:Ang_inside_case)
from P19 P47 have ”Ang_inside (An k1 ol h1) 11” by blast
thus ”Ang_inside (An hl ol k1) 11” by (simp add:Ang_inside_def Ang_def_rev)
ged

lemma (in Congruence_Rule) Ang_not_Gr_Eq_rev :
assumes
”Def (Ang (An pl1 p12 p13))” "Def (Ang (An p21 p22 p23))”
”= Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13)) add Emp)”
shows
”Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
V Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)”
proof -
from assms have ”— Line_on (Li p12 p13) p11” by (simp add:Ang_to_Tri Tri_def_Line)
then have ”3p. Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An p p12 p13)) add Emp)
A Plane_sameside (Li p12 p13) p p11” using assms by (simp add:Ang_move_sameside)
then obtain p4 :: Point where P1 : "Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An
p4 pl2 pl3)) add Emp)
A Plane_sameside (Li p12 p13) p4 p11” by blast
from assms P1 have P2 : ”— Ang_inside (An p11 p12 p13) p4 A = Eq (Geos (Lin (Li p12 p11)) add
Emp) (Geos (Lin (Li p12 p4)) add Emp) —
Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13)) add Emp)” by (blast
intro:Ang_less_def)
from assms P2 have P3 : ”Ang_inside (An p11 p12 p13) p4 VV Eq (Geos (Lin (Li p12 p11)) add Emp)
(Geos (Lin (Li p12 p4)) add Emp)” by blast
from P1 have P4 : ”Plane_sameside (Li p12 p13) p11 p4” by (simp add:Plane_sameside_rev)
then have P5 : ”— Line_on (Li p12 p13) p4” by (simp add:Plane_sameside_def)
from assms have P6 : ”— Eq (Geos (Poi pl12) add Emp) (Geos (Poi p13) add Emp)” by (simp
add:Ang_def)
from P5 P6 have ”"Def (Ang (An p12 p13 p4))” by (simp add:Ang_sinple_def)
then have P7 : “Def (Ang (An p4 p12 p13))” by (blast intro:Ang_def_inv Ang_def_rev)
from assms P4 P7 have P8 : "Eq (Geos (Lin (Li p12 p11)) add Emp) (Geos (Lin (Li p12 p4)) add
Emp) =
Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p4 p12 p13)) add Emp)” by (simp
add:Ang_move_unique_inv)
from assms P1 P7 P8 have P9 : ”Eq (Geos (Lin (Li p12 p11)) add Emp) (Geos (Lin (Li p12 p4)) add
Emp) —
Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)” by (blast
intro:Ang_trans Ang_rev)
from P1 have P10 : ”Ang_inside (An pl1 p12 p13) p4 +—
Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)” by (simp
add:Ang_greater_def)
from P3 P9 P10 show ”Cong (Geos (Ang (An p11 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23))
add Emp)
V Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)” by blast
ged

lemma (in Congruence_Rule) Ang_not_Eq_Gr :
assumes
”Def (Ang (An pl11 p12 p13))” "Def (Ang (An p21 p22 p23))”
”— Cong (Geos (Ang (An pl1 pl12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)”
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shows
”Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
V Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl11 p12 p13)) add Emp)”
proof -
from assms have ”— Line_on (Li p12 p13) p11” by (simp add:Ang_to_Tri Tri_def_Line)
then have ”Jp. Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An p p12 p13)) add Emp)
A Plane_sameside (Li p12 p13) p p11” using assms by (simp add:Ang_move_sameside)
then obtain p4 :: Point where P1 : ”Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An
p4 p12 p13)) add Emp)
A Plane_sameside (Li p12 p13) p4 p11” by blast
from P1 have P2 : ”Plane_sameside (Li p12 p13) p11 p4” by (simp add:Plane_sameside_rev)
then have P3 : ”— Line_on (Li p12 p13) p4” by (simp add:Plane_sameside_def)
from assms have P4 : ”— Eq (Geos (Poi p12) add Emp) (Geos (Poi p13) add Emp)” by (simp
add:Ang_def)
from P3 P4 have “Def (Ang (An p12 p13 p4))” by (simp add:Ang_sinple_def)
then have P5 : “Def (Ang (An p4 p12 p13))” by (blast intro:Ang_def_inv Ang_def _rev)
from assms P2 P5 have P6 : ”Eq (Geos (Lin (Li p12 p11)) add Emp) (Geos (Lin (Li p12 p4)) add
Emp) =
Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p4 p12 p13)) add Emp)” by (simp
add:Ang_move_unique_inv)
from assms P1 P5 P6 have P7 : "Eq (Geos (Lin (Li p12 p11)) add Emp) (Geos (Lin (Li p12 p4)) add
Emp) =
Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)” by (blast
intro:Ang_trans Ang_rev)
from assms P7 have P8 : "= Eq (Geos (Lin (Li p12 p11)) add Emp) (Geos (Lin (Li p12 p4)) add
Emp)” by blast
from assms P2 P5 P8 have P9 :
”Ang_inside (An pl11 p12 p13) p4 A — Ang_inside (An p4 p12 p13) pll
V = Ang_inside (An pl1 p12 p13) p4 A Ang_inside (An p4 p12 p13) p11”
by (simp add:Ang_inside _case)
from P1 have P10 : ”Ang_inside (An p11 p12 p13) p4 «+—
Gr (Geos (Ang (An pl1 pl12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)” by (simp
add:Ang_greater_def)
from P1 P8 have P11 : ”— Ang_inside (An pl11 p12 p13) p4 —
Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13)) add Emp)” by (blast
intro:Ang_less_def)
from P9 P10 P11 show ”Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23))
add Emp)
V Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl11 p12 p13)) add Emp)” by blast
ged

lemma (in Congruence_Rule) Ang_relation_case :
assumes
”Def (Ang (An pl11 p12 p13))” "Def (Ang (An p21 p22 p23))”
shows
”Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
V Gr (Geos (Ang (An pll p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
V Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl11 p12 p13)) add Emp)”
proof -
from assms have P1 : ”— Cong (Geos (Ang (An pll p12 p13)) add Emp) (Geos (Ang (An p21 p22
p23)) add Emp) —
Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
V Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13)) add Emp)” by (simp
add:Ang_not_Eq_Gr)
then have P2 : ”— Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add
Emp) =
- Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp) —
Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13)) add Emp)” by blast
from P1 have P3 : ”— Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23))
add Emp) —
- Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 pl12 p13)) add Emp) —
Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)” by blast
from assms have ”— Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13)) add
Emp) =
Cong (Geos (Ang (An p11 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
V Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)” by (simp
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add:Ang_not_Gr_Eq_rev)
then have P4 : ”— Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13)) add
Emp) =
= Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp) —
Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)” by blast
from P2 P3 P4 show ”Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23))
add Emp)
V Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
V Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13)) add Emp)” by blast
ged

lemma (in Congruence_Rule) Ang_not_Gr_lemmal :
assumes
“Def (Ang (An pl1 p12 p13))” "Def (Ang (An p21 p22 p23))”
”Cong (Geos (Ang (An pl11 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)”
shows
7= Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)”
proof -
from assms have ”— Line_on (Li p12 p13) p11” by (simp add:Ang_to_Tri Tri_def_Line)
then have ”Jp. Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An p p12 p13)) add Emp)
A Plane_sameside (Li p12 p13) p p11” using assms by (simp add:Ang_move_sameside)
then obtain p14 :: Point where P1 : ”Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An
pl4 p12 p13)) add Emp)
A Plane_sameside (Li p12 p13) p14 p11” by blast
from P1 have P2 : ”Plane_sameside (Li p12 p13) p11 p14” by (simp add:Plane_sameside_rev)
then have P3 : ”— Line_on (Li p12 p13) p14” by (simp add:Plane_sameside_def)
from assms have P4 : ”— Eq (Geos (Poi p12) add Emp) (Geos (Poi p13) add Emp)” by (simp
add:Ang_def)
from P3 P4 have “"Def (Ang (An p12 p13 p14))” by (simp add:Ang_sinple_def)
then have P5 : “Def (Ang (An p14 p12 p13))” by (blast intro:Ang_def_inv Ang_def_rev)
from assms P1 P5 have P6 : ”Cong (Geos (Ang (An pll pl12 p13)) add Emp) (Geos (Ang (An pl4
pl12 p13)) add Emp)” by (blast intro:Ang_rev Ang_trans)
have P7 : ”Cong (Geos (Ang (An p13 p12 p11)) add Emp) (Geos (Ang (An pl1 p12 p13)) add Emp)”
by (simp add:Ang_roll)
from assms have P8 : ”Def (Ang (An p13 p12 p11))” by (simp add:Ang_def_rev)
from assms P5 P6 P7 P8 have P9 : ”Cong (Geos (Ang (An p13 p12 p11)) add Emp) (Geos (Ang (An
pl4 p12 p13)) add Emp)” by (blast intro: Ang_trans Ang_rev)
from P2 P7 P9 have P10 : ”Eq (Geos (Lin (Li p11 p12)) add Emp) (Geos (Lin (Li p14 p12)) add Emp)
A = Bet_Point (Se p11 p14) p12” by (simp add: Ang_move_unique)
from P1 have ”Ang_inside (An pl11 p12 p13) pl4 +—
Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)” by (simp
add:Ang_greater_def)
then have ”Gr (Geos (Ang (An pll pl12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
=
Ang_inside (An p11 p12 p13) p14” by blast
then have ”Gr (Geos (Ang (An pll pl12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
—
Plane_sameside (Li p12 p11) p13 p14” by (simp add:Ang_inside_def)
then have P11 : ”Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add
Emp) =
— Line_on (Li p12 p11) p14” by (simp add:Plane_sameside_def)
from assms have ”— Eq (Geos (Poi p11) add Emp) (Geos (Poi p12) add Emp)” by (simp add:Ang_def)
then have P12 : ”Eq (Geos (Lin (Li p11 p12)) add Emp) (Geos (Lin (Li p12 p11)) add Emp)” by (simp
add:Line_rev)
from P10 P12 have P13 : ”Eq (Geos (Lin (Li p14 p12)) add Emp) (Geos (Lin (Li p12 p11)) add Emp)”
by (blast intro:Eq_rev Eq_trans)
have P14 : ”Line_on (Li p14 p12) p14” by (simp add:Line_on_rule)
from P13 P14 have P15 : ”Line_on (Li p12 p11) p14” by (simp add:Line_on_trans)
from P11 P15 show ”— Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23))
add Emp)” by blast
ged

lemma (in Congruence_Rule) Ang_not_Gr :
assumes
”Def (Ang (An p11 p12 p13))” "Def (Ang (An p21 p22 p23))”
”Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)”
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shows
”— Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)”
”— Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 pl12 p13)) add Emp)”
proof -
from assms show P1 : "= Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23))
add Emp)” by (simp add:Ang_not_Gr_lemmal)
from assms have P2 : ”Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13))
add Emp)” by (simp add:Ang_rev)
from assms P2 show ”— Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13))
add Emp)” by (simp add:Ang_not_Gr_lemmal)
ged

lemma (in Congruence_Rule) Ang_Gr_not_Eq_rev :
assumes
“Def (Ang (An pl11 p12 p13))” "Def (Ang (An p21 p22 p23))”
”Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13)) add Emp)”
shows
”—= Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)”
”= Gr (Geos (Ang (An pl1 pl12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)”
proof -
from assms have ”— Line_on (Li p12 p13) p11” by (simp add:Ang_to_Tri Tri_def_Line)
then have ”Jp. Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An p p12 p13)) add Emp)
A Plane_sameside (Li p12 p13) p p11” using assms by (simp add:Ang_move_sameside)
then obtain p14 :: Point where P1 : ”Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An
pl4 p12 p13)) add Emp)
A Plane_sameside (Li p12 p13) p14 p11” by blast
from P1 have P2 : ”Plane_sameside (Li p12 p13) p11 p14” by (simp add:Plane_sameside_rev)
then have P3 : ”— Line_on (Li p12 p13) p14” by (simp add:Plane_sameside_def)
from assms have P4 : ”— Eq (Geos (Poi pl12) add Emp) (Geos (Poi p13) add Emp)” by (simp
add:Ang_def)
from P3 P4 have ”"Def (Ang (An p12 p13 p14))” by (simp add:Ang_sinple_def)
then have P5 : “Def (Ang (An p14 p12 p13))” by (blast intro:Ang_def_inv Ang_def_rev)
from assms have ”— Line_on (Li p22 p23) p21” by (simp add:Ang_to_Tri Tri_def_Line)
then have ”Jp. Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p p22 p23)) add Emp)
A Plane_sameside (Li p22 p23) p p21” using assms by (simp add:Ang_move_sameside)
then obtain p24 :: Point where P6 : ”Cong (Geos (Ang (An pll p12 p13)) add Emp) (Geos (Ang (An
p24 p22 p23)) add Emp)
A Plane_sameside (Li p22 p23) p24 p21” by blast
then have P7 : ”— Line_on (L1 p22 p23) p24” by (simp add:Plane_sameside_def)
from assms have P8 : ”— Eq (Geos (Poi p22) add Emp) (Geos (Poi p23) add Emp)” by (simp
add:Ang_def)
from P7 P8 have "Def (Ang (An p22 p23 p24))” by (simp add:Ang_sinple_def)
then have P9 : “Def (Ang (An p24 p22 p23))” by (blast intro:Ang_def_inv Ang_def_rev)
from P6 have P10 : ”Plane_sameside (Li p22 p23) p21 p24” by (simp add:Plane_sameside_rev)
from assms have P11 : "Def (Ang (An p13 p12 p11))” by (simp add: Ang_def_rev)
from assms have P12 : "Def (Ang (An p23 p22 p21))” by (simp add:Ang_def_rev)
from P5 have P13 : ”Def (Ang (An p13 p12 p14))” by (simp add:Ang_def_rev)
from P9 have P14 : ”Def (Ang (An p23 p22 p24))” by (simp add:Ang_def_rev)
have P15 : ”Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p13 p12 p11)) add Emp)”
by (simp add:Ang_roll)
have P16 : ”Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An p23 p22 p21)) add Emp)”
by (simp add:Ang_roll)
have P17 : ”Cong (Geos (Ang (An p14 p12 p13)) add Emp) (Geos (Ang (An p13 p12 p14)) add Emp)”
by (simp add:Ang_roll)
have P18 : ”Cong (Geos (Ang (An p24 p22 p23)) add Emp) (Geos (Ang (An p23 p22 p24)) add Emp)”
by (simp add:Ang_roll)
from assms P6 P9 P11 P15 have P19 :
”Cong (Geos (Ang (An pl3 pl12 pl1)) add Emp) (Geos (Ang (An p24 p22 p23)) add Emp)” by
(blast intro: Ang_rev Ang_trans)
from P9 P11 P14 P18 P19 have P20 :
”Cong (Geos (Ang (An pl13 pl12 pll)) add Emp) (Geos (Ang (An p23 p22 p24)) add Emp)” by
(blast intro:Ang_rev Ang_trans)
from assms P1 P5 P12 P16 have P21 :
”Cong (Geos (Ang (An p23 p22 p21)) add Emp) (Geos (Ang (An pl4 pl12 pl13)) add Emp)” by
(blast intro:Ang_rev Ang_trans)
from P5 P12 P13 P17 P21 have P22 :
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”Cong (Geos (Ang (An p23 p22 p21)) add Emp) (Geos (Ang (An pl3 pl12 pl4)) add Emp)” by
(blast intro:Ang_rev Ang_trans)
from P6 have P23 : ”Ang_inside (An p21 p22 p23) p24 «—
Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 pl2 p13)) add Emp)” by (simp
add:Ang_greater_def)
from assms P23 have P24 : ”Ang_inside (An p21 p22 p23) p24” by blast
from P12 P24 have P25 : ”Ang_inside (An p23 p22 p21) p24” by (simp add:Ang_inside_def)
from P2 P6 P11 P12 P20 P22 P25 have P26 : ”— Ang_inside (An p13 p12 p11) pl4
A — Eq (Geos (Lin (Li p12 p11)) add Emp) (Geos (Lin (Li p12 p14)) add Emp)”
by (simp add:Ang_move_Greater)
from P1 have ”Ang_inside (An p11 p12 p13) pl4 +—
Gr (Geos (Ang (An pl1 pl12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)” by (simp
add:Ang_greater_def)
then have P27 : ”Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add
Emp) =
Ang_inside (An p11 p12 p13) p14” by blast
from P11 P27 have P28 : ”Gr (Geos (Ang (An pll pl2 pl13)) add Emp) (Geos (Ang (An p21 p22
p23)) add Emp) —
Ang_inside (An p13 p12 p11) p14” by (simp add:Ang_inside_def)
from P26 P28 show ”— Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23))
add Emp)” by blast
from assms P1 P5 have P29 : ”Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21
p22 p23)) add Emp) =
Cong (Geos (Ang (An pl11 p12 p13)) add Emp) (Geos (Ang (An pl14 p12 p13)) add Emp)” by (blast
intro:Ang_rev Ang_trans)
have P30 : ”Cong (Geos (Ang (An p13 p12 p11)) add Emp) (Geos (Ang (An pll p12 p13)) add Emp)”
by (simp add:Ang_roll)
from assms P5 P11 P29 P30 have P31 : ”Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang
(An p21 p22 p23)) add Emp) =
Cong (Geos (Ang (An p13 p12 p11)) add Emp) (Geos (Ang (An pl14 p12 p13)) add Emp)” by (blast
intro:Ang_rev Ang_trans)
from P2 P30 P31 have P32 : "Cong (Geos (Ang (An pll p12 p13)) add Emp) (Geos (Ang (An p21
p22 p23)) add Emp) =
Eq (Geos (Lin (Li p11 p12)) add Emp) (Geos (Lin (Li p14 p12)) add Emp) A — Bet_Point (Se p11
pl4) p12” by (simp add:Ang_move_unique)
from assms have ”— Eq (Geos (Poi p11) add Emp) (Geos (Poi p12) add Emp)” by (simp add:Ang_def)
then have P33 : ”Eq (Geos (Lin (Li p11 p12)) add Emp) (Geos (Lin (Li p12 p11)) add Emp)” by (simp
add:Line_rev)
from P32 P33 have P34 : ”Cong (Geos (Ang (An pl11 pl2 p13)) add Emp) (Geos (Ang (An p21 p22
p23)) add Emp) —
Eq (Geos (Lin (Li p12 p11)) add Emp) (Geos (Lin (Li p14 p12)) add Emp)” by (blast intro:Eq_trans
Eq_rev)
from P5 have ”— Eq (Geos (Poi p14) add Emp) (Geos (Poi p12) add Emp)” by (simp add: Ang_def)
then have P35 : ”Eq (Geos (Lin (Li p14 p12)) add Emp) (Geos (Lin (Li p12 p14)) add Emp)” by (simp
add:Line_rev)
from P34 P35 have P36 : ”Cong (Geos (Ang (An pl11 pl2 p13)) add Emp) (Geos (Ang (An p21 p22
p23)) add Emp) —
Eq (Geos (Lin (Li p12 p11)) add Emp) (Geos (Lin (Li p12 p14)) add Emp)” by (blast intro:Eq_trans
Eq_rev)
from P26 P36 show ”— Cong (Geos (Ang (An p11 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23))
add Emp)” by blast

ged

lemma (in Congruence_Rule) Ang_relation_case_fact :

assumes
”Def (Ang (An p11 p12 p13))” "Def (Ang (An p21 p22 p23))”

shows
”Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
A = Gr (Geos (Ang (An pl1 pl2 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
A = Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13)) add Emp)
V — Cong (Geos (Ang (An pl1 pl12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
A Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
A — Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 pl12 p13)) add Emp)
V — Cong (Geos (Ang (An pl1 pl12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
A = Gr (Geos (Ang (An pl1 pl2 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
A Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13)) add Emp)”
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proof -
from assms have P1 : ”Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23))
add Emp)
V Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
V Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13)) add Emp)” by (simp
add:Ang_relation_case)
from assms have P2 : ”Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23))
add Emp) ==,
- Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
A = Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13)) add Emp)” by
(simp add:Ang_not_Gr)
from assms have P3 : ”Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 pl2 p13))
add Emp) —
— Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
A = Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)” by
(simp add:Ang_Gr_not_Eq_rev)
from assms have ”Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add
Emp) =
— Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13)) add Emp)
A — Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pll p12 p13)) add Emp)” by
(simp add:Ang_Gr_not_Eq_rev)
then have P4 : ”Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
=
— Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
A — Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pll pl12 p13)) add Emp)” by
(blast intro:Ang_rev)
from P1 P2 P3 P4 show "Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22
p23)) add Emp)
A — Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
A — Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13)) add Emp)
V = Cong (Geos (Ang (An pl1 pl2 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
A Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
A = Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 pl12 p13)) add Emp)
V — Cong (Geos (Ang (An pl1 pl12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
A — Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)
A Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 pl12 p13)) add Emp)” by blast
ged

lemma (in Congruence_Rule) Ang_Gr_trans_Eq_Gr :
assumes
“Def (Ang (An pl1 p12 p13))” "Def (Ang (An p21 p22 p23))” "Def (Ang (An p31 p32 p33))”
”Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)”
”Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An p31 p32 p33)) add Emp)”
shows
”Gr (Geos (Ang (An pl1 pl12 p13)) add Emp) (Geos (Ang (An p31 p32 p33)) add Emp)”
roof -
P from assms have P1 : ”— Line_on (Li p22 p23) p21” by (simp add:Ang_to_Tri Tri_def_Line)
from assms P1 have ”dp. Cong (Geos (Ang (An p31 p32 p33)) add Emp) (Geos (Ang (An p p22 p23))
add Emp)
A Plane_sameside (Li p22 p23) p p21” by (simp add:Ang_move_sameside)
then obtain p24 :: Point where P2 : "Cong (Geos (Ang (An p31 p32 p33)) add Emp) (Geos (Ang (An
p24 p22 p23)) add Emp)
A Plane_sameside (Li p22 p23) p24 p21” by blast
then have P3 : ”Cong (Geos (Ang (An p31 p32 p33)) add Emp) (Geos (Ang (An p24 p22 p23)) add
Emp)” by simp
from P2 have P4 : ”Plane_sameside (Li p22 p23) p24 p21” by simp
from assms P3 P4 have ”Ang_inside (An p21 p22 p23) p24” by (simp add:Ang_greater_def)
then have P5 : ”Ang_inside (An p23 p22 p21) p24” by (simp add:Ang-inside_def Ang_def_rev)
from assms have P6 : ”— Line_on (Li p32 p33) p31” by (simp add:Ang_to_Tri Tri_def_Line)
from assms P6 have ”Jp. Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An p p32 p33))
add Emp)
A Plane_sameside (Li p32 p33) p p31” by (simp add: Ang_move_sameside)
then obtain p34 :: Point where P7 : ”Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An
p34 p32 p33)) add Emp)
A Plane_sameside (Li p32 p33) p34 p31” by blast
then have P8 : ”Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An p34 p32 p33)) add
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Emp)” by simp
from P7 have P9 : ”Plane_sameside (Li p32 p33) p34 p31” by simp
from assms have P10 : ”Def (Ang (An p33 p32 p31))” by (blast intro:Ang_def _rev)
from assms have P11 : "Def (Ang (An p23 p22 p21))” by (blast intro: Ang_def_rev)
from P4 have P12 : ”— Line_on (Li p22 p23) p24” by (simp add:Plane_sameside_def)
from assms have P13 : 7= Eq (Geos (Poi p22) add Emp) (Geos (Poi p23) add Emp)” by (simp
add:Ang_def)
from P12 P13 have “Def (Ang (An p22 p23 p24))” by (simp add:Ang_sinple_def)
then have P14 : ”Def (Ang (An p24 p22 p23))” by (blast intro:Ang_def_rev Ang_def_inv)
then have P15 : ”Def (Ang (An p23 p22 p24))” by (blast intro: Ang_def_rev)
have P16 : ”Cong (Geos (Ang (An p24 p22 p23)) add Emp) (Geos (Ang (An p23 p22 p24)) add Emp)”
by (simp add:Ang_roll)
from assms P3 P14 P15 P16 have P17 :
”Cong (Geos (Ang (An p31 p32 p33)) add Emp) (Geos (Ang (An p23 p22 p24)) add Emp)” by
(blast intro:Ang_trans Ang_rev)
have P18 : ”Cong (Geos (Ang (An p31 p32 p33)) add Emp) (Geos (Ang (An p33 p32 p31)) add Emp)”
by (simp add:Ang_roll)
from assms P10 P15 P17 P18 have P19 :
”Cong (Geos (Ang (An p33 p32 p31)) add Emp) (Geos (Ang (An p23 p22 p24)) add Emp)” by
(blast intro: Ang_trans Ang_rev)
from P9 have P20 : ”— Line_on (Li p32 p33) p34” by (simp add:Plane_sameside_def)
from assms have P21 : ”— Eq (Geos (Poi p32) add Emp) (Geos (Poi p33) add Emp)” by (simp
add:Ang_def)
from P20 P21 have “Def (Ang (An p32 p33 p34))” by (simp add:Ang_sinple_def)
then have P22 : ”Def (Ang (An p34 p32 p33))” by (blast intro: Ang_def_rev Ang_def_inv)
then have P23 : ”Def (Ang (An p33 p32 p34))” by (blast intro: Ang_def_rev)
have P24 : ”Cong (Geos (Ang (An p34 p32 p33)) add Emp) (Geos (Ang (An p33 p32 p34)) add Emp)”
by (simp add:Ang_roll)
from assms P8 P22 P23 P24 have P25 :
”Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An p33 p32 p34)) add Emp)” by
(blast intro: Ang_trans Ang_rev)
have P26 : ”Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An p23 p22 p21)) add Emp)”
by (simp add:Ang_roll)
from assms P11 P23 P25 P26 have P27 :
”Cong (Geos (Ang (An p23 p22 p21)) add Emp) (Geos (Ang (An p33 p32 p34)) add Emp)” by
(blast intro: Ang_trans Ang_rev)
from P9 have P28 : “Plane_sameside (Li p32 p33) p31 p34” by (simp add:Plane_sameside_rev)
from P4 P5 P10 P11 P19 P27 P28 have P29 : ”— Ang_inside (An p33 p32 p31) p34
A = Eq (Geos (Lin (Li p32 p31)) add Emp) (Geos (Lin (Li p32 p34)) add Emp)”
by (simp add:Ang_move_Greater)
have P30 : ”Ang_inside (An p31 p32 p33) p34 = Ang.inside (An p33 p32 p31) p34” by (simp
add:Ang_inside_def Ang_def_rev)
from P29 P30 have P31 : ”— Ang_inside (An p31 p32 p33) p34” by blast
from assms P8 P22 have P32 : ”Cong (Geos (Ang (An pl11 p12 p13)) add Emp) (Geos (Ang (An p34
p32 p33)) add Emp)” by (blast intro: Ang_trans Ang_rev)
from P9 P29 P31 P32 show ”Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p31 p32
p33)) add Emp)” by (simp add: Ang_less_def)

ged

lemma (in Congruence_Rule) Ang_Gr_trans_Gr_Eq :
assumes
“Def (Ang (An pl1 p12 p13))” "Def (Ang (An p21 p22 p23))” "Def (Ang (An p31 p32 p33))”
”Gr (Geos (Ang (An pl1 pl12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)”
”Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An p31 p32 p33)) add Emp)”
shows
”Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p31 p32 p33)) add Emp)”
proof -
from assms have P1 : = Line_on (Li p12 p13) p11” by (simp add:Ang_to_Tri Tri_def_Line)
from assms P1 have ”Jp. Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (Anp p12 p13))
add Emp)
A Plane_sameside (Li p12 p13) p p11” by (simp add:Ang_move_sameside)
then obtain p14 :: Point where P2 : ”Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An
pl4 p12 p13)) add Emp)
A Plane_sameside (Li p12 p13) p14 p11” by blast
then have P3 : ”Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl4 pl12 p13)) add
Emp)” by simp
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from P2 have P4 : ”Plane_sameside (Li p12 p13) p14 p11” by simp
from P3 P4 have P5 : ”Ang_inside (An pl1 p12 p13) pl4 <—
Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)” by (simp
add:Ang_greater_def)
from assms P5 have P6 : ”Ang_inside (An p11 p12 p13) pl4” by simp
from P4 have P7 : ”— Line_on (Li p12 p13) p14” by (simp add:Plane_sameside_def)
from assms have P8 : ”— Eq (Geos (Poi p12) add Emp) (Geos (Poi p13) add Emp)” by (simp
add:Ang_def)
from P7 P8 have "Def (Ang (An p12 p13 p14))” by (simp add:Ang_sinple_def)
then have P9 : "Def (Ang (An p14 p12 p13))” by (blast intro:Ang_def_rev Ang_def_inv)
from assms P3 P9 have P10 : "Cong (Geos (Ang (An p31 p32 p33)) add Emp) (Geos (Ang (An pl4
pl12 p13)) add Emp)” by (blast intro: Ang_trans Ang_rev)
from P4 P10 have P11 : ”Ang_inside (An p11 p12 p13) pl4 +—
Gr (Geos (Ang (An pl1 pl12 p13)) add Emp) (Geos (Ang (An p31 p32 p33)) add Emp)” by (simp
add:Ang_greater_def)
from P6 P11 show ”Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p31 p32 p33)) add
Emp)” by simp
ged

lemma (in Congruence_Rule) Ang_Eq_Point :
assumes
“Def (Ang (An pl p2 p3))”
”Eq (Geos (Poi pl) add Emp) (Geos (Poi p4) add Emp)”
shows
”Eq (Geos (Ang (An pl p2 p3)) add Emp) (Geos (Ang (An p4 p2 p3)) add Emp) A Def (Ang (An
p4 p2 p3))”
proof -
have “Line_on (Li p2 pl) p1” by (simp add:Line_on_rule)
then have P1 : “Line_on (Li p2 p1) p4” using assms by (simp add:Point_Eq)
from assms have P2 : "Bet_Point (Se p1 p4) p2 = Bet_Point (Se p4 p4) p2” by (simp add:Bet_Point_Eq)
have P3 : ”— Bet_Point (Se p4 p4) p2” by (simp add:Bet_end_Point)
from P2 P3 have P4 : ”— Bet_Point (Se pl p4) p2” by blast
have P5 : "Line_on (Li p2 p3) p3” by (simp add:Line_on_rule)
have P6 : ”— Bet_Point (Se p3 p3) p2” by (simp add:Bet_end_Point)
from assms have P7 : ”— Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp)” by (simp add:Ang_def)
from assms have P8 : "Eq (Geos (Poi p2) add Emp) (Geos (Poi p4) add Emp) —
Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp)” by (blast intro:Eq_trans Eq_rev)
from P7 P8 have P9 : ”— Eq (Geos (Poi p2) add Emp) (Geos (Poi p4) add Emp)” by blast
from assms have P10 : ”— Eq (Geos (Poi p2) add Emp) (Geos (Poi p3) add Emp)” by (simp add: Ang_def)
from assms P1 P4 PS5 P6 P9 P10 show
“Eq (Geos (Ang (An pl p2 p3)) add Emp) (Geos (Ang (An p4 p2 p3)) add Emp) A Def (Ang (An
p4 p2 p3))” by (simp add: Ang_Point_swap)
ged

lemma (in Congruence_Rule) Planeside_wrong_relation :
assumes
”Plane_diffside (Li p1 p2) p3 p4”
“Plane_diffside (Li p1 p3) p2 p4”
”Plane_sameside (Li p1 p5) p3 p2”
”Plane_sameside (Li p1 p5) p4 p2”
shows False
proof -
from assms have ”3p. Bet_Point (Se p3 p4) p A Line_on (Li pl p2) p
A = Line_on (Li p1 p2) p3 A — Line_on (Li p1 p2) p4” by (simp add:Plane_diffside_def)
then obtain p6 :: Point where P1 : "Bet_Point (Se p3 p4) p6 A Line_on (Li pl p2) p6
A = Line_on (Li p1 p2) p3 A = Line_on (Li p1 p2) p4” by blast
from assms have ”Jp. Bet_Point (Se p2 p4) p A Line_on (L1 pl p3) p
A — Line_on (Li p1 p3) p2 A — Line_on (Li p1 p3) p4” by (simp add:Plane_diffside_def)
then obtain p7 :: Point where P2 : ”Bet_Point (Se p2 p4) p7 A Line_on (Li p1 p3) p7
A = Line_on (Li p1 p3) p2 A = Line_on (Li p1 p3) p4” by blast
then have P3 : ”Bet_Point (Se p2 p4) p7” by simp
then have P4 : “Line_on (Li p2 p4) p7” by (blast intro:Line_Bet_on)
from P3 have P5 : ”— Eq (Geos (Poi p4) add Emp) (Geos (Poi p7) add Emp)” by (simp add:Bet_Point_def)
have P6 : "Line_on (Li p2 p4) p4” by (simp add:Line_on_rule)
have P7 : "Line_on (Li p3 p4) p4” by (simp add:Line_on_rule)
from P4 P5 P6 P7 have P8 : "Line_on (Li p3 p4) p7 =
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Eq (Geos (Lin (Li p2 p4)) add Emp) (Geos (Lin (Li p3 p4)) add Emp)” by (simp add:Line_unique)
have P9 : "Line_on (Li p2 p4) p2” by (simp add:Line_on_rule)
from P8 P9 have P10 : ”Line_on (Li p3 p4) p7 == Line_on (Li p3 p4) p2” by (simp add:Line_on_trans)
from P7 have P11 : "Eq (Geos (Lin (Li p3 p4)) add Emp) (Geos (Lin (Li p1 p2)) add Emp) —-
Line_on (Li p1 p2) p4” by (simp add:Line_on_trans)
from P1 P11 have P12 : ”— Eq (Geos (Lin (Li p3 p4)) add Emp) (Geos (Lin (Li p1 p2)) add Emp)” by
blast
from P1 have P13 : ”Bet_Point (Se p3 p4) p6” by simp
then have P14 : ”Line_on (Li p3 p4) p6” by (blast intro:Line_Bet_on)
have P15 : ”Line_on (Li p1 p2) p2” by (simp add:Line_on_rule)
from P1 P10 P12 P14 P15 have P16 : "Line_on (Li p3 p4) p7 =
Eq (Geos (Poi p6) add Emp) (Geos (Poi p2) add Emp)” by (simp add:Line_unique_Point)
from P13 P16 have P17 : ”Line_on (Li p3 p4) p7 = Bet_Point (Se p3 p4) p2” by (simp add:Point_Eq)
from P7 have P18 : "Eq (Geos (Lin (Li p3 p4)) add Emp) (Geos (Lin (Li p1 p3)) add Emp) —
Line_on (Li p1 p3) p4” by (simp add:Line_on_trans)
from P2 P18 have P19 : ”— Eq (Geos (Lin (Li p3 p4)) add Emp) (Geos (Lin (Li p1 p3)) add Emp)” by
blast
have P20 : ”Line_on (Li p1 p3) p3” by (simp add:Line_on_rule)
from P17 P19 P20 have "Line_on (Li p3 p4) p7 = Plane_sameside (Li pl p3) p2 p4” by (simp
add:Plane_Bet_sameside)
then have “Line_on (Li p3 p4) p7 = — Plane_diffside (Li p1 p3) p2 p4”
by (simp add:Plane_sameside_not_diffside)
then have P21 : ”— Line_on (Li p3 p4) p7” using assms by blast
from P3 have P22 : 7= Eq (Geos (Poi p7) add Emp) (Geos (Poi p2) add Emp)”
by (simp add:Bet_Point_def)
from P4 P9 P15 P22 have P23 : “Line_on (Li pl p2) p7 =
Eq (Geos (Lin (Li p2 p4)) add Emp) (Geos (Lin (Li p1 p2)) add Emp)” by (simp add:Line_unique)
from P6 P23 have P24 : ”Line_on (Lipl p2) p7 = Line_on (Li p1 p2) p4” by (simp add:Line_on_trans)
from P1 P24 have P25 : ”— Line_on (Li p1 p2) p7” by blast
from P1 P13 P21 P25 have P26 : ”Line_on_Seg (Li p1 p2) (Se p3 p7) A = Line_on_Seg (Li p1 p2) (Se

p4p7)
V Line_on_Seg (Li pl p2) (Se p4 p7) A — Line_on_Seg (Li pl p2) (Se p3 p7)” by (simp
add:Pachets_axiom)
have “Line_on_Seg (Li p1 p2) (Se p4 p7) = Jp. Line_on (Li p1 p2) p A Bet_Point (Se p4 p7) p” by
(simp add:Line_on_Seg_rule)
then obtain p8 :: Point where P27 : “Line_on_Seg (Li p1 p2) (Se p4 p7) =
Line_on (Li p1 p2) p8 A Bet_Point (Se p4 p7) p8” by blast
then have P28 : “Line_on_Seg (Li pl p2) (Se p4 p7) = Line_on (Li p4 p7) p8” by (blast in-
tro:Line_Bet_on)
from P3 have P29 : ”Line_on (Li p4 p7) p2” by (blast intro:Line_Bet_on)
from P27 have "Line_on_Seg (Li p1 p2) (Se p4 p7) = Bet_Point (Se p4 p7) p8” by simp
then have P30 : ”Line_on_Seg (Li pl p2) (Se p4 p7) =
Eq (Geos (Poi p8) add Emp) (Geos (Poi p2) add Emp) = Bet_Point (Se p4 p7) p2” by (simp
add:Point_Eq)
from P3 have “Inv (Bet_Point (Se p4 p7) p2)” by (simp add:Bet_iff)
then have P31 : ”— Bet_Point (Se p4 p7) p2” by (simp add:Inv_def)
from P30 P31 have P32 : ”Line_on_Seg (Li pl p2) (Se p4 p7) =
- Eq (Geos (Poi p8) add Emp) (Geos (Poi p2) add Emp)” by blast
from P15 P27 P28 P29 P32 have P33 : ”Line_on_Seg (Li pl p2) (Se p4 p7) =
Eq (Geos (Lin (Li p4 p7)) add Emp) (Geos (Lin (Li p1 p2)) add Emp)” by (simp add:Line_unique)
have P34 : ”Line_on (Li p4 p7) p4” by (simp add:Line_on_rule)
from P33 P34 have P35 : ”Line_on_Seg (Li pl p2) (Se p4 p7) = Line_on (Li pl p2) p4” by (simp
add:Line_on_trans)
from P1 P35 have P36 : ”— Line_on_Seg (Li p1 p2) (Se p4 p7)” by blast
from P26 P36 have “Line_on_Seg (Li p1 p2) (Se p3 p7)” by blast
then have ”3p. Line_on (Li p1 p2) p A Bet_Point (Se p3 p7) p” by (simp add:Line_on_Seg_rule)
then obtain p8 :: Point where P37 : “Line_on (Li p1 p2) p8 A Bet_Point (Se p3 p7) p8” by blast
have ”Line_on (Li p3 p4) p3” by (simp add:Line_on_rule)
then have P38 : ”Eq (Geos (Poi p3) add Emp) (Geos (Poi p7) add Emp) = Line_on (Li p3 p4) p7”
by (simp add:Point_Eq)
from P21 P38 have P39 : ”— Eq (Geos (Poi p3) add Emp) (Geos (Poi p7) add Emp)” by blast
have P40 : ”Line_on (Li p3 p7) p3” by (simp add:Line_on_rule)
have P41 : ”Line_on (Li p3 p7) p7” by (simp add:Line_on_rule)
from P2 have P42 : ”Line_on (Li p1 p3) p7” by simp
from P20 P39 P40 P41 P42 have P43 :
”Eq (Geos (Lin (Li p1 p3)) add Emp) (Geos (Lin (Li p3 p7)) add Emp)” by (simp add:Line_unique)
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have P44 : ”Line_on (Li p1 p3) p1” by (simp add:Line_on_rule)
from P43 P44 have P45 : ”Line_on (Li p3 p7) pl” by (simp add:Line_on_trans)
from P37 have P46 : ”Line_on (Li p3 p7) p8” by (blast intro:Line_Bet_on)
have P47 : ”Line_on (Li p1 p2) p1” by (simp add:Line_on_rule)
from P40 have P48 : ”Eq (Geos (Lin (Li p3 p7)) add Emp) (Geos (Lin (Li pl p2)) add Emp) —>
Line_on (Li p1 p2) p3” by (simp add:Line_on_trans)
from P1 P48 have P49 : = Eq (Geos (Lin (Li p3 p7)) add Emp) (Geos (Lin (Li p1 p2)) add Emp)” by
blast
from P37 P45 P46 P48 P47 P49 have P50 : ”Eq (Geos (Poi p8) add Emp) (Geos (Poi p1) add Emp)”
by (simp add:Line_unique_Point)
from P37 have P51 : ”Bet_Point (Se p3 p7) p8” by simp
from P50 P51 have P52 : ”Bet_Point (Se p3 p7) p1” by (simp add:Point_Eq)
from P44 have P53 : "Eq (Geos (Poi p1) add Emp) (Geos (Poi p2) add Emp) = Line_on (Li p1 p3)
p2” by (simp add:Point_Eq)
from P2 P53 have P54 : - Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)” by blast
have P55 : ”Line_on (Li p1 p2) p2” by (simp add:Line_on_rule)
from P45 P47 P54 P55 have P56 : ”Line_on (Li p3 p7) p2 =
Eq (Geos (Lin (Li p3 p7)) add Emp) (Geos (Lin (Li p1 p2)) add Emp)” by (simp add:Line_unique)
from P49 P56 have P57 : ”— Line_on (Li p3 p7) p2” by blast
from assms have P58 : ”— Line_on_Seg (Li p1 pS) (Se p3 p2) A — Line_on (Li p1 p5) p3
A — Line_on (Li pl p5) p2 A = Eq (Geos (Poi p3) add Emp) (Geos (Poi p2) add Emp)” by (simp
add:Plane_sameside_def)
from P52 have P59 : ”— Eq (Geos (Poi p7) add Emp) (Geos (Poi p1) add Emp)”
by (simp add:Bet_Point_def)
have P60 : “Line_on (Li p1 p5) p1” by (simp add:Line_on_rule)
from P41 P45 P59 P60 have P61 : “Line_on (Li pl p5) p7 =
Eq (Geos (Lin (Li p3 p7)) add Emp) (Geos (Lin (Li p1 p5)) add Emp)” by (simp add:Line_unique)
from P40 P61 have P62 : ”’Line_on (Lipl p5) p7 = Line_on (Lip1 p5) p3” by (simp add:Line_on_trans)
from P58 P62 have P63 : ”— Line_on (Li pl p5) p7” by blast
from P58 have P64 : ”— Line_on (Li p1 p5) p3” by simp
from P58 have P65 : ”— Line_on (Li p1 p5) p2” by simp
from P52 P57 P60 P63 P64 P65 have P66 : “Line_on_Seg (Li p1 p5) (Se p3 p2) A — Line_on_Seg (Li
pl p5) (Se p7p2) . . , ,
V Line_on_Seg (Li pl p5) (Se p7 p2) A — Line_on_Seg (Li pl p5) (Se p3 p2)” by (simp
add:Pachets_axiom)
from P58 P66 have “Line_on_Seg (Li pl p5) (Se p7 p2)” by blast
then have ”3p. Line_on (Li p1 p5) p A Bet_Point (Se p7 p2) p” by (simp add:Line_on_Seg_rule)
then obtain p9 :: Point where P67 : “Line_on (Li p1 p5) p9 A Bet_Point (Se p7 p2) p9” by blast
then have P68 : ”Bet_Point (Se p2 p7) p9” by (simp add:Bet_rev)
from P3 P68 have "Bet_Point (Se p2 p4) p9” by (blast intro:Bet_swap_134_124)
then have P69 : ”Bet_Point (Se p4 p2) p9” by (simp add:Bet_rev)
from P67 P69 have ”Jp. Line_on (Li pl p5) p A Bet_Point (Se p4 p2) p” by blast
then have P70 : ”Line_on_Seg (Li p1 p5) (Se p4 p2)” by (simp add:Line_on_Seg_rule)
from assms have P71 : ”— Line_on_Seg (Li p1 p5) (Se p4 p2)” by (simp add:Plane_sameside_def)
from P70 P71 show False by blast
qed

lemma (in Congruence_Rule) Ang_Gr_trans_Gr_Gr :
assumes
”Def (Ang (An pl1 p12 p13))” "Def (Ang (An p21 p22 p23))” "Def (Ang (An p31 p32 p33))”
”Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)”
”Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An p31 p32 p33)) add Emp)”
shows
”Gr (Geos (Ang (An pl1 pl12 p13)) add Emp) (Geos (Ang (An p31 p32 p33)) add Emp)”
proof -
from assms have P1 : = Line_on (Li p12 p13) p11” by (simp add:Ang_to_Tri Tri_def_Line)
from assms P1 have ”Jp. Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (Anp p12 p13))
add Emp)
A Plane_sameside (Li p12 p13) p p11” by (simp add: Ang_move_sameside)
then obtain p14 :: Point where P2 : "Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An
pl4 p12 p13)) add Emp)
A Plane_sameside (Li p12 p13) pl4 p11” by blast
from assms P1 have ”3p. Cong (Geos (Ang (An p31 p32 p33)) add Emp) (Geos (Ang (An p p12 p13))
add Emp)
A Plane_sameside (Li p12 p13) p p11” by (simp add: Ang_move_sameside)
then obtain p15 :: Point where P3 : ”Cong (Geos (Ang (An p31 p32 p33)) add Emp) (Geos (Ang (An
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pl5 p12 p13)) add Emp)
A Plane_sameside (Li p12 p13) p15 p11” by blast
from P2 have P4 : ”Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl4 pl12 p13))
add Emp)” by simp
from P2 have P5 : ”Plane_sameside (Li p12 p13) p14 p11” by simp
from P3 have P6 : ”Cong (Geos (Ang (An p31 p32 p33)) add Emp) (Geos (Ang (An p15 pl12 p13))
add Emp)” by simp
from P3 have P7 : ”Plane_sameside (Li p12 p13) p15 p11” by simp
from P4 PS5 have ”Ang_inside (An pl11 p12 p13) pl4 <—
Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)” by (simp
add:Ang_greater_def)
then have P8 : ”Ang_inside (An p11 p12 p13) p14” using assms by blast
from P5 have P9 : ”— Line_on (Li p12 p13) p14” by (simp add:Plane_sameside_def)
from assms have P10 : "= Eq (Geos (Poi p12) add Emp) (Geos (Poi p13) add Emp)” by (simp
add:Ang_def)
from P9 P10 have "Def (Ang (An p12 p13 p14))” by (simp add:Ang_sinple_def)
then have P11 : ”Def (Ang (An p14 p12 p13))” by (blast intro:Ang_def_rev Ang_def_inv)
from assms P4 P11 have P12 : ”Gr (Geos (Ang (An pl4 p12 p13)) add Emp) (Geos (Ang (An p31
p32 p33)) add Emp)” by (blast intro: Ang_Gr_trans_Eq_Gr Ang_rev)
from P11 have P13 : ”Eq (Geos (Poi p14) add Emp) (Geos (Poi p15) add Emp) —-
Eq (Geos (Ang (An p14 p12 p13)) add Emp) (Geos (Ang (An p15 p12 p13)) add Emp) A Def (Ang
(An p15 p12 p13))” by (simp add:Ang_Eq_Point)
then have P14 : "Eq (Geos (Poi p14) add Emp) (Geos (Poi p15) add Emp) —
Cong (Geos (Ang (An pl14 p12 p13)) add Emp) (Geos (Ang (An p15 p12 p13)) add Emp)” by (blast
intro:Ang_weektrans)
from assms P4 P11 P13 P14 have P15 : "Eq (Geos (Poi p14) add Emp) (Geos (Poi p15) add Emp)
—
Cong (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An p15 p12 p13)) add Emp)” by (blast
intro:Ang_trans Ang_rev)
from assms P6 P13 P15 have P16 : "Eq (Geos (Poi p14) add Emp) (Geos (Poi p15) add Emp) —
Cong (Geos (Ang (An p31 p32 p33)) add Emp) (Geos (Ang (An p21 p22 p23)) add Emp)” by (blast
intro:Ang_trans Ang_rev)
from assms have P17 : ”— Cong (Geos (Ang (An p31 p32 p33)) add Emp) (Geos (Ang (An p21 p22
p23)) add Emp)” by (simp add:Ang_Gr_not_Eq_rev)
from P16 P17 have P18 : ”— Eq (Geos (Poi p15) add Emp) (Geos (Poi p14) add Emp)” by (blast
intro:Eq_rev)
from P7 have P19 : ”Plane_sameside (Li p12 p13) p11 p15” by (simp add:Plane_sameside_rev)
from P5 P18 P19 have P20 : "Plane_sameside (Li p12 p13) p15 p14”
by (blast intro:Plane_sameside_trans Plane_sameside_rev)
from P6 P20 have P21 : ”Ang_inside (An p14 p12 p13) p15 +—
Gr (Geos (Ang (An pl4 pl12 p13)) add Emp) (Geos (Ang (An p31 p32 p33)) add Emp)” by (simp
add:Ang_greater_def)
from P12 P21 have ”Ang_inside (An p14 p12 p13) p15” by simp
then have P22 : ”Plane_sameside (Li p12 p14) p13 p15 A Plane_sameside (Li p12 p13) p14 p15” by
(simp add:Ang_inside_def)
from P8 have P23 : “Plane_sameside (Li p12 p11) p13 p14 A Plane_sameside (Li p12 p13) pl11 p14”
by (simp add:Ang_inside_def)
then have P24 : “Plane_diffside (Li p12 p11) p13 pl5 = Plane _diffside (Li p12 p11) p14 p15” by
(blast intro:Plane_trans)
from P8 have P25 : ”Plane _diffside (Li p12 p14) p11 p13” by (simp add:Ang_inside_Planeside)
from P22 P25 have P26 : “Plane_diffside (Li p12 p14) p11 p15”
by (blast intro:Plane_trans Plane_diffside_rev)
from P5 P7 P24 P26 have “Plane_diffside (Li p12 p11) p13 p15 = False”
by (blast intro:Planeside_wrong_relation)
then have P27 : ”— Plane_diffside (Li p12 p11) p13 p15” by blast
from P23 have P28 : ”— Line_on (Li p12 p11) p13” by (simp add:Plane_sameside_def)
have P29 : ”Line_on (Li p12 p13) p12” by (simp add:Line_on_rule)
from P19 have P30 : ”— Line_on (Li p12 p13) p11” by (simp add:Plane_sameside_def)
from P19 have P31 : "= Line_on (Li p12 p13) p15” by (simp add:Plane_sameside_def)
from P29 P30 P31 have ”Bet_Point (Se p11 p15) p12 = dp. Bet_Point (Se p11 p15)p A
Line_on (Li p12 p13) p A = Line_on (Li p12 p13) pl1 A = Line_on (Li p12 p13) p15” by blast
then have "Bet_Point (Se p11 p15) p12 = Plane_diffside (Li p12 p13) p11 p15”
by (simp add:Plane_diffside_def)
then have P32 : ”Bet_Point (Se p11 p15) p12 = — Plane_sameside (Li p12 p13) p15 p11” by (simp
add:Plane_diffside_rev Plane_diffside_not_sameside)
from P7 P32 have P33 : ”— Bet_Point (Se pl1 p15) p12” by blast
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have P34 : ”Line_on (Li p12 p13) p13” by (simp add:Line_on_rule)
have P35 : ”— Bet_Point (Se p13 p13) p12” by (simp add:Bet_end_Point)
from P29 have P36 : ”Eq (Geos (Poi p12) add Emp) (Geos (Poi p15) add Emp) —>
Line_on (Li p12 p13) p15” by (simp add:Point_Eq)
from P31 P36 have P37 : - Eq (Geos (Poi p12) add Emp) (Geos (Poi p15) add Emp)” by blast
from assms have P38 : 7= Eq (Geos (Poi p12) add Emp) (Geos (Poi p13) add Emp)” by (simp
add:Ang_def)
from assms P33 P34 P35 P37 P38 have P39 : “Line_on (Li p12 p11) pl5 =
Eq (Geos (Ang (An pl11 p12 p13)) add Emp) (Geos (Ang (An p15 p12 p13)) add Emp) A Def (Ang
(An p15 p12 p13))” by (simp add: Ang_Point_swap)
then have P40 : “Line_on (Li p12 p11) p15 =
Cong (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p15 p12 p13)) add Emp)” by (blast
intro:Ang_weektrans)
from assms P6 P39 P40 have P41 : "Line_on (Li p12 p11) p15 =
Cong (Geos (Ang (An p31 p32 p33)) add Emp) (Geos (Ang (An pl1 pl12 p13)) add Emp)” by (blast
intro:Ang_trans Ang_rev)
from assms P41 have P42 : ”Line_on (Li p12 p11) p15 =
Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pl1 p12 p13)) add Emp)” by (blast
intro:Ang_Gr_trans_Gr_Eq)
from assms have P43 : ”— Gr (Geos (Ang (An p21 p22 p23)) add Emp) (Geos (Ang (An pll pl2
p13)) add Emp)” by (simp add: Ang_Gr_not_Eq_rev)
from P42 P43 have P44: = Line_on (Li p12 p11) p15” by blast
from P34 have P45 : ”Eq (Geos (Poi p13) add Emp) (Geos (Poi p15) add Emp) —>
Line_on (Li p12 p13) p15” by (simp add:Point_Eq)
from P31 P45 have P46 : ”— Eq (Geos (Poi p13) add Emp) (Geos (Poi p15) add Emp)” by blast
from P27 P28 P44 P46 have P47 : ”Plane_sameside (Li p12 p11) p13 p15”
by (simp add:Plane_not_diffside_sameside)
from assms P19 P47 have P48 : ”Ang_inside (An pl1 p12 p13) p15” by (simp add:Ang_inside_def)
from P6 P7 have P49 : ”Ang_inside (An pl11 p12 p13) p15 +—
Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p31 p32 p33)) add Emp)” by (simp
add:Ang_greater_def)
from P48 P49 show “Gr (Geos (Ang (An pl1 p12 p13)) add Emp) (Geos (Ang (An p31 p32 p33)) add
Emp)” by simp
ged

lemma (in Congruence_Rule) Ang_complementary_inside :
assumes
”Def (Ang (An pl p2 p3))”
”Bet_Point (Se p3 p4) p2”
”Ang_inside (An pS p2 p3) pl”
shows
”Ang_inside (An pl p2 p4) p5”
proof -
from assms have P1 : ”Plane_sameside (Li p2 p5) p3 pl A Plane_sameside (Li p2 p3) p5 p1” by (simp
add:Ang_inside_def)
from assms have P2 : ”Line_on (Li p2 p3) p4” by (simp add:Line_Bet_on)
have P3 : “Line_on (Li p2 p3) p2” by (simp add:Line_on_rule)
have P4 : ”Line_on (Li p2 p4) p2” by (simp add:Line_on_rule)
have P5 : "Line_on (Li p2 p4) p4” by (simp add:Line_on_rule)
from assms have P6 : ”— Eq (Geos (Poi p4) add Emp) (Geos (Poi p2) add Emp)”
by (simp add:Bet_Point_def)
from P2 P3 P4 P5 P6 have P7 : ”Eq (Geos (Lin (Li p2 p3)) add Emp) (Geos (Lin (Li p2 p4)) add
Emp)” by (simp add:Line_unique)
from P1 P7 have P8 : ’Plane_sameside (Li p2 p4) pS p1” by (blast intro:Plane_Line_trans)
have P9 : "Line_on (Li p2 p1) p2” by (simp add:Line_on_rule)
have "Line_on (Li p2 p1) p1” by (simp add:Line_on_rule)
then have P10 : "Eq (Geos (Lin (Li p3 p4)) add Emp) (Geos (Lin (Li p2 p1)) add Emp) —
Line_on (Li p3 p4) p1” by (blast intro:Eq_rev Line_on_trans)
from P1 have P11 : ”— Line_on (Li p2 p3) p1” by (simp add:Plane_sameside_def)
from assms have P12 : ”Line_on (Li p3 p4) p2” by (simp add:Line_Bet_on)
have P13 : ”Line_on (Li p3 p4) p3” by (simp add:Line_on_rule)
have P14 : ”Line_on (Li p2 p3) p3” by (simp add:Line_on_rule)
from assms have P15 : ”— Eq (Geos (Poi p2) add Emp) (Geos (Poi p3) add Emp)”
by (simp add:Bet_Point_def)
from P3 P12 P13 P14 P15 have P16 : "Eq (Geos (Lin (Li p3 p4)) add Emp) (Geos (Lin (Li p2 p3))
add Emp)” by (simp add:Line_unique)
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from P10 P16 have P17 : "Eq (Geos (Lin (Li p3 p4)) add Emp) (Geos (Lin (Li p2 p1)) add Emp) —-
Line_on (Li p2 p3) p1” by (simp add:Line_on_trans)

from P11 P17 have P18 : = Eq (Geos (Lin (Li p3 p4)) add Emp) (Geos (Lin (Li p2 p1)) add Emp)”
by blast

from assms P9 P18 have P19 : ”Plane_diffside (Li p2 p1) p3 p4” by (simp add:Plane_Bet_diffside)

from assms have P20 : ”Plane_diffside (Li p2 p1) p3 p5”

by (simp add:Ang_inside_Planeside Plane_diffside_rev)

from P5 have P21 : "Eq (Geos (Poi p4) add Emp) (Geos (Poi pS) add Emp) = Line_on (Li p2 p4)
p5” by (simp add:Point_Eq)

from P8 have P22 : ”— Line_on (Li p2 p4) pS” by (simp add:Plane_sameside_def)

from P21 P22 have P23 : = Eq (Geos (Poi p4) add Emp) (Geos (Poi p5) add Emp)” by blast

from P19 P20 P23 have P24 : ”Plane_sameside (Li p2 p1) p4 p5” by (simp add:Plane_trans_inv)

then have P25 : ”— Line_on (Li p2 p1) p4” by (simp add:Plane_sameside_def)

from assms have ”— Eq (Geos (Poi pl) add Emp) (Geos (Poi p2) add Emp)” by (simp add: Ang_def)

then have P26 : ”— Eq (Geos (Poi p2) add Emp) (Geos (Poi pl) add Emp)” by (blast intro:Eq_rev)

from P25 P26 have “Def (Ang (An p2 pl p4))” by (simp add:Ang_sinple_def)

then have P27 : ”Def (Ang (An pl p2 p4))” by (blast intro:Ang_def_rev Ang_def_inv)

from P8 have P28 : ”Plane_sameside (Li p2 p4) pl p5” by (simp add:Plane_sameside_rev)

from P24 P27 P28 show ”Ang_inside (An p1 p2 p4) pS” by (simp add:Ang_inside_def)
ged

theorem (in Congruence_Rule) Ang_Right_angle_Cong :
assumes
”Right_angle (An 11 ol h1)” "Right_angle (An 12 02 h2)”
shows
”Cong (Geos (Ang (An 11 ol h1l)) add Emp) (Geos (Ang (An 12 02 h2)) add Emp)”
proof -
from assms have ”dp. Cong (Geos (Ang (An 11 o1 h1)) add Emp) (Geos (Ang (An 11 ol p)) add Emp)
A Bet_Point (Se hl p) ol A Def (Ang (An 11 ol hl)) A Def (Ang (An 11 ol p))” by (simp
add:Ang_Right_angle_def)
then obtain k1 :: Point where P1 : ”Cong (Geos (Ang (An 11 ol hl)) add Emp) (Geos (Ang (An 11 ol
k1)) add Emp)
A Bet_Point (Se hl k1) ol A Def (Ang (An 11 ol h1)) A Def (Ang (An 11 ol k1))’ by blast
from assms have ”dp. Cong (Geos (Ang (An 12 02 h2)) add Emp) (Geos (Ang (An 12 02 p)) add Emp)
A Bet_Point (Se h2 p) 02 A Def (Ang (An 12 02 h2)) A Def (Ang (An 12 02 p))” by (simp
add:Ang_Right_angle_def)
then obtain k2 :: Point where P2 : ”Cong (Geos (Ang (An 12 02 h2)) add Emp) (Geos (Ang (An 12 02
k2)) add Emp)
A Bet_Point (Se h2 k2) 02 A Def (Ang (An 12 02 h2)) A Def (Ang (An 12 02 k2))” by blast
from P1 have P3 : ”— Line_on (Li ol h1) 11” by (simp add:Ang_to_Tri Tri_def_Line)
from P1 P2 P3 have ”dp. Cong (Geos (Ang (An 12 02 h2)) add Emp) (Geos (Ang (An p ol hl)) add
Emp)
A Plane_sameside (Li ol hl) p 11” by (simp add:Ang_move_sameside)
then obtain 111 :: Point where P4 : ”Cong (Geos (Ang (An 12 02 h2)) add Emp) (Geos (Ang (An 111
ol hl)) add Emp)
A Plane_sameside (Li ol h1) 111 11 by blast
then have P5 : ”— Line_on (Li ol h1) 111" by (simp add:Plane_sameside_def)
from P1 have P6 : ”— Eq (Geos (Poi 01) add Emp) (Geos (Poi h1) add Emp)” by (simp add: Ang_def)
from P5 P6 have “Def (Ang (An ol h1 111))” by (simp add: Ang_sinple_def)
then have P7 : ”Def (Ang (An 111 ol h1))” by (blast intro:Ang_def_rev Ang_def_inv)
from P2 P4 P7 have P8 : ”Cong (Geos (Ang (An 12 02 k2)) add Emp) (Geos (Ang (An 111 ol hl))
add Emp)” by (blast intro:Ang_rev Ang_trans)
from P2 have P9 : ”Def (Ang (An h2 02 12))” by (simp add:Ang_def_rev)
from P7 have P10 : ”Def (Ang (An hl ol 111))” by (simp add:Ang_def_rev)
have P11 : ”Cong (Geos (Ang (An 12 02 h2)) add Emp) (Geos (Ang (An h2 02 12)) add Emp)” by
(simp add:Ang_roll)
have P12 : ”Cong (Geos (Ang (An 111 ol hl)) add Emp) (Geos (Ang (An hl ol 111)) add Emp)” by
(simp add:Ang_roll)
from P2 P4 P7 P9 P11 have P13 : ”Cong (Geos (Ang (An h2 02 12)) add Emp) (Geos (Ang (An 111
ol hl)) add Emp)” by (blast intro: Ang_rev Ang_trans)
from P7 P9 P10 P12 P13 have P14 : ”Cong (Geos (Ang (An h2 02 12)) add Emp) (Geos (Ang (An hl
ol 111)) add Emp)” by (blast intro: Ang_rev Ang_trans)
from P1 P2 P9 P10 P14 have P15 : ”Cong (Geos (Ang (An 12 02 k2)) add Emp) (Geos (Ang (An 111
ol k1)) add Emp)” by (simp add:Ang_complementary)
from P1 P4 P7 have P16 : ”Eq (Geos (Lin (Li o1 111)) add Emp) (Geos (Lin (Li o1 11)) add Emp) —>
Cong (Geos (Ang (An 111 ol hl)) add Emp) (Geos (Ang (An 11 ol hl)) add Emp)” by (simp
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add:Ang_move_unique_inv)
from P1 P2 P4 P7 P16 have "Eq (Geos (Lin (Li ol 111)) add Emp) (Geos (Lin (Li ol 11)) add Emp)
=
Cong (Geos (Ang (An 11 ol hl)) add Emp) (Geos (Ang (An 12 02 h2)) add Emp)” by (blast in-
tro:Ang_trans Ang_rev)
then have P17 : ”— Cong (Geos (Ang (An 11 ol hl)) add Emp) (Geos (Ang (An 12 02 h2)) add Emp)
—
- Eq (Geos (Lin (Li ol 111)) add Emp) (Geos (Lin (Li o1 11)) add Emp)” by blast
from P1 P4 P7 P17 have P18 : ”— Cong (Geos (Ang (An 11 ol hl)) add Emp) (Geos (Ang (An 12 02
h2)) add Emp) —
Ang_inside (An111 ol hl) I1 A — Ang_inside (An11 ol h1) 111
V = Ang_inside (An 111 ol h1) 11 A Ang_inside (An 11 ol h1) 111" by (simp add:Ang_inside_case)
from P4 have P19 : ”Plane_sameside (Li ol h1) 11 111" by (simp add:Plane_sameside_rev)
have P20 : ”Cong (Geos (Ang (An 11 ol hl)) add Emp) (Geos (Ang (An 11 ol hl)) add Emp)” by
simp
from P19 P20 have P21 : ”Ang_inside (An 111 ol h1) 1l =
Gr (Geos (Ang (An 111 ol hl)) add Emp) (Geos (Ang (An 11 ol h1)) add Emp)”
by (simp add: Ang_greater_def)
from P1 have P22 : ”Line_on (Li ol h1) k1” by (simp add:Line_Bet_on)
have P23 : ”Line_on (Li o1 hl) o1” by (simp add:Line_on_rule)
have P24 : ”Line_on (Li ol k1) k1” by (simp add:Line_on_rule)
have P25 : ”Line_on (Li ol k1) o1” by (simp add:Line_on_rule)
from P1 have P26 : "Bet_Point (Se hl k1) o1” by simp
then have P27 : "= Eq (Geos (Poi k1) add Emp) (Geos (Poi 0o1) add Emp)” by (simp add:Bet_Point_def)
from P22 P23 P24 P25 P27 have P28 : "Eq (Geos (Lin (Li ol h1)) add Emp) (Geos (Lin (Li ol k1))
add Emp)” by (simp add:Line_unique)
from P19 P28 have P29 : "Plane_sameside (Li ol k1) 11 111” by (simp add:Plane_Line_trans)
then have P30 : ”Plane_sameside (Li o1 k1) 111 11” by (simp add:Plane_sameside_rev)
then have P31 : ”— Line_on (Li ol k1) 111” by (simp add:Plane_sameside_def)
from P1 have P32 : ”— Eq (Geos (Poi 01) add Emp) (Geos (Poi k1) add Emp)” by (simp add:Ang_def)
from P31 P32 have "Def (Ang (An ol k1 111))” by (simp add:Ang_sinple_def)
then have P33 : ”Def (Ang (An 111 ol k1))’ by (blast intro:Ang_def_rev Ang_def_inv)
from P2 P7 P8 P15 P33 have P34 : "Cong (Geos (Ang (An 111 ol h1)) add Emp) (Geos (Ang (An 111
ol k1)) add Emp)” by (blast intro: Ang_rev Ang_trans)
from P1 have P35 : ”Def (Ang (An 11 ol h1))” by simp
from P26 P35 have P36 : ”Ang_inside (An 111 ol hl) 11 = Ang_inside (An 11 ol k1) 111" by (simp
add:Ang_complementary _inside)
have P37 : ”Cong (Geos (Ang (An 111 ol k1)) add Emp) (Geos (Ang (An 111 ol k1)) add Emp)” by
sim
fr%m P30 P36 P37 have P38 : ”Ang_inside (An 111 ol h1) 11 =
Gr (Geos (Ang (An 11 ol k1)) add Emp) (Geos (Ang (An 111 ol k1)) add Emp)”
by (simp add:Ang_greater_def)
from P1 P7 P21 have P39 : ”Ang_inside (An 111 ol h1) 11 =
Gr (Geos (Ang (An 111 ol hl)) add Emp) (Geos (Ang (An 11 ol k1)) add Emp)” by (blast in-
tro:Ang_Gr_trans_Gr_Eq)
from P1 P7 P33 P38 P39 have P40 : ”Ang_inside (An 111 ol hl) Il =
Gr (Geos (Ang (An 111 ol hl)) add Emp) (Geos (Ang (An 111 ol k1)) add Emp)” by (blast in-
tro:Ang_Gr_trans_Gr_Gr)
from P7 P33 have P41 :
”Cong (Geos (Ang (An 111 ol hl)) add Emp) (Geos (Ang (An 111 ol k1)) add Emp)
A = Gr (Geos (Ang (An 111 ol hl)) add Emp) (Geos (Ang (An 111 ol k1)) add Emp)
A = Gr (Geos (Ang (An 111 ol k1)) add Emp) (Geos (Ang (An 111 ol hl)) add Emp)
V = Cong (Geos (Ang (An 111 ol hl)) add Emp) (Geos (Ang (An 111 ol k1)) add Emp)
A Gr (Geos (Ang (An 111 ol h1)) add Emp) (Geos (Ang (An 111 ol k1)) add Emp)
A — Gr (Geos (Ang (An 111 ol k1)) add Emp) (Geos (Ang (An 111 ol hl)) add Emp)
V — Cong (Geos (Ang (An 111 ol h1)) add Emp) (Geos (Ang (An 111 ol k1)) add Emp)
A — Gr (Geos (Ang (An 111 ol h1)) add Emp) (Geos (Ang (An 111 ol k1)) add Emp)
A Gr (Geos (Ang (An 111 ol k1)) add Emp) (Geos (Ang (An 111 ol hl)) add Emp)” by (simp
add:Ang_relation_case_fact)
from P40 P41 have P42 : ”Ang_inside (An 111 ol h1) 11 =
— Cong (Geos (Ang (An 111 ol h1)) add Emp) (Geos (Ang (An 111 ol k1)) add Emp)” by blast
from P34 P42 have P43 : ”— Ang_inside (An 111 ol h1) 11” by blast
have P44 : ”Cong (Geos (Ang (An 111 ol hl)) add Emp) (Geos (Ang (An 111 ol hl)) add Emp)” by
simp
from P4 P44 have P45 : ”Ang_inside (An 11 ol h1) 111 =
Gr (Geos (Ang (An 11 ol h1)) add Emp) (Geos (Ang (An 111 ol h1)) add Emp)”
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by (simp add:Ang_greater_def)
from P1 P7 have P46 : ”Ang_inside (An 11 ol hl) 111 = Ang_inside (An 111 ol k1) 11” by (simp
add: Ang_complementary _inside)
have P47 : ”Cong (Geos (Ang (An 11 ol k1)) add Emp) (Geos (Ang (An 11 ol k1)) add Emp)” by
sim
from P29 P46 P47 have P48 : ”Ang_inside (An 1l ol h1) 111 =
Gr (Geos (Ang (An 111 ol k1)) add Emp) (Geos (Ang (An 11 ol k1)) add Emp)”
by (simp add:Ang_greater_def)
from P1 P33 P48 have P49 : ”Ang_inside (An 11 ol h1) 111 =
Gr (Geos (Ang (An 111 ol k1)) add Emp) (Geos (Ang (An 11 ol hl)) add Emp)” by (blast in-
tro:Ang_Gr_trans_Gr_Eq Ang_rev)
from P1 P7 P33 P45 P49 have P50 : ”Ang_inside (An 11 ol h1) 111 =
Gr (Geos (Ang (An 111 ol k1)) add Emp) (Geos (Ang (An 111 ol hl)) add Emp)” by (blast in-
tro:Ang_Gr_trans_Gr_Gr)
from P41 P50 have P51 : ”Ang_inside (An 11 o1 h1) 111 =
— Cong (Geos (Ang (An 111 ol h1)) add Emp) (Geos (Ang (An 111 ol k1)) add Emp)” by blast
from P34 P51 have P52 : ”— Ang_inside (An 11 ol h1) 111" by blast
from P18 P43 P52 show “Cong (Geos (Ang (An 11 ol h1)) add Emp) (Geos (Ang (An 12 02 h2)) add
Emp)” by blast
ged

lemma (in Congruence_Rule) Ang_external Gr_lemmal :
assumes N :
”Def (Tri (Tr A B C))”
”Bet_Point (Se B D) A”
shows ”— Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An A C B)) add Emp)”
proof
assume W : ”Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An A C B)) add Emp)”
from N have P1 : ”Line_on (Li B D) A” by (simp add:Line_Bet_on)
have P2 : "Line_on (Li B D) D” by (simp add:Line_on_rule)
from N have ”— Eq (Geos (Poi D) add Emp) (Geos (Poi A) add Emp)” by (simp add:Bet_Point_def)
then have P3 : = Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp)” by (blast intro:Eq_rev)
from N have P4 : - Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)” by (simp add:Tri_def)
then have P5 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi B) add Emp)” by (blast intro:Eq_rev)
from P1 P2 P3 P5 have ”dp. Eq (Geos (Seg (Se C B)) add Emp) (Geos (Seg (Se A p)) add Emp)
A — Bet_Point (Se p D) A A Line_on (Li B D) p A = Eq (Geos (Poi A) add Emp) (Geos (Poi p) add
Emp)” by (simp add:Seg_move_sameside)
then obtain D1 :: Point where P6 : "Eq (Geos (Seg (Se C B)) add Emp) (Geos (Seg (Se A D1)) add
Emp)
A = Bet_Point (Se D1 D) A A Line_on (Li B D) D1 A — Eq (Geos (Poi A) add Emp) (Geos (Poi
D1) add Emp)” by blast
have P7 : "Line_on (Li A D) A” by (simp add:Line_on _rule)
from N have P8 : ”Line_on (Li A D) B” by (simp add:Line_Bet_on)
have P9 : "Line_on (Li A B) A” by (simp add:Line_on_rule)
have P10 : ”Line_on (Li A B) B” by (simp add:Line_on_rule)
from N have P11 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)” by (simp add:Tri_def)
from P7 P8 P9 P10 P11 have ”Eq (Geos (Lin (Li A D)) add Emp) (Geos (Lin (Li A B)) add Emp)” by
(simp add:Line_unique)
then have P12 : ”Line_on (Li A D) C = Line_on (Li A B) C” by (simp add:Line_on_trans)
from N have P13 : ”— Line_on (Li A B) C” by (simp add:Tri_def_Line)
from P12 P13 have P14 : = Line_on (Li A D) C” by blast
from P3 P14 have "Def (Ang (An A D C))” by (simp add:Ang_sinple_def)
then have P15 : ”Def (Ang (An C A D))” by (blast intro:Ang_def_rev Ang_def_inv)
have P16 : "Line_on (Li A C) C” by (simp add:Line_on_rule)
have P17 : ”— Bet_Point (Se C C) A” by (simp add:Bet_end_Point)
have P18 : ”Line_on (Li A D) D” by (simp add:Line_on_rule)
from P1 P2 P3 P7 P18 have P19 : "Eq (Geos (Lin (Li B D)) add Emp) (Geos (Lin (Li A D)) add
Emp)” by (simp add:Line_unique)
from P6 P19 have P20 : ”Line_on (Li A D) D1” by (simp add:Line_on_trans)
from P6 have P21 : ”— Bet_Point (Se D D1) A” by (blast intro:Bet_rev)
from N have ”— Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)” by (simp add:Tri_def)
then have P22 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)” by (blast intro:Eq_rev)
from P6 P15 P16 P17 P20 P21 P22 have P23 :
”Eq (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An C A D1)) add Emp)
A Def (Ang (An C A D1))” by (simp add: Ang_Point_swap)
have P24 : ”Cong (Geos (Ang (An C A D1)) add Emp) (Geos (Ang (An C A D1)) add Emp)” by simp
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from P23 P24 have P25 : ”Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An C A D1)) add
Emp)” by (blast intro:Ang_weektrans)
from P23 have P26 : ”Def (Tri (Tr A C D1))” by (blast intro:Ang_to_Tri Tri_def_rev Tri_def _trans)
from N have P27 : ”Def (Tri (Tr C A B))” by (blast intro: Ang_to_Tri Tri_def_rev Tri_def_trans)
have P28 : ”Eq (Geos (Seg (Se A C)) add Emp) (Geos (Seg (Se C A)) add Emp)” by (simp add:Seg_rev)
from P6 have P29 : ”Eq (Geos (Seg (Se A D1)) add Emp) (Geos (Seg (Se C B)) add Emp)” by (simp
add:Eq.rev)
from P29 P26 P27 P28 have
”Cong (Geos (Ang (An C A D1)) add Emp) (Geos (Ang (An A C B)) add Emp) —-
Cong (Geos (Tri (Tr A C D1)) add Emp) (Geos (Tri (Tr C A B)) add Emp)” by (simp add:Tri_SAS)
then have P29 : ”Cong (Geos (Ang (An C A D1)) add Emp) (Geos (Ang (An A C B)) add Emp) —-
Cong (Geos (Ang (An D1 C A)) add Emp) (Geos (Ang (An B A C)) add Emp)”
by (simp add:Tri_Cong_def)
from N have P30 : "Def (Ang (An A C B))” by (blast intro:Tri_to_Ang Ang_def_inv)
from W P15 P23 P25 P30 have P31 : ”Cong (Geos (Ang (An C A D1)) add Emp) (Geos (Ang (An A
C B)) add Emp)” by (blast intro: Ang_trans Ang_rev)
from P29 P31 have P32 : "Cong (Geos (Ang (An D1 C A)) add Emp) (Geos (Ang (An B A C)) add
Emp)” by simp
have P33 : ”Line_on (Li B C) B” by (simp add:Line_on_rule)
have P34 : ”Line_on (Li B C) C” by (simp add:Line_on_rule)
from P4 P33 P34 have ”Jp. Bet_Point (Se B p) C A Line_on (Li B C) p” by (simp add:Bet_extension)
then obtain E :: Point where P35 : "Bet_Point (Se B E) C A Line_on (Li B C) E” by blast
have P36 : ”Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An D A C)) add Emp)” by (simp
add:Ang_roll)
from P15 have P37 : "Def (Ang (An D A C))” by (simp add: Ang_def_rev)
have P38 : ”Cong (Geos (Ang (An A C B)) add Emp) (Geos (Ang (An B C A)) add Emp)” by (simp
add:Ang_roll)
from P30 have P39 : "Def (Ang (An B C A))” by (simp add:Ang_def _rev)
from W P15 P30 P36 P37 P38 have P40 : ”Cong (Geos (Ang (An D A C)) add Emp) (Geos (Ang (An
A C B)) add Emp)” by (blast intro: Ang_trans Ang_rev)
from P30 P37 P38 P39 P40 have P41 : ”Cong (Geos (Ang (An D A C)) add Emp) (Geos (Ang (An B
C A)) add Emp)” by (blast intro:Ang_trans Ang_rev)
from N have P42 : "Bet_Point (Se D B) A” by (simp add:Bet_rev)
from P35 P37 P39 P41 P42 have P43 : ”Cong (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An A
CE)) add Emp)” by (simp add: Ang_complementary)
have P44 : ”Cong (Geos (Ang (An B A C)) add Emp) (Geos (Ang (An C A B)) add Emp)” by (simp
add: Ang_roll)
from P39 have P45 : "Def (Ang (An B A C))” by (simp add:Ang_def_inv)
then have P46 : ”Def (Ang (An C A B))” by (simp add:Ang_def_rev)
from P23 have P47 : ”Def (Ang (An D1 C A))” by (blast intro:Ang_def_rev Ang_def_inv)
from P32 P44 P45 P46 P47 have P48 : ”Cong (Geos (Ang (An D1 C A)) add Emp) (Geos (Ang (An
C A B)) add Emp)” by (blast intro:Ang_trans Ang_rev)
from P35 have P49 : ”Bet_Point (Se B E) C” by simp
then have P50 : ”— Eq (Geos (Poi E) add Emp) (Geos (Poi C) add Emp)” by (simp add:Bet_Point_def)
from P35 have P51 : "Line_on (Li B C) E” by simp
from P16 P34 P50 P51 have P52 : ”Line_on (Li A C) E =
Eq (Geos (Lin (Li B C)) add Emp) (Geos (Lin (Li A C)) add Emp)” by (simp add:Line_unique)
from P33 P52 have P53 : "Line_on (Li A C) E = Line_on (Li A C) B” by (simp add:Line_on_trans)
from N have "’Def (Tri (Tr A C B))” by (blast intro:Tri_def rev Tri_def_trans)
then have P54 : = Line_on (Li A C) B” by (simp add:Tri_def_Line)
from P53 P54 have P55 : ”— Line_on (Li A C) E” by blast
from P22 P55 have P56 : “Def (Ang (An A C E))” by (simp add:Ang_sinple_def)
from P43 P46 P47 P48 P56 have P57 : ”Cong (Geos (Ang (An D1 C A)) add Emp) (Geos (Ang (An
A CE)) add Emp)” by (blast intro:Ang_trans Ang_rev)
then have P58 : ”Cong (Geos (Ang (An A C E)) add Emp) (Geos (Ang (An D1 C A)) add Emp)” by
(simp add:Ang_rev)
have P59 : ”Cong (Geos (Ang (An A C E)) add Emp) (Geos (Ang (An E C A)) add Emp)” by (simp
add:Ang_roll)
have P60 : “Line_on (Li C A) A” by (simp add:Line_on_rule)
have ”Line_on (Li B D) B” by (simp add:Line_on_rule)
then have P61 : "Eq (Geos (Lin (Li B D)) add Emp) (Geos (Lin (Li C A)) add Emp) = Line_on (Li
C A) B” by (simp add:Line_on_trans)
from N have P62 : ”— Line_on (Li C A) B” by (simp add:Tri_def_Line)
from P61 P62 have P63 : ”— Eq (Geos (Lin (Li B D)) add Emp) (Geos (Lin (Li C A)) add Emp)” by
blast
from N P60 P63 have P64 : ”Plane_diffside (Li C A) B D” by (simp add:Plane_Bet_diffside)
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then have P65 : "Eq (Geos (Poi D) add Emp) (Geos (Poi D1) add Emp) —
Plane _diffside (Li C A) B D1” by (simp add:Point_Eq)
from P6 have P66 : “Line_on (Li B D) D1” by simp
from P6 have P67 : ”— Eq (Geos (Poi D1) add Emp) (Geos (Poi A) add Emp)” by (blast intro:Eq_rev)
from P1 P2 P3 P66 P67 have P68 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi D1) add Emp) —
Bet_Point (Se D A) D1 Vv Bet_Point (Se A D1) D V Bet_Point (Se D1 D) A” by (simp add:Bet_case)
from P19 have P69 : ”Eq (Geos (Lin (Li A D)) add Emp) (Geos (Lin (Li C A)) add Emp) —
Eq (Geos (Lin (Li B D)) add Emp) (Geos (Lin (Li C A)) add Emp)” by (blast intro:Eq_trans)
from P63 P69 have P70 : ”— Eq (Geos (Lin (Li A D)) add Emp) (Geos (Lin (Li C A)) add Emp)” by
blast
from P60 P70 have P71 : “Bet_Point (Se A D) D1 = Plane_sameside (Li C A) D D1” by (simp
add:Plane_Bet_sameside Plane_sameside_rev)
have “Line_on (Li A D1) D1” by (simp add:Line_on_rule)
then have P72 : "Eq (Geos (Lin (Li A D1)) add Emp) (Geos (Lin (Li C A)) add Emp) —>
Line_on (Li C A) D1” by (simp add:Line_on_trans)
from P23 have “Def (Tri (Tr C A D1))” by (simp add:Ang_to_Tri)
then have P73 : ”— Line_on (Li C A) D1” by (simp add:Tri_def _Line)
from P72 P73 have P74 : ”— Eq (Geos (Lin (Li A D1)) add Emp) (Geos (Lin (Li C A)) add Emp)” by
blast
from P60 P74 have P75 : “Bet_Point (Se A D1) D = Plane_sameside (Li C A) D D1” by (simp
add:Plane_Bet_sameside)
from P6 P64 P68 P71 P75 have P76 : - Eq (Geos (Poi D) add Emp) (Geos (Poi D1) add Emp) —
Plane _diffside (Li C A) B D1” by (blast intro:Plane_trans Plane_diffside _rev Bet_rev)
from P65 P76 have P77 : ”Plane_diffside (Li C A) B D1” by blast
have P78 : “Line_on (Li C A) C” by (simp add:Line_on_rule)
have “Line_on (Li B E) B” by (simp add:Line_on_rule)
then have P79 : ”Eq (Geos (Lin (Li B E)) add Emp) (Geos (Lin (Li C A)) add Emp) = Line_on (Li
C A) B” by (simp add:Line_on_trans)
from P62 P79 have P80 : ”— Eq (Geos (Lin (Li B E)) add Emp) (Geos (Lin (Li C A)) add Emp)” by
blast
from P49 P78 P80 have P81 : ”Plane_diffside (Li C A) B E” by (simp add:Plane_Bet_diffside)
from P51 have P82 : ”Eq (Geos (Poi D1) add Emp) (Geos (Poi E) add Emp) = Line_on (Li B C)
D1” by (blast intro:Eq_rev Point_Eq)
from P77 have ”3dp. Bet_Point (Se B D1) p A Line_on (Li C A) p
A — Line_on (Li C A) B A — Line_on (Li C A) D1” by (simp add:Plane_diffside_def)
then obtain F :: Point where "Bet_Point (Se B D1) F” by blast
then have P83 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi D1) add Emp)” by (simp add:Bet_Point_def)
from P8 P20 P33 P82 P83 have P84 : "Eq (Geos (Poi D1) add Emp) (Geos (Poi E) add Emp) —-
Eq (Geos (Lin (Li A D)) add Emp) (Geos (Lin (Li B C)) add Emp)” by (simp add:Line_unique)
from P7 P84 have P85 : "Eq (Geos (Poi D1) add Emp) (Geos (Poi E) add Emp) = Line_on (Li B C)
A” by (simp add:Line_on_trans)
from N have P86 : ”— Line_on (Li B C) A” by (simp add:Tri_def_Line)
from P85 P86 have P87 : ”— Eq (Geos (Poi D1) add Emp) (Geos (Poi E) add Emp)” by blast
from P77 P81 P87 have P88 : "Plane_sameside (Li C A) D1 E” by (simp add:Plane_trans_inv)
from P58 P59 P88 have P89 : "Eq (Geos (Lin (Li D1 C)) add Emp) (Geos (Lin (Li E C)) add Emp) A
— Bet_Point (Se D1 E) C” by (simp add:Ang_move_unique)
from P49 have P90 : "Line_on (Li E C) B” by (simp add:Line_Bet_on)
from P89 P90 have P91 : "Line_on (Li D1 C) B” by (blast intro:Eq_rev Line_on_trans)
have P92 : ”Line_on (Li D1 C) D1” by (simp add:Line_on_rule)
from P8 P20 P83 P91 P92 have P93 : "Eq (Geos (Lin (Li A D)) add Emp) (Geos (Lin (Li D1 C)) add
Emp)” by (simp add:Line_unique)
from P89 P93 have P94 : “Eq (Geos (Lin (Li A D)) add Emp) (Geos (Lin (Li E C)) add Emp)” by
(blast intro:Eq_trans)
from P7 P94 have P95 : “Line_on (Li E C) A” by (simp add:Line_on_trans)
from P56 have “Def (Tri (Tr E C A))” by (blast intro:Ang_to_Tri Tri_def rev Tri_def_trans)
then have P96 : ”— Line_on (Li E C) A” by (simp add:Tri_def_Line)
from P95 P96 show False by blast
ged

lemma (in Congruence_Rule) Ang_external_Gr_lemma?2 :
assumes N :
”Def (Tri (Tr A B C))”
”Bet_Point (Se B D) A”
shows ”— Gr (Geos (Ang (An A C B)) add Emp) (Geos (Ang (An C A D)) add Emp)”
proof
assume W : ”Gr (Geos (Ang (An A C B)) add Emp) (Geos (Ang (An C A D)) add Emp)”
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from N have ”— Eq (Geos (Poi D) add Emp) (Geos (Poi A) add Emp)” by (simp add:Bet_Point_def)
then have P1 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp)” by (blast intro:Eq_rev)
have P2 : "Line_on (Li A D) A” by (simp add:Line_on _rule)
from N have P3 : ”Line_on (Li A D) B” by (simp add:Line_Bet_on)
have P4 : "Line_on (Li A B) A” by (simp add:Line_on_rule)
have P5 : ”Line_on (Li A B) B” by (simp add:Line_on_rule)
from N have P6 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)” by (simp add:Tri_def)
from P2 P3 P4 P5 P6 have ”Eq (Geos (Lin (Li A D)) add Emp) (Geos (Lin (Li A B)) add Emp)” by
(simp add:Line_unique)
then have P7 : ”Line_on (Li A D) C = Line_on (Li A B) C” by (simp add:Line_on_trans)
from N have P8 : ”— Line_on (Li A B) C” by (simp add:Tri_def_Line)
from P7 P8 have P9 : ”— Line_on (Li A D) C” by blast
from P1 P9 have "Def (Ang (An A D C))” by (simp add:Ang_sinple_def)
then have P10 : ”Def (Ang (An C A D))” by (blast intro:Ang_def_rev Ang_def_inv)
have P11 : ”Cong (Geos (Ang (An A C B)) add Emp) (Geos (Ang (An B C A)) add Emp)” by (simp
add: Ang_roll)
from N have P12 : "Def (Ang (An A C B))” by (blast intro:Tri_to_Ang Ang_def_inv)
then have P13 : ”Def (Ang (An B C A))” by (simp add:Ang_def_rev)
from W P10 P11 P12 P13 have P14 : ”Gr (Geos (Ang (An B C A)) add Emp) (Geos (Ang (An C A
D)) add Emp)” by (blast intro:Ang_Gr _trans_Eq_Gr Ang_rev)
from N have P15 : ”— Line_on (Li C A) B” by (simp add:Tri_def_Line)
from N have P16 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)” by (simp add:Tri_def)
from P10 P15 have ”Jp. Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An p C A)) add Emp)
A Plane_sameside (Li C A) p B” by (simp add:Ang_move_sameside)
then obtain B1 :: Point where P17 : ”Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (AnB1 C
A)) add Emp)
A Plane_sameside (Li C A) B1 B” by blast
then have P18 : = Line_on (Li C A) B1” by (simp add:Plane_sameside_def)
from P16 P18 have “Def (Ang (An C A B1))” by (blast intro:Ang_sinple_def Eq_rev)
then have P19 : ”Def (Ang (An B1 C A))” by (blast intro:Ang_def rev Ang_def_inv)
from N have P20 : "Def (Ang (An A C B))” by (blast intro:Tri_def_rev Tri_def_trans Tri_to_Ang)
from P17 have P21 : ”Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An B1 C A)) add Emp)”
by sim
yfrompP17 have P22 : ”Plane_sameside (Li C A) B1 B” by simp
from P10 P14 P19 P20 P21 P22 have ”Ang_inside (An B C A) B1” by (simp add: Ang_greater_def)
then have “Plane _diffside (Li C B1) B A” by (simp add:Ang_inside_Planeside)
then have ”Jp. Bet_Point (Se B A) p A Line_on (Li C B1) p A = Line_on (Li C B1) B A = Line_on (Li
C B1) A” by (simp add:Plane_diffside_def)
then obtain B2 :: Point where P23 : "Bet_Point (Se B A) B2 A Line_on (Li C B1) B2
A — Line_on (Li C B1) B A — Line_on (Li C B1) A” by blast
then have "Line_on (Li B A) B2” by (simp add:Line_Bet_on)
then have P24 : "Eq (Geos (Poi B2) add Emp) (Geos (Poi C) add Emp) = Line_on (Li B A) C” by
(simp add:Point_Eq)
from N have ”"Def (Tri (Tr B A C))” by (blast intro:Tri_def_rev Tri_def_trans)
then have P25 : ”— Line_on (Li B A) C” by (simp add:Tri_def_Line)
from P24 P25 have P26 : - Eq (Geos (Poi C) add Emp) (Geos (Poi B2) add Emp)” by (blast in-
tro:Eq-rev)
from P23 have P27 : ”Bet_Point (Se A B) B2” by (simp add:Bet_rev)
have P28 : ”Line_on (Li C A) A” by (simp add:Line_on_rule)
from P5 have P29 : "Eq (Geos (Lin (Li A B)) add Emp) (Geos (Lin (Li C A)) add Emp) —
Line_on (Li C A) B” by (simp add: Line_on_trans)
from P15 P29 have P30 : "= Eq (Geos (Lin (Li A B)) add Emp) (Geos (Lin (Li C A)) add Emp)” by
blast
from P27 P28 P30 have P31 : ”Plane_sameside (Li C A) B B2” by (simp add:Plane_Bet_sameside
Plane_sameside_rev)
have P32 : ”Line_on (Li C A) C” by (simp add:Line_on_rule)
have ”Line_on (Li B1 B2) B1” by (simp add:Line_on_rule)
then have P33 : ”Eq (Geos (Lin (Li B1 B2)) add Emp) (Geos (Lin (Li C A)) add Emp) —
Line_on (Li C A) B1” by (simp add: Line_on_trans)
from P18 P33 have P34 : = Eq (Geos (Lin (Li B1 B2)) add Emp) (Geos (Lin (Li C A)) add Emp)”
by blast
from P32 P34 have ”Bet_Point (Se B1 B2) C = Plane_diffside (Li C A) B1 B2”
by (simp add:Plane_Bet_diffside)
then have P35 : ”"Bet_Point (Se B1 B2) C = — Plane_sameside (Li C A) B1 B2”
by (simp add:Plane_diffside_not_sameside)
from P22 P31 have P36 : ”— Eq (Geos (Poi B1) add Emp) (Geos (Poi B2) add Emp) =
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Plane_sameside (Li C A) B1 B2” by (blast intro:Plane_sameside_trans Eq_rev)
from P35 P36 have P37 : ”— Eq (Geos (Poi B1) add Emp) (Geos (Poi B2) add Emp) —
— Bet_Point (Se B1 B2) C” by blast
have P38 : "Eq (Geos (Poi B1) add Emp) (Geos (Poi B2) add Emp) —>
Bet_Point (Se B1 B2) C = Bet_Point (Se B2 B2) C” by (simp add:Bet_Point_Eq)
have P39 : ”— Bet_Point (Se B2 B2) C” by (simp add:Bet_end_Point)
from P38 P39 have P40 : ”Eq (Geos (Poi B1) add Emp) (Geos (Poi B2) add Emp) —
— Bet_Point (Se B1 B2) C” by blast
from P37 P40 have P41 : ”— Bet_Point (Se B1 B2) C” by blast
have P42 : ”— Bet_Point (Se A A) C” by (simp add:Bet_end_Point)
from P16 P19 P23 P26 P28 P41 P42 have P43 :
”Eq (Geos (Ang (An B1 C A)) add Emp) (Geos (Ang (An B2 C A)) add Emp) A Def (Ang (An B2
C A))” by (simp add: Ang_Point_swap)
from P21 P43 have P44 : ”Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An B2 C A)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P43 have P45 : ”Def (Tri (Tr A B2 C))” by (blast intro:Ang_to_Tri Tri_def rev Tri_def_trans)
from P27 have P46 : "Bet_Point (Se B A) B2” by (simp add:Bet_rev)
from N P46 have P47 : ”Bet_Point (Se B2 D) A” by (blast intro:Bet_swap_134_234)
from P45 P47 have P48 : ”— Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An A C B2)) add
Emp)” by (simp add:Ang_external_Gr_lemmal)
have P49 : ”Cong (Geos (Ang (An B2 C A)) add Emp) (Geos (Ang (An A C B2)) add Emp)” by (simp
add:Ang_roll)
from P43 have P50 : ”Def (Ang (An A C B2))” by (simp add:Ang_def _rev)
from P10 P43 P44 P49 P50 have P51 : ”Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An A
C B2)) add Emp)” by (blast intro: Ang_trans Ang_rev)
from P48 P51 show False by blast
ged

theorem (in Congruence_Rule) Ang_external Gr :
assumes
”Def (Tri (Tr A B C))”
”Bet_Point (Se B D) A”
shows
”Gr (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An A C B)) add Emp)”
”Gr (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An A B C)) add Emp)”
proof -
from assms have ”— Eq (Geos (Poi D) add Emp) (Geos (Poi A) add Emp)” by (simp add:Bet_Point_def)
then have P1 : = Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp)” by (blast intro:Eq_rev)
have P2 : "Line_on (Li A D) A” by (simp add:Line_on_rule)
from assms have P3 : ”Line_on (Li A D) B” by (simp add:Line_Bet_on)
have P4 : "Line_on (Li A B) A” by (simp add:Line_on_rule)
have P5 : "Line_on (Li A B) B” by (simp add:Line_on_rule)
from assms have P6 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)” by (simp add:Tri_def)
from P2 P3 P4 P5 P6 have "Eq (Geos (Lin (Li A D)) add Emp) (Geos (Lin (Li A B)) add Emp)” by
(simp add:Line_unique)
then have P7 : ”Line_on (Li A D) C = Line_on (Li A B) C” by (simp add:Line_on_trans)
from assms have P8 : ”— Line_on (Li A B) C” by (simp add:Tri_def_Line)
from P7 P8 have P9 : ”— Line_on (Li A D) C” by blast
from P1 P9 have "Def (Ang (An A D C))” by (simp add: Ang_sinple_def)
then have P10 : ”Def (Ang (An C A D))” by (blast intro:Ang_def_rev Ang_def_inv)
from assms have P11 : ”Def (Ang (An A C B))” by (simp add:Tri_to_Ang Ang_def_inv)
from P10 P11 have P12 :
”Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An A C B)) add Emp)
V Gr (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An A C B)) add Emp)
V Gr (Geos (Ang (An A C B)) add Emp) (Geos (Ang (An C A D)) add Emp)”
by (simp add:Ang_relation_case)
from assms have P13 : = Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An A C B)) add
Emp)” by (simp add:Ang_external Gr_lemmal)
from assms have P14 : ”— Gr (Geos (Ang (An A C B)) add Emp) (Geos (Ang (An C A D)) add Emp)”
by (simp add:Ang_external_Gr_lemma?2)
from P12 P13 P14 show P15 : ”Gr (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An A C B)) add
Emp)” by blast
have P16 : ”Line_on (Li C A) C” by (simp add:Line_on_rule)
have P17 : ”Line_on (Li C A) A” by (simp add:Line_on_rule)
from assms have P18 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)” by (simp add:Tri_def)
from P16 P17 P18 have ”Jdp. Bet_Point (Se C p) A A Line_on (Li C A) p” by (simp add:Bet_extension)
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then obtain E :: Point where P19 : "Bet_Point (Se C E) A” by blast
from assms have P20 : ”Bet_Point (Se D B) A” by (simp add:Bet_rev)
from P10 P19 P20 have P21 : ”Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An E A B))
add Emp)” by (simp add:Ang_vertical)
have P22 : "Eq (Geos (Ang (An E A B)) add Emp) (Geos (Ang (An B A E)) add Emp)” by (simp
add:Ang_roll)
from P21 P22 have P23 : ”Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An B A E)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P19 have P24 : ”Line_on (Li C E) A” by (simp add:Line_Bet_on)
have P25 : ”Line_on (Li C E) E” by (simp add:Line_on_rule)
from P19 have P26 : ”— Eq (Geos (Poi E) add Emp) (Geos (Poi A) add Emp)”
by (simp add:Bet_Point_def)
from P4 P24 P25 P26 have P27 : ”Line_on (Li A B) E —=
Eq (Geos (Lin (Li C E)) add Emp) (Geos (Lin (Li A B)) add Emp)” by (simp add:Line_unique)
have P28 : ”Line_on (Li C E) C” by (simp add:Line_on _rule)
from P27 P28 have P29 : "Line_on (Li A B) E = Line_on (Li A B) C” by (simp add:Line_on_trans)
from P8 P29 have P30 : ”— Line_on (Li A B) E” by blast
from P6 P30 have "Def (Ang (An A B E))” by (simp add: Ang_sinple_def)
then have P31 : ”Def (Ang (An B A E))” by (blast intro: Ang_def_rev Ang_def_inv)
from P11 have P32 : ”Def (Tri (Tr A C B))” by (simp add: Ang_to_Tri)
from P19 P32 have P33 : ”— Cong (Geos (Ang (An B A E)) add Emp) (Geos (Ang (An A B C)) add
Emp)” by (simp add:Ang_external_Gr_lemmal)
from P19 P32 have P34 : ”— Gr (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An B A E)) add
Emp)” by (simp add:Ang_external_Gr_lemma?2)
from assms have P35 : "Def (Ang (An A B C))” by (simp add:Tri_to_Ang)
from P31 P35 have P36 :
”Cong (Geos (Ang (An B A E)) add Emp) (Geos (Ang (An A B C)) add Emp)
V Gr (Geos (Ang (An B A E)) add Emp) (Geos (Ang (An A B C)) add Emp)
V Gr (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An B A E)) add Emp)”
by (simp add:Ang_relation_case)
from P33 P34 P36 have P37 : ”Gr (Geos (Ang (An B A E)) add Emp) (Geos (Ang (An A B C)) add
Emp)” by blast
from P10 P23 P31 P35 P37 show ”Gr (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An A B C))
add Emp)” by (blast intro:Ang_Gr_trans_Eq_Gr)
ged

lemma (in Congruence_Rule) Seg_not_Eq_move :
assumes
”— Eq (Geos (Poi Al) add Emp) (Geos (Poi B1) add Emp)”
7= Eq (Geos (Poi A2) add Emp) (Geos (Poi B2) add Emp)”
”— Eq (Geos (Poi A2) add Emp) (Geos (Poi B3) add Emp)”
”Line_on 11 A2” ”Line_on 11 B2” ”Line_on 11 B3”
”— Bet_Point (Se B3 B2) A2”
”Eq (Geos (Seg (Se Al B1)) add Emp) (Geos (Seg (Se A2 B3)) add Emp)”
”= Eq (Geos (Seg (Se Al B1)) add Emp) (Geos (Seg (Se A2 B2)) add Emp)”
shows
”Bet_Point (Se B2 A2) B3 A — Bet_Point (Se A2 B3) B2
V — Bet_Point (Se B2 A2) B3 A Bet_Point (Se A2 B3) B2”
proof -
from assms have P1 : "Eq (Geos (Seg (Se A2 B2)) add Emp) (Geos (Seg (Se A2 B3)) add Emp) —
Eq (Geos (Seg (Se Al B1)) add Emp) (Geos (Seg (Se A2 B2)) add Emp)” by (blast intro:Eq_trans
Eq-rev)
from assms P1 have ”— Eq (Geos (Seg (Se A2 B2)) add Emp) (Geos (Seg (Se A2 B3)) add Emp)” by
blast
then have P2 : ”— Eq (Geos (Poi B2) add Emp) (Geos (Poi B3) add Emp)”
by (simp add:Seg_not_Eq_Point)
from assms have P3 : ”— Eq (Geos (Poi B3) add Emp) (Geos (Poi A2) add Emp)” by (blast in-
tro:Eq-_rev)
from assms have P4 : ”Line_on 11 A2” by simp
from assms have P5 : ”Line_on 11 B2” by simp
from assms have P6 : ”Line_on 11 B3” by simp
from assms have P7 : ”— Eq (Geos (Poi A2) add Emp) (Geos (Poi B2) add Emp)” by simp
from P2 P3 P4 P5 P6 P7 have "Bet_Point (Se A2 B3) B2 V Bet_Point (Se B3 B2) A2 V Bet_Point (Se
B2 A2) B3” by (simp add:Bet_case)
then have P8 :
”Bet_Point (Se A2 B3) B2 A — Bet_Point (Se B3 B2) A2 A — Bet_Point (Se B2 A2) B3
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V — Bet_Point (Se A2 B3) B2 A Bet_Point (Se B3 B2) A2 A — Bet_Point (Se B2 A2) B3
V — Bet_Point (Se A2 B3) B2 A — Bet_Point (Se B3 B2) A2 A Bet_Point (Se B2 A2) B3” by (simp
add:Bet_case_fact)
from assms P8 show ”"Bet_Point (Se B2 A2) B3 A — Bet_Point (Se A2 B3) B2
V = Bet_Point (Se B2 A2) B3 A Bet_Point (Se A2 B3) B2” by blast
qed

lemma (in Congruence_Rule) Tri_Seg_diagonal :
assumes
”Def (Tri (Tr A B C))”
”Bet_Point (Se B C) D”
”Eq (Geos (Seg (Se A C)) add Emp) (Geos (Seg (Se C D)) add Emp)”
shows
”Gr (Geos (Ang (An B A C)) add Emp) (Geos (Ang (An A B C)) add Emp)”
proof -
from assms have P1 : ”— Line_on (Li A B) C” by (simp add:Tri_def_Line)
have ”Line_on (Li A C) C” by (simp add:Line_on_rule)
then have P2 : "Eq (Geos (Lin (Li A C)) add Emp) (Geos (Lin (Li A B)) add Emp) =
Line_on (Li A B) C” by (simp add:Line_on_trans)
from P1 P2 have P3 : ”— Eq (Geos (Lin (Li A B)) add Emp) (Geos (Lin (Li A C)) add Emp)” by (blast
intro:Eq_rev)
from assms have P4 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)” by (simp add:Tri_def)
from assms have ”— Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)” by (simp add:Tri_def)
then have P5 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)” by (blast intro:Eq_rev)
from assms P3 P4 P5 have P6 : ”Ang_inside (An B A C) D” by (simp add:Ang_inside_Bet_Point)
then have ”Plane_sameside (Li A C) B D” by (simp add:Ang_inside_def)
then have P7 : ”Plane_sameside (Li A C) D B” by (simp add:Plane_sameside_rev)
have P8 : ”"Cong (Geos (Ang (An D A C)) add Emp) (Geos (Ang (An D A C)) add Emp)” by simp
from P6 P7 P8 have P9 : ”Gr (Geos (Ang (An B A C)) add Emp) (Geos (Ang (An D A C)) add Emp)”
by (simp add:Ang_greater_def)
from assms have P10 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi D) add Emp)”
by (simp add:Bet_Point_def)
from assms have P11 : ”Line_on (Li C B) D” by (simp add:Line_Bet_on)
from assms have P12 : ”Def (Tri (Tr A C B))” by (blast intro:Tri_def _rev Tri_def_trans)
from P10 P11 P12 have ”Def (Tri (Tr A C D))” by (simp add:Tri_def_extension)
then have P13 : ”Def (Tri (Tr C A D))” by (blast intro:Tri_def _rev Tri_def_trans)
have P14 : ”Eq (Geos (Seg (Se A C)) add Emp) (Geos (Seg (Se C A)) add Emp)” by (simp add:Seg_rev)
from assms P14 have P15 : "Eq (Geos (Seg (Se C A)) add Emp) (Geos (Seg (Se C D)) add Emp)” by
(blast intro:Eq_rev Eq_trans)
from P13 P15 have P16 : ”Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An C D A)) add
Emp)” by (simp add:Tri_isosceles)
from assms have ”— Eq (Geos (Poi D) add Emp) (Geos (Poi B) add Emp)” by (simp add:Bet_Point_def)
then have P17 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp)” by (blast intro:Eq_rev)
from assms have P18 : ”Line_on (Li B C) D” by (simp add:Line_Bet_on)
from assms P17 P18 have "Def (Tri (Tr A B D))” by (simp add:Tri_def_extension)
then have P19 : ”Def (Tri (Tr D B A))” by (simp add:Tri_def_rev)
from assms P19 have P20 : ”Gr (Geos (Ang (An A D C)) add Emp) (Geos (Ang (An D B A)) add
Emp)” by (simp add:Ang_external _Gr)
from assms have P21 : "Def (Ang (An A B C))” by (simp add:Tri_to_Ang)
have P22 : ”Line_on (Li B A) A” by (simp add:Line_on_rule)
have P23 : ”— Bet_Point (Se A A) B” by (simp add:Bet_end_Point)
from assms have P24 : ”Line_on (Li B C) D” by (simp add:Line_Bet_on)
from assms have “Inv (Bet_Point (Se C D) B)” by (simp add:Bet_iff)
then have P25 : ”— Bet_Point (Se C D) B” by (simp add:Inv_def)
from P4 have P26 : - Eq (Geos (Poi B) add Emp) (Geos (Poi A) add Emp)” by (blast intro:Eq_rev)
from P17 P21 P22 P23 P24 P25 P26 have P27 :
“Eq (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A B D)) add Emp) A Def (Ang (An A
B D))” by (simp add:Ang_Point_swap)
have P28 : ”Cong (Geos (Ang (An D B A)) add Emp) (Geos (Ang (An A B D)) add Emp)” by (simp
add:Ang_roll)
from P27 P28 have P29 : ”Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An D B A)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev)
have P30 : ”"Eq (Geos (Ang (An C D A)) add Emp) (Geos (Ang (An A D C)) add Emp)” by (simp
add: Ang_roll)
from P16 P30 have P31 : ”Cong (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An A D C)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
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from P13 have P32 : ”Def (Ang (An C A D))” by (simp add:Tri_to_Ang)

then have P33 : ”Def (Ang (An A D C))” by (blast intro:Ang_def_rev Ang_def_inv)

from P27 have P34 : ”Def (Ang (An D B A))” by (blast intro:Ang_def_rev)

from P20 P31 P32 P33 P34 have P35 : ”Gr (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An D B
A)) add Emp)” by (blast intro:Ang_Gr_trans_Eq_Gr)

from P21 P29 P32 P34 P35 have P36 : ”Gr (Geos (Ang (An C A D)) add Emp) (Geos (Ang (An A B
C)) add Emp)” by (blast intro:Ang_Gr_trans_Gr_Eq Ang_rev)

have P37 : ”Cong (Geos (Ang (An D A C)) add Emp) (Geos (Ang (An C A D)) add Emp)” by (simp
add: Ang_roll)

from P32 have P38 : "Def (Ang (An D A C))” by (simp add: Ang_def_rev)

from assms have P39 : ”Def (Ang (An B A C))” by (blast intro:Tri_to_Ang Ang_def_rev Ang_def_inv)

from P9 P32 P37 P38 P39 have P40 : ”Gr (Geos (Ang (An B A C)) add Emp) (Geos (Ang (An C A
D)) add Emp)” by (blast intro:Ang_Gr_trans_Gr_Eq)

from P21 P32 P36 P39 P40 show "Gr (Geos (Ang (An B A C)) add Emp) (Geos (Ang (An A B C))
add Emp)” by (blast intro:Ang_Gr _trans_Gr_Gr)

ged

lemma (in Congruence_Rule) Tri_Bet_Ang_Gr :
assumes
”Def (Tri (Tr A B C))”
”Bet_Point (Se A C) D”
“Eq (Geos (Seg (Se A B)) add Emp) (Geos (Seg (Se A C)) add Emp)”
shows
”Gr (Geos (Ang (An A D B)) add Emp) (Geos (Ang (An A B D)) add Emp)”
proof -
from assms have P1 : ”Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A C B)) add Emp)”
by (simp add:Tri_isosceles)
from assms have P2 : ”Def (Tri (Tr B C A))” by (simp add:Tri_def trans)
from assms have P3 : ”Line_on (Li C A) D” by (simp add:Line_Bet_on)
from assms have P4 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi D) add Emp)” by (simp add:Bet_Point_def)
from P2 P3 P4 have "Def (Tri (Tr B C D))” by (simp add:Tri_def_extension)
then have P5 : “Def (Tri (Tr D C B))” by (blast intro:Tri_def_rev Tri_def_trans)
from assms have P6 : ”Bet_Point (Se C A) D” by (simp add:Bet_rev)
from P5 P6 have P7 : ”Gr (Geos (Ang (An B D A)) add Emp) (Geos (Ang (An D C B)) add Emp)” by
(simp add:Ang_external _Gr)
from P5 have P8 : "Def (Ang (An D C B))” by (simp add:Tri_to_Ang)
from assms have P9 : ”Line_on (Li C D) A” by (simp add:Line_Bet_on)
from assms have ”Inv (Bet_Point (Se D A) C)” by (simp add:Bet_iff)
then have P10 : ”— Bet_Point (Se D A) C” by (simp add:Inv_def)
have P11 : ”Line_on (Li C B) B” by (simp add:Line_on_rule)
have P12 : = Bet_Point (Se B B) C” by (simp add:Bet_end_Point)
from P6 have P13 : - Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)” by (simp add:Bet_Point_def)
from P5 have P14 : - Eq (Geos (Poi C) add Emp) (Geos (Poi B) add Emp)” by (simp add:Tri_def)
from P8 P9 P10 P11 P12 P13 P14 have P15 : ”Eq (Geos (Ang (An D C B)) add Emp) (Geos (Ang
(An A C B)) add Emp)
A Def (Ang (An A C B))” by (simp add: Ang_Point_swap)
from P1 P15 have P16 : ”Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An D C B)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev)
have P17 : ”Cong (Geos (Ang (An B D A)) add Emp) (Geos (Ang (An A D B)) add Emp)” by (simp
add:Ang_roll)
from P2 have P18 : ”Def (Tri (Tr B A C))” by (blast intro:Tri_def_rev Tri_def_trans)
from assms have P19 : ”Line_on (Li A C) D” by (simp add:Line_Bet_on)
from P6 have P20 : " Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp)” by (simp add:Bet_Point_def)
from P18 P19 P20 have “Def (Tri (Tr B A D))” by (simp add:Tri_def_extension)
then have P21 : ”Def (Ang (An B D A))” by (blast intro:Tri_to_Ang Ang_def_inv)
then have P22 : ”Def (Ang (An A D B))” by (simp add:Ang_def_rev)
from P7 P8 P17 P21 P22 have P23 : ”Gr (Geos (Ang (An A D B)) add Emp) (Geos (Ang (An D C B))
add Emp)” by (blast intro:Ang_Gr_trans_Eq_-Gr Ang_rev)
from assms have P24 : "Def (Ang (An A B C))” by (simp add:Tri_to_Ang)
from P8 P16 P22 P23 P24 have P25 : ”Gr (Geos (Ang (An A D B)) add Emp) (Geos (Ang (An A B
C)) add Emp)” by (blast intro:Ang_Gr_trans_Gr_Eq Ang_rev)
from P24 have ”— Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B C)) add Emp)” by (simp
add:Ang_def)
then have P26 : ”— Eq (Geos (Lin (Li B C)) add Emp) (Geos (Lin (Li B A)) add Emp)” by (blast
intro:Eq_rev)
from assms have ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)” by (simp add:Tri_def)
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then have P27 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi A) add Emp)” by (blast intro:Eq_rev)

from assms have P28 : - Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)” by (simp add:Tri_def)

from P6 P26 P27 P28 have P29 : ”Ang_inside (An C B A) D” by (simp add:Ang_inside_Bet_Point)

then have P30 : ”Plane_sameside (Li B A) D C” by (simp add:Ang_inside_def Plane_sameside_rev)

have P31 : ”Cong (Geos (Ang (An D B A)) add Emp) (Geos (Ang (An D B A)) add Emp)” by simp

from P29 P30 P31 have P32 : ”Gr (Geos (Ang (An C B A)) add Emp) (Geos (Ang (An D B A)) add
Emp)” by (simp add:Ang_greater_def)

have P33 : ”Cong (Geos (Ang (An C B A)) add Emp) (Geos (Ang (An A B C)) add Emp)” by (simp
add: Ang_roll)

from P24 have P34 : "Def (Ang (An C B A))” by (simp add:Ang_def_rev)

from P22 have P35 : ”Def (Ang (An D B A))” by (blast intro: Ang_def_rev Ang_def_inv)

from P24 P32 P33 P34 P35 have P36 : ’Gr (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An D B
A)) add Emp)” by (blast intro:Ang_Gr_trans_Eq_Gr Ang_rev)

have P37 : ”Cong (Geos (Ang (An D B A)) add Emp) (Geos (Ang (An A B D)) add Emp)” by (simp
add:Ang_roll)

from P35 have P38 : ”Def (Ang (An A B D))” by (simp add:Ang_def rev)

from P24 P35 P36 P37 P38 have P39 : ”Gr (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A B
D)) add Emp)” by (blast intro:Ang_Gr_trans_Gr_Eq Ang_rev)

from P22 P24 P25 P38 P39 show ”Gr (Geos (Ang (An A D B)) add Emp) (Geos (Ang (An A B D))
add Emp)” by (blast intro:Ang_Gr_trans_Gr_Gr Ang_rev)
ged

theorem (in Congruence_Rule) Tri_isosceles_inv :
assumes N :
”Def (Tri (Tr A B C))”
”Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A C B)) add Emp)”
shows
”—— Eq (Geos (Seg (Se A B)) add Emp) (Geos (Seg (Se A C)) add Emp)”
proof
assume W : ”— Eq (Geos (Seg (Se A B)) add Emp) (Geos (Seg (Se A C)) add Emp)”
have P1 : "Line_on (Li A C) A” by (simp add:Line_on_rule)
have P2 : ”Line_on (Li A C) C” by (simp add:Line_on_rule)
from N have P3 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)” by (simp add:Tri_def)
from N have ”— Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)” by (simp add:Tri_def)
then have P4 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)” by (blast intro:Eq_rev)
from P1 P2 P3 P4 have ”3dp. Eq (Geos (Seg (Se A B)) add Emp) (Geos (Seg (Se A p)) add Emp)
A = Bet_Point (Se p C) A A Line_on (Li A C) p A = Eq (Geos (Poi A) add Emp) (Geos (Poi p) add
Emp)” by (simp add:Seg_move_sameside)
then obtain D :: Point where P5 : "Eq (Geos (Seg (Se A B)) add Emp) (Geos (Seg (Se A D)) add Emp)
A — Bet_Point (Se D C) A A Line_on (Li A C) D A = Eq (Geos (Poi A) add Emp) (Geos (Poi D)
add Emp)” by blast
from W P1 P2 P3 P4 P5 have P6 : ”Bet_Point (Se C A) D A = Bet_Point (Se A D) C
V — Bet_Point (Se C A) D A Bet_Point (Se A D) C” by (simp add:Seg_not_Eq_move)
from N have P7 : ”Def (Tri (Tr B C A))” by (blast intro: Tri_def_rev Tri_def_trans)
have P8 : ”Eq (Geos (Seg (Se A B)) add Emp) (Geos (Seg (Se B A)) add Emp)” by (simp add:Seg_rev)
from P5 P8 have P9 : "Eq (Geos (Seg (Se B A)) add Emp) (Geos (Seg (Se A D)) add Emp)” by (blast
intro:Eq_trans Eq_rev)
from P7 P9 have P10 : ”Bet_Point (Se C A) D —-
Gr (Geos (Ang (An C B A)) add Emp) (Geos (Ang (An B C A)) add Emp)”
by (simp add:Tri_Seg_diagonal)
have P11 : ”Cong (Geos (Ang (An C B A)) add Emp) (Geos (Ang (An A B C)) add Emp)” by (simp
add:Ang_roll)
from assms have P12 : "Def (Ang (An A B C))” by (simp add:Tri_to_Ang)
then have P13 : ”"Def (Ang (An C B A))” by (simp add:Ang_def_rev)
then have P14 : ”Def (Ang (An B C A))” by (blast intro:Ang_def_rev Ang_def_inv)
from P10 P11 P12 P13 P14 have P15 : ”Bet_Point (Se C A) D —>
Gr (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An B C A)) add Emp)”
by (blast intro:Ang_Gr_trans_Eq_Gr Ang_rev)
from P14 have P16 : "Def (Ang (An A C B))” by (simp add:Ang_def_rev)
have P17 : ”Cong (Geos (Ang (An B C A)) add Emp) (Geos (Ang (An A C B)) add Emp)” by (simp
add:Ang_roll)
from P12 P14 P15 P16 P17 have P18 : ”Bet_Point (Se C A) D —-
Gr (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A C B)) add Emp)”
by (blast intro:Ang_Gr_trans_Gr_Eq Ang_rev)
from P12 P16 have P19 : ”Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A C B)) add
Emp)
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A — Gr (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A C B)) add Emp)
A — Gr (Geos (Ang (An A C B)) add Emp) (Geos (Ang (An A B C)) add Emp)
V — Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A C B)) add Emp)
A Gr (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A C B)) add Emp)
A = Gr (Geos (Ang (An A C B)) add Emp) (Geos (Ang (An A B C)) add Emp)
V = Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A C B)) add Emp)
A = Gr (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A C B)) add Emp)
A Gr (Geos (Ang (An A C B)) add Emp) (Geos (Ang (An A B C)) add Emp)”
by (simp add:Ang_relation_case_fact)
from P18 P19 have P20 : ”Bet_Point (Se C A) D —=>
— Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A C B)) add Emp)” by blast
from assms have P21 : ”Def (Tri (Tr B A C))” by (blast intro:Tri_def_rev Tri_def_trans)
from P5 P21 have "Def (Tri (Tr B A D))” by (simp add:Tri_def_extension)
then have P22 : ”Def (Tri (Tr A B D))” by (blast intro:Tri_def_rev Tri_def_trans)
from P5 P22 have P23 : ”Bet_Point (Se A D) C —
Gr (Geos (Ang (An A C B)) add Emp) (Geos (Ang (An A B C)) add Emp)”
by (simp add: Tri_Bet_Ang_Gr)
from P19 P23 have P24 : ”Bet_Point (Se A D) C =
— Cong (Geos (Ang (An A B C)) add Emp) (Geos (Ang (An A C B)) add Emp)” by blast
from assms P6 P20 P24 show False by blast
ged

lemma (in Congruence_Rule) Tri_AAS _lemmal :
assumes
”Def (Tri (Tr A1 B1 C1))” ”Def (Tri (Tr A2 B2 C2))”
”Eq (Geos (Seg (Se Al B1)) add Emp) (Geos (Seg (Se A2 B2)) add Emp)”
”Cong (Geos (Ang (An A1 C1 B1)) add Emp) (Geos (Ang (An A2 C2 B2)) add Emp)”
”Cong (Geos (Ang (An B1 Al C1)) add Emp) (Geos (Ang (An B2 A2 C2)) add Emp)”
shows
”Cong (Geos (Tri (Tr A1 B1 C1)) add Emp) (Geos (Tri (Tr A2 B2 C2)) add Emp)”
proof -
have P1 : "Line_on (Li A2 C2) A2” by (simp add:Line_on_rule)
have P2 : "Line_on (Li A2 C2) C2” by (simp add:Line_on_rule)
from assms have ”— Eq (Geos (Poi C1) add Emp) (Geos (Poi A1) add Emp)” by (simp add:Tri_def)
then have P3 : ”— Eq (Geos (Poi A1) add Emp) (Geos (Poi C1) add Emp)” by (blast intro:Eq_rev)
from assms have P4 : ”— Eq (Geos (Poi C2) add Emp) (Geos (Poi A2) add Emp)” by (simp add:Tri_def)
then have P5 : 7= Eq (Geos (Poi A2) add Emp) (Geos (Poi C2) add Emp)” by (blast intro:Eq_rev)
from P1 P2 P3 P5 have ”Jp. Eq (Geos (Seg (Se Al C1)) add Emp) (Geos (Seg (Se A2 p)) add Emp)
A — Bet_Point (Se p C2) A2 A Line_on (Li A2 C2) p A — Eq (Geos (Poi A2) add Emp) (Geos (Poi
p) add Emp)” by (simp add:Seg_move_sameside)
then obtain C3 :: Point where P6 : “Eq (Geos (Seg (Se Al C1)) add Emp) (Geos (Seg (Se A2 C3))
add Emp)
A — Bet_Point (Se C3 C2) A2 A Line_on (Li A2 C2) C3 A - Eq (Geos (Poi A2) add Emp) (Geos
(Poi C3) add Emp)” by blast
from P6 have P7 : ”Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add Emp) —
Eq (Geos (Seg (Se Al C1)) add Emp) (Geos (Seg (Se A2 C2)) add Emp)” by (blast intro:Eq_rev
Eq-trans)
from assms P7 have P8 : ”Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add Emp)
=
Cong (Geos (Tri (Tr A1 B1 C1)) add Emp) (Geos (Tri (Tr A2 B2 C2)) add Emp)” by (simp
add:Tri_SAS)
from P6 have "Eq (Geos (Seg (Se Al C1)) add Emp) (Geos (Seg (Se A2 C2)) add Emp) —-
Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add Emp)” by (blast intro:Eq_rev
Eq-trans)
then have P9 : ”— Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add Emp) —-
- Eq (Geos (Seg (Se Al C1)) add Emp) (Geos (Seg (Se A2 C2)) add Emp)” by blast
from P1 P2 P3 P5 P6 P9 have P10 : = Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3))
add Emp) =
Bet_Point (Se C2 A2) C3 A — Bet_Point (Se A2 C3) C2
V = Bet_Point (Se C2 A2) C3 A Bet_Point (Se A2 C3) C2” by (simp add:Seg_not_Eq_move)
from assms have P11 : ”Def (Tri (Tr B2 A2 C2))” by (blast intro: Tri_def_rev Tri_def _trans)
from P6 P11 have "Def (Tri (Tr B2 A2 C3))” by (simp add:Tri_def_extension)
then have P12 : ”Def (Tri (Tr A2 B2 C3))” by (blast intro:Tri_def rev Tri_def_trans)
from P11 have P13 : ”Def (Ang (An B2 A2 C2))” by (simp add:Tri_-to_Ang)
have P14 : “Line_on (Li A2 B2) B2” by (simp add:Line_on_rule)
have P15 : ”— Bet_Point (Se B2 B2) A2” by (simp add:Bet_end_Point)

169



from P6 have P16 : ”— Bet_Point (Se C2 C3) A2” by (blast intro:Bet_rev)
from assms have P17 : 7= Eq (Geos (Poi A2) add Emp) (Geos (Poi B2) add Emp)” by (simp
add:Tri_def)
from P6 P13 P14 P15 P16 P17 have P18 :
”Eq (Geos (Ang (An B2 A2 C2)) add Emp) (Geos (Ang (An B2 A2 C3)) add Emp) A Def (Ang
(An B2 A2 C3))” by (simp add:Ang_Point_swap)
from assms P18 have P19 : ”Cong (Geos (Ang (An B1 Al C1)) add Emp) (Geos (Ang (An B2 A2
C3)) add Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from assms P6 P12 P19 have "Cong (Geos (Tri (Tr A1 B1 C1)) add Emp) (Geos (Tri (Tr A2 B2 C3))
add Emp)” by (simp add:Tri_SAS)
then have P20 : ”"Cong (Geos (Ang (An Al C1 B1)) add Emp) (Geos (Ang (An A2 C3 B2)) add
Emp)” by (simp add:Tri_Cong_def)
from assms have P21 : "Def (Ang (An Al C1 B1))” by (blast intro:Tri_to_Ang Ang_def_inv)
from assms have P22 : ”Def (Ang (An A2 C2 B2))” by (blast intro:Tri_to_Ang Ang_def_inv)
from P18 have P23 : ”Def (Ang (An A2 C3 B2))” by (blast intro:Ang_def_rev Ang_def_inv)
from assms P20 P21 P22 P23 have P24 : ”Cong (Geos (Ang (An A2 C2 B2)) add Emp) (Geos (Ang
(An A2 C3 B2)) add Emp)” by (blast intro:Ang_trans Ang_rev)
from P22 P23 P24 have P25 : = Gr (Geos (Ang (An A2 C2 B2)) add Emp) (Geos (Ang (An A2 C3
B2)) add Emp)
A — Gr (Geos (Ang (An A2 C3 B2)) add Emp) (Geos (Ang (An A2 C2 B2)) add Emp)” by (simp
add:Ang_not_Gr)
from assms have P26 : "Def (Tri (Tr B2 C2 A2))” by (blast intro: Tri_def_trans)
have P27 : "Bet_Point (Se C2 A2) C3 = — Eq (Geos (Poi C3) add Emp) (Geos (Poi C2) add Emp)”
by (simp add:Bet_Point_def)
have P28 : ”Bet_Point (Se A2 C3) C2 =— — Eq (Geos (Poi C3) add Emp) (Geos (Poi C2) add Emp)”
by (simp add:Bet_Point_def)
from P10 P27 P28 have P29 : ”— Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add
Emp) =
- Eq (Geos (Poi C2) add Emp) (Geos (Poi C3) add Emp)” by (blast intro:Eq_rev)
from P5 P6 have P30 : "Line_on (Li C2 A2) C3” by (blast intro:Line_rev Line_on_trans)
from P26 P29 P30 have ”— Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add Emp)

Def (Tri (Tr B2 C2 C3))” by (simp add:Tri_def_extension)
then have P31 : ”— Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add Emp) —
Def (Tri (Tr C3 C2 B2))” by (blast intro:Tri_def_rev Tri_def_trans)
then have P32 : - Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add Emp) —
Bet_Point (Se C2 A2) C3 = Gr (Geos (Ang (An B2 C3 A2)) add Emp) (Geos (Ang (An C3 C2
B2)) add Emp)” by (simp add:Ang_external Gr)
have P33 : ”Cong (Geos (Ang (An B2 C3 A2)) add Emp) (Geos (Ang (An A2 C3 B2)) add Emp)” by
(simp add:Ang_roll)
from P31 have P34 : ”— Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add Emp) —
Def (Ang (An C3 C2 B2))” by (simp add:Tri_to_Ang)
from P23 have P35 : ”Def (Ang (An B2 C3 A2))” by (blast intro:Ang_def_rev Ang_def_inv)
from P23 P32 P33 P34 P35 have P36 : "= Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2
C3)) add Emp) —
Bet_Point (Se C2 A2) C3 = Gr (Geos (Ang (An A2 C3 B2)) add Emp) (Geos (Ang (An C3 C2
B2)) add Emp)” by (blast intro:Ang_Gr_trans_Eq_Gr Ang_rev)
have P37 : ”Bet_Point (Se C2 A2) C3 = Line_on (Li C2 C3) A2” by (simp add:Line_Bet_on)
from P10 have P38 : ”— Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add Emp) —
Bet_Point (Se C2 A2) C3 =—> — Bet_Point (Se C3 A2) C2” by (blast intro:Bet_rev)
have P39 : ”Line_on (Li C2 B2) B2” by (simp add:Line_on_rule)
have P40 : ”— Bet_Point (Se B2 B2) C2” by (simp add:Bet_end_Point)
from P13 have P41 : ”— Eq (Geos (Poi C2) add Emp) (Geos (Poi B2) add Emp)” by (simp add: Ang_def)
from P4 P34 P37 P38 P39 P40 P41 have ”— Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2
C3)) add Emp) —
Bet_Point (Se C2 A2) C3 —> Eq (Geos (Ang (An C3 C2 B2)) add Emp) (Geos (Ang (An A2 C2
B2)) add Emp)
A Def (Ang (An A2 C2 B2))” by (simp add:Ang_Point_swap)
then have P42 : ”— Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add Emp) —
Bet_Point (Se C2 A2) C3 = Cong (Geos (Ang (An C3 C2 B2)) add Emp) (Geos (Ang (An A2 C2
B2)) add Emp)” by (blast intro: Ang_weektrans)
from P22 P23 P34 P36 P42 have P43 : - Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2
C3)) add Emp) —
Bet_Point (Se C2 A2) C3 = Gr (Geos (Ang (An A2 C3 B2)) add Emp) (Geos (Ang (An A2 C2
B2)) add Emp)” by (blast intro:Ang_Gr_trans_Gr_Eq Ang_rev)
from P31 have ”— Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add Emp) =

170



Def (Tri (Tr C2 C3 B2))” by (blast intro: Tri_def_rev Tri_def_trans)
then have P44 : - Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add Emp) —
Bet_Point (Se A2 C3) C2 —> Gr (Geos (Ang (An B2 C2 A2)) add Emp) (Geos (Ang (An C2 C3
B2)) add Emp)” by (simp add:Ang_external_Gr Bet_rev)
have P45 : ”Cong (Geos (Ang (An B2 C2 A2)) add Emp) (Geos (Ang (An A2 C2 B2)) add Emp)” by
(simp add:Ang_roll)
from P26 have P46 : ”Def (Ang (An B2 C2 A2))” by (simp add:Tri_to_Ang)
from P34 have P47 : ”— Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add Emp) —
Def (Ang (An C2 C3 B2))” by (blast intro:Ang_def_rev Ang_def_inv)
from P22 P44 P45 P46 P47 have P48 : "= Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2
C3)) add Emp) —
Bet_Point (Se A2 C3) C2 = Gr (Geos (Ang (An A2 C2 B2)) add Emp) (Geos (Ang (An C2 C3
B2)) add Emp)” by (blast intro:Ang_Gr_trans_Eq_-Gr Ang_rev)
have P49 : ”Bet_Point (Se A2 C3) C2 = Line_on (Li C3 C2) A2” by (simp add:Line_Bet_on)
from P10 have P50 : ”— Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add Emp) —
Bet_Point (Se A2 C3) C2 =—> — Bet_Point (Se C2 A2) C3” by (blast intro:Bet_rev)
have P51 : ”Line_on (Li C3 B2) B2” by (simp add:Line_on_rule)
have P52 : ”— Bet_Point (Se B2 B2) C3” by (simp add:Bet_end_Point)
from P6 have P53 : ”— Eq (Geos (Poi C3) add Emp) (Geos (Poi A2) add Emp)” by (blast intro:Eq_rev)
from P47 have P54 : ”— Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add Emp) —
- Eq (Geos (Poi C3) add Emp) (Geos (Poi B2) add Emp)” by (simp add:Ang_def)
from P47 P49 P50 P51 P52 P53 P54 have ”— Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se
A2 C3)) add Emp) —
Bet_Point (Se A2 C3) C2 = Eq (Geos (Ang (An C2 C3 B2)) add Emp) (Geos (Ang (An A2 C3
B2)) add Emp)
A Def (Ang (An A2 C3 B2))” by (simp add:Ang_Point_swap)
then have P55 : ”— Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3)) add Emp) —
Bet_Point (Se A2 C3) C2 =—> Cong (Geos (Ang (An C2 C3 B2)) add Emp) (Geos (Ang (An A2 C3
B2)) add Emp)” by (blast intro:Ang_weektrans)
from P22 P23 P47 P48 P55 have P56 : - Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2
C3)) add Emp) —
Bet_Point (Se A2 C3) C2 = Gr (Geos (Ang (An A2 C2 B2)) add Emp) (Geos (Ang (An A2 C3
B2)) add Emp)” by (blast intro:Ang_Gr_trans_Gr_Eq Ang_rev)
from P10 P25 P43 P56 have P57 : ”Eq (Geos (Seg (Se A2 C2)) add Emp) (Geos (Seg (Se A2 C3))
add Emp)” by blast
from P8 P57 show "Cong (Geos (Tri (Tr A1 B1 C1)) add Emp) (Geos (Tri (Tr A2 B2 C2)) add Emp)”
by blast
ged

theorem (in Congruence_Rule) Tri_AAS :
assumes
”Def (Tri (Tr A1 B1 C1))” ”Def (Tri (Tr A2 B2 C2))”
”Eq (Geos (Seg (Se Al B1)) add Emp) (Geos (Seg (Se A2 B2)) add Emp)”
”Cong (Geos (Ang (An Al C1 B1)) add Emp) (Geos (Ang (An A2 C2 B2)) add Emp)”
”Cong (Geos (Ang (An A1 B1 C1)) add Emp) (Geos (Ang (An A2 B2 C2)) add Emp)
V Cong (Geos (Ang (An B1 A1 C1)) add Emp) (Geos (Ang (An B2 A2 C2)) add Emp)”
shows
”Cong (Geos (Tri (Tr A1 B1 C1)) add Emp) (Geos (Tri (Tr A2 B2 C2)) add Emp)”
proof -
from assms have P1 : ”Def (Tri (Tr B1 A1 C1))” by (blast intro:Tri_def _rev Tri_def_trans)
from assms have P2 : ”Def (Tri (Tr B2 A2 C2))” by (blast intro:Tri_def_rev Tri_def_trans)
have P3 : "Eq (Geos (Seg (Se Al B1)) add Emp) (Geos (Seg (Se B1 Al)) add Emp)” by (simp
add:Seg_rev)
have P4 : "Eq (Geos (Seg (Se A2 B2)) add Emp) (Geos (Seg (Se B2 A2)) add Emp)” by (simp
add:Seg_rev)
from assms P3 P4 have P5 : "Eq (Geos (Seg (Se B1 Al)) add Emp) (Geos (Seg (Se B2 A2)) add
Emp)” by (blast intro:Eq_trans Eq_rev)
have P6 : “Eq (Geos (Ang (An Al C1 B1)) add Emp) (Geos (Ang (An B1 C1 Al)) add Emp)” by
(simp add:Ang_roll)
from assms P6 have P7 : ”Cong (Geos (Ang (An B1 C1 Al)) add Emp) (Geos (Ang (An A2 C2 B2))
add Emp)” by (blast intro: Ang_weektrans Ang_rev Eq_rev)
have P8 : ”Eq (Geos (Ang (An A2 C2 B2)) add Emp) (Geos (Ang (An B2 C2 A2)) add Emp)” by
(simp add:Ang_roll)
from P7 P8 have P9 : ”Cong (Geos (Ang (An B1 C1 Al)) add Emp) (Geos (Ang (An B2 C2 A2)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P1 P2 P5 P9 have ”Cong (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang (An A2 B2 C2))
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add Emp) —
Cong (Geos (Tri (Tr B1 Al C1)) add Emp) (Geos (Tri (Tr B2 A2 C2)) add Emp)” by (simp
add:Tri_AAS lemmal)
then have P10 : ”Cong (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang (An A2 B2 C2)) add Emp)
=
Cong (Geos (Ang (An C1 Al B1)) add Emp) (Geos (Ang (An C2 A2 B2)) add Emp)” by (simp
add:Tri_Cong_def)
have P11 : ”Eq (Geos (Ang (An C1 Al B1)) add Emp) (Geos (Ang (An B1 Al C1)) add Emp)” by
(simp add:Ang_roll)
from P10 P11 have P12 : ”Cong (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang (An A2 B2 C2))
add Emp) =
Cong (Geos (Ang (An B1 Al C1)) add Emp) (Geos (Ang (An C2 A2 B2)) add Emp)” by (blast
intro:Ang_weektrans Ang_rev Eq_rev)
have P13 : "Eq (Geos (Ang (An C2 A2 B2)) add Emp) (Geos (Ang (An B2 A2 C2)) add Emp)” by
(simp add:Ang_roll)
from P12 P13 have ”Cong (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang (An A2 B2 C2)) add
Emp) =
Cong (Geos (Ang (An B1 Al C1)) add Emp) (Geos (Ang (An B2 A2 C2)) add Emp)” by (blast
intro:Ang_weektrans Ang_rev Eq_rev)
then have P14 : ”Cong (Geos (Ang (An Al B1 C1)) add Emp) (Geos (Ang (An A2 B2 C2)) add Emp)
V Cong (Geos (Ang (An B1 A1l C1)) add Emp) (Geos (Ang (An B2 A2 C2)) add Emp) —-
Cong (Geos (Ang (An B1 A1 C1)) add Emp) (Geos (Ang (An B2 A2 C2)) add Emp)” by blast
from assms have P15 : ”Cong (Geos (Ang (An B1 A1 C1)) add Emp) (Geos (Ang (An B2 A2 C2))
add Emp) =
Cong (Geos (Tri (Tr A1 B1 C1)) add Emp) (Geos (Tri (Tr A2 B2 C2)) add Emp)” by (simp
add:Tri_AAS_lemmal)
from assms P14 P15 show ”Cong (Geos (Tri (Tr A1 B1 C1)) add Emp) (Geos (Tri (Tr A2 B2 C2))
add Emp)” by blast
ged

theorem (in Congruence_Rule) Seg_bisection :
assumes
”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)”
shows
”Ip. Eq (Geos (Seg (Se A p)) add Emp) (Geos (Seg (Se p B)) add Emp) A Bet_Point (Se A B) p”
proof -
have ”Jp q r. — Line_on (Li A B) p A — Line_on (Li AB)q A = Line_on (Li AB) r
A — Eq (Geos (Poi p) add Emp) (Geos (Poi q) add Emp) A = Eq (Geos (Poi q) add Emp) (Geos
(Poi r) add Emp)
A — Eq (Geos (Poi r) add Emp) (Geos (Poi p) add Emp)” by (blast intro:Line_not_on_exist)
then obtain C :: Point where P1 : ”— Line_on (Li A B) C” by blast
from assms P1 have P2 : "Def (Ang (An A B C))” by (simp add:Ang_sinple_def)
then have P2 : ”Def (Ang (An C A B))” by (blast intro:Ang_def_rev Ang_def_inv)
from assms have P3 : ”Eq (Geos (Lin (Li A B)) add Emp) (Geos (Lin (Li B A)) add Emp)” by (simp
add:Line_rev)
from P1 P3 have P4 : ”— Line_on (Li B A) C” by (simp add:Line_not_on_trans)
from P2 P4 have ”dp. Cong (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An p B A)) add Emp)
A Plane _diffside (Li B A) p C” by (simp add:Ang_move_diffside)
then obtain D1 :: Point where P5 : "Cong (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An D1 B
A)) add Emp)
A Plane _diffside (Li B A) D1 C” by blast
then have ”Jp. Bet_Point (Se D1 C) p A Line_on (Li B A) p A = Line_on (Li B A) D1 A — Line_on
(Li B A) C” by (simp add:Plane_diffside_def)
then have P6 : ”— Line_on (Li B A) D1 by blast
from assms have P7 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi A) add Emp)” by (blast intro:Eq_rev)
from P6 P7 have “Def (Ang (An B A D1))” by (simp add:Ang_sinple_def)
then have P8 : ”Def (Ang (An D1 B A))” by (blast intro: Ang_def_rev Ang_def_inv)
from P2 P5 P8 have ”Jdp. Cong (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An p B A)) add Emp)
A Eq (Geos (Ang (An D1 B A)) add Emp) (Geos (Ang (An p B A)) add Emp)
A Eq (Geos (Seg (Se A C)) add Emp) (Geos (Seg (Se B p)) add Emp) A Line_on (Li B D1) p
A — Bet_Point (Se p D1) B A Def (Ang (An p B A))” by (simp add: Ang_replace)
then obtain D :: Point where P9 : ”Cong (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An D B A))
add Emp)
A Eq (Geos (Ang (An D1 B A)) add Emp) (Geos (Ang (An D B A)) add Emp)
A Eq (Geos (Seg (Se A C)) add Emp) (Geos (Seg (Se B D)) add Emp) A Line_on (Li B D1) D
A = Bet_Point (Se D D1) B A Def (Ang (An D B A))” by blast
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have ”Plane_diffside (Li B A) D D1 =
Jp. Bet_Point (Se D D1) p A Line_on (Li B A) p A = Line_on (Li B A) D A = Line_on (Li B A)
D1” by (simp add:Plane _diffside_def)
then obtain B1 :: Point where P10 : "Plane_diffside (Li B A) D D1 =
Bet_Point (Se D D1) B1 A Line_on (Li B A) Bl A = Line_on (Li B A) D A = Line_on (Li B A) D1”
by blast
ythen have P11 : ”Plane_diffside (Li B A) D D1 = Line_on (Li D D1) B1” by (simp add:Line_Bet_on)
from P10 have “Plane_diffside (Li B A) D D1 = Bet_Point (Se D D1) B1” by simp
then have P12 : ”Plane_diffside (Li B A) D DI —
- Eq (Geos (Poi D) add Emp) (Geos (Poi D1) add Emp)” by (simp add:Bet_Point_def)
have P13 : ”Line_on (Li B D1) D1” by (simp add:Line_on_rule)
have P14 : ”Line_on (Li D D1) D” by (simp add:Line_on_rule)
have P15 : ”Line_on (Li D D1) D1” by (simp add:Line_on_rule)
from P9 have P16 : ”Line_on (Li B D1) D” by simp
from P12 P13 P14 P15 P16 have P17 : ”Plane_diffside (Li B A) D D1 —-
Eq (Geos (Lin (Li B D1)) add Emp) (Geos (Lin (Li D D1)) add Emp)” by (simp add:Line_unique)
have P18 : ”Line_on (Li B D1) B” by (simp add:Line_on_rule)
from P17 P18 have P19 : ”Plane_diffside (Li B A) D D1 = Line_on (Li D D1) B” by (simp
add:Line_on_trans)
from P14 have P20 : ”Eq (Geos (Lin (Li D D1)) add Emp) (Geos (Lin (Li B A)) add Emp) —
Line_on (Li B A) D” by (simp add:Line_on_trans)
from P10 P20 have P21 : Plane_diffside (Li B A) D D1 =
- Eq (Geos (Lin (Li D D1)) add Emp) (Geos (Lin (Li B A)) add Emp)” by blast
have P22 : ”Line_on (Li B A) B” by (simp add:Line_on_rule)
from P10 P11 P19 P21 P22 have P23 : "Plane_diffside (Li B A) D D1 =
Eq (Geos (Poi B1) add Emp) (Geos (Poi B) add Emp)” by (simp add:Line_unique_Point)
from P10 P23 have P24 : “Plane_diffside (Li B A) D D1 = Bet_Point (Se D D1) B” by (blast in-
tro:Point_Eq)
from P9 P24 have P25 : ”— Plane_diffside (Li B A) D D1 by blast
from PS5 have P26 : ”Plane_sameside (Li B A) C D = Plane _diffside (Li B A) D D1” by (simp
add:Plane_diffside_rev Plane_trans)
from P25 P26 have P27 : ”— Plane_sameside (Li B A) C D” by blast
from P5 have P28 : Eq (Geos (Poi C) add Emp) (Geos (Poi D) add Emp) =
Plane _diffside (Li B A) D1 D” by (blast intro:Point_Eq)
from P25 P28 have P29 : ”— Eq (Geos (Poi C) add Emp) (Geos (Poi D) add Emp)” by (blast in-
tro:Plane_diffside_rev)
from P9 have ”Def (Tri (Tr B A D))” by (blast intro:Ang_to_Tri Tri_def _rev Tri_def_trans)
then have P30 : ”— Line_on (Li B A) D” by (simp add:Tri_def_Line)
from P4 P27 P29 P30 have “Plane_diffside (Li B A) C D” by (simp add:Plane_not_sameside_diffside)
then have ”Jp. Bet_Point (Se C D) p A Line_on (Li B A) p A = Line_on (Li B A) C A — Line_on (Li
B A) D” by (simp add:Plane_diffside_def)
then obtain E :: Point where P31 : ”Bet_Point (Se C D) E A Line_on (Li B A) E
A — Line_on (Li B A) C A = Line_on (Li B A) D” by blast
then have P32 : ”Bet_Point (Se C D) E” by simp
then have P33 : ”Eq (Geos (Poi E) add Emp) (Geos (Poi A) add Emp) = Bet_Point (Se D C) A” by
(blast intro:Point_Eq Bet_rev)
from P9 have P34 : ”Def (Tri (Tr A D B))” by (blast intro: Ang_to_Tri Tri_def_rev Tri_def _trans)
from P33 P34 have P35 : ”Eq (Geos (Poi E) add Emp) (Geos (Poi A) add Emp) —
Gr (Geos (Ang (An B A C)) add Emp) (Geos (Ang (An A B D)) add Emp)”
by (simp add:Ang_external_Gr)
from P32 have P36 : ”Eq (Geos (Poi E) add Emp) (Geos (Poi B) add Emp) = Bet_Point (Se C D)
B” by (simp add:Point_Eq)
from P2 have P37 : ”Def (Tri (Tr B C A))” by (blast intro:Ang_to_Tri Tri_def_rev Tri_def_trans)
from P36 P37 have P38 : ”Eq (Geos (Poi E) add Emp) (Geos (Poi B) add Emp) —
Gr (Geos (Ang (An A B D)) add Emp) (Geos (Ang (An B A C)) add Emp)”
by (simp add:Ang_external_Gr)
have P39 : "Eq (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An B A C)) add Emp)” by (simp
add:Ang_roll)
from P9 P39 have P40 : ”Cong (Geos (Ang (An B A C)) add Emp) (Geos (Ang (An D B A)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
have P41 : ”Eq (Geos (Ang (An D B A)) add Emp) (Geos (Ang (An A B D)) add Emp)” by (simp
add:Ang_roll)
from P40 P41 have P42 : ”Cong (Geos (Ang (An B A C)) add Emp) (Geos (Ang (An A B D)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P2 have P43 : “Def (Ang (An B A C))” by (blast intro: Ang_def_rev Ang_def_inv)
from P9 have P44 : “Def (Ang (An A B D))” by (simp add:Ang_def_rev)
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from P42 P43 P44 have P45 : ”— Gr (Geos (Ang (An B A C)) add Emp) (Geos (Ang (An A B D)) add
Emp)
A — Gr (Geos (Ang (An A B D)) add Emp) (Geos (Ang (An B A C)) add Emp)” by (simp
add:Ang_not_Gr)
from P35 P45 have P46 : ”— Eq (Geos (Poi E) add Emp) (Geos (Poi A) add Emp)” by blast
from P38 P45 have P47 : 7= Eq (Geos (Poi B) add Emp) (Geos (Poi E) add Emp)” by (blast in-
tro:Eq-rev)
have P48 : ”Line_on (Li B A) B” by (simp add:Line_on_rule)
have P49 : ”Line_on (Li B A) A” by (simp add:Line_on_rule)
from assms P31 P46 P47 P48 P49 have P50 : ”Bet_Point (Se A E) B VV Bet_Point (Se E B) A
V Bet_Point (Se B A) E” by (simp add:Bet_case)
have P51 : ”Bet_Point (Se A E) B = Line_on (Li B E) A” by (simp add:Line_Bet_on)
have P52 : ”Line_on (Li B E) B” by (simp add:Line_on_rule)
from assms P48 P49 P51 P52 have “Bet_Point (Se A E) B —=-
Eq (Geos (Lin (Li B E)) add Emp) (Geos (Lin (Li B A)) add Emp)” by (simp add:Line_unique)
then have P53 : ”Bet_Point (Se A E) B =—> Line_on (Li B E) D = Line_on (Li B A) D” by (simp
add:Line_on_trans)
from P30 P53 have P54 : ”Bet_Point (Se A E) B = — Line_on (Li B E) D” by blast
from P47 P54 have P55 : ”Bet_Point (Se A E) B = Def (Tri (Tr B E D))" by (simp add:Ang_sinple_def
Ang_to_Tri)
have P56 : ”Bet_Point (Se A E) B =— Bet_Point (Se E A) B” by (simp add:Bet_rev)
from P55 P56 have P57 : ”Bet_Point (Se A E) B—>
Gr (Geos (Ang (An D B A)) add Emp) (Geos (Ang (An B E D)) add Emp)”
by (simp add:Ang_external_Gr)
have P58 : "Bet_Point (Se A E) B = Line_on (Li E A) B” by (simp add:Line_Bet_on)
have P59 : “Line_on (Li E A) A” by (simp add:Line_on_rule)
from assms P48 P49 P58 P59 have P60 : "Bet_Point (Se A E) B —>
Eq (Geos (Lin (Li E A)) add Emp) (Geos (Lin (Li B A)) add Emp)” by (simp add:Line_unique)
then have P61 : ”Bet_Point (Se A E) B —> Line_on (Li E A) C = Line_on (Li B A) C” by (simp
add:Line_on_trans)
from P31 P61 have P62 : ”Bet_Point (Se A E) B=— — Line_on (Li E A) C” by blast
from P46 P62 have "Bet_Point (Se A E) B = Def (Tri (Tr E A C))” by (simp add:Ang_sinple_def
Ang_to_Tri)
then have P63 : ”Bet_Point (Se A E) B=—> Def (Tri (Tr E C A))” by (blast intro:Tri_def_rev Tri_def_trans)
from P31 P63 have P64 : ”Bet_Point (Se A E) B—>
Gr (Geos (Ang (An A E D)) add Emp) (Geos (Ang (An E A C)) add Emp)”
by (simp add:Ang_external _Gr)
from P63 have P65 : ”"Bet_Point (Se A E) B = Def (Ang (An E A C))” by (blast intro:Tri_to_Ang
Ang_def_inv)
have P66 : "Bet_Point (Se A E) B=— Line_on (Li A E) B” by (simp add:Line_Bet_on)
have ”Bet_Point (Se A E) B =—> Inv (Bet_Point (Se E B) A)” by (simp add:Bet_iff)
then have P67 : "Bet_Point (Se A E) B —> — Bet_Point (Se E B) A” by (simp add:Inv_def)
have P68 : ”Line_on (Li A C) C” by (simp add:Line_on_rule)
have P69 : ”— Bet_Point (Se C C) A” by (simp add:Bet_end_Point)
from P2 have ”— Eq (Geos (Poi C) add Emp) (Geos (Poi A) add Emp)” by (simp add: Ang_def)
then have P70 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi C) add Emp)” by (blast intro:Eq_rev)
from assms P65 P66 P67 P68 P69 P70 have P71 : ”Bet_Point (Se AE) B —-
Eq (Geos (Ang (An E A C)) add Emp) (Geos (Ang (An B A C)) add Emp) A Def (Ang (An B A
C))” by (simp add:Ang_Point_swap)
then have P72 : ”Bet_Point (Se AE) B —-
Cong (Geos (Ang (An E A C)) add Emp) (Geos (Ang (An B A C)) add Emp)” by (blast in-
tro:Ang_weektrans Ang_rev)
from P60 have P73 : ”"Bet_Point (Se A E) B = Line_on (Li E A) D = Line_on (Li B A) D” by
(simp add:Line_on_trans)
from P31 P73 have P74 : ”Bet_Point (Se A E) B=—- — Line_on (Li E A) D” by blast
from P46 P74 have "Bet_Point (Se A E) B —> Def (Ang (An E A D))” by (simp add: Ang_sinple_def)
then have P75 : “Bet_Point (Se A E) B = Def (Ang (An A E D))” by (blast intro:Ang_def rev
Ang_def_inv)
from P64 P65 P71 P72 P75 have P76 : ”Bet_Point (Se AE) B —-
Gr (Geos (Ang (An A E D)) add Emp) (Geos (Ang (An B A C)) add Emp)”
by (blast intro:Ang_Gr_trans_Gr_Eq Ang_rev)
have ”Bet_Point (Se A E) B —> Inv (Bet_Point (Se B A) E)” by (simp add:Bet_iff)
then have "Bet_Point (Se A E) B =— — Bet_Point (Se B A) E” by (simp add:Inv_def)
then have P77 : ”Bet_Point (Se A E) B =—> — Bet_Point (Se A B) E” by (blast intro:Bet_rev)
have P78 : ”Line_on (Li E D) D” by (simp add:Line_on_rule)
have P79 : ”— Bet_Point (Se D D) E” by (simp add:Bet_end_Point)
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from P47 have P80 : ”— Eq (Geos (Poi E) add Emp) (Geos (Poi B) add Emp)” by (blast intro:Eq_rev)
from P32 have ”— Eq (Geos (Poi D) add Emp) (Geos (Poi E) add Emp)” by (simp add:Bet_Point_def)
then have P81 : ”— Eq (Geos (Poi E) add Emp) (Geos (Poi D) add Emp)” by (blast intro:Eq_rev)
from P58 P75 P77 P78 P79 P80 P81 have P82 : "Bet_Point (Se A E) B —-
Eq (Geos (Ang (An A E D)) add Emp) (Geos (Ang (An B E D)) add Emp) A Def (Ang (An B E
D))” by (simp add:Ang_Point_swap)
then have P83 : ”Bet_Point (Se AE) B —=-
Cong (Geos (Ang (An A E D)) add Emp) (Geos (Ang (An B E D)) add Emp)” by (blast in-
tro:Ang_weektrans)
from P9 P57 P75 P82 P83 have P84 : ”Bet_Point (Se A E) B =
Gr (Geos (Ang (An D B A)) add Emp) (Geos (Ang (An A E D)) add Emp)”
by (blast intro: Ang_Gr_trans_Gr_Eq Ang_rev)
from P9 P71 P75 P76 P84 have P85 : ”Bet_Point (Se A E) B—
Gr (Geos (Ang (An D B A)) add Emp) (Geos (Ang (An B A C)) add Emp)”
by (blast intro:Ang_Gr_trans_Gr_Gr)
from P9 P40 P71 have P86 : "Bet_Point (Se A E) B —-
- Gr (Geos (Ang (An D B A)) add Emp) (Geos (Ang (An B A C)) add Emp)”
by (simp add:Ang_not_Gr)
from P85 P86 have P87 : ”— Bet_Point (Se A E) B” by blast
have P88 : "Bet_Point (Se E B) A = Line_on (Li E A) B” by (simp add:Line_Bet_on)
from assms P48 P49 P59 P88 have P89 : "Bet_Point (Se E B) A —>
Eq (Geos (Lin (Li E A)) add Emp) (Geos (Lin (Li B A)) add Emp)” by (simp add:Line_unique)
then have P90 : ”Bet_Point (Se E B) A = Line_on (Li E A) C = Line_on (Li B A) C” by (simp
add:Line_on_trans)
from P31 P90 have P91 : ”Bet_Point (Se E B) A = — Line_on (Li E A) C” by blast
from P46 P91 have "Bet_Point (Se E B) A = Def (Ang (An E A C))” by (simp add:Ang_sinple_def)
then have P92 : "Bet_Point (Se E B) A = Def (Tri (Tr A E C))” by (blast intro: Ang_to_Tri Tri_def_rev
Tri_def _trans)
then have P93 : ”Bet_Point (Se E B) A = Gr (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An A
E C)) add Emp)” by (simp add:Ang_external _Gr)
have P94 : "Bet_Point (Se E B) A = Line_on (Li B E) A” by (simp add:Line_Bet_on)
from assms P48 P49 P52 P94 have "Bet_Point (Se E B) A —
Eq (Geos (Lin (Li B E)) add Emp) (Geos (Lin (Li B A)) add Emp)” by (simp add:Line_unique)
then have P95 : ”Bet_Point (Se E B) A = Line_on (Li B E) D = Line_on (Li B A) D” by (simp
add:Line_on_trans)
from P31 P95 have P96 : ”Bet_Point (Se E B) A = — Line_on (Li B E) D” by blast
from P47 P96 have "Bet_Point (Se E B) A = Def (Ang (An B E D))” by (simp add:Ang_sinple_def)
then have P97 : ”Bet_Point (Se E B) A = Def (Tri (Tr E D B))” by (blast intro: Ang_to_Tri Tri_def_rev
Tri_def_trans)
from P32 have P98 : ”Bet_Point (Se D C) E” by (simp add:Bet_rev)
from P97 P98 have P99 : ”Bet_Point (Se E B) A —>
Gr (Geos (Ang (An B E C)) add Emp) (Geos (Ang (An E B D)) add Emp)”
by (simp add:Ang_external_Gr)
from P92 have P100 : ”Bet_Point (Se E B) A = Def (Ang (An A E C))” by (simp add:Tri_to_Ang)
have ”Bet_Point (Se E B) A = Inv (Bet_Point (Se B A) E)” by (simp add:Bet_iff)
then have "Bet_Point (Se E B) A = — Bet_Point (Se B A) E” by (simp add:Inv_def)
then have P101 : ”Bet_Point (Se E B) A = — Bet_Point (Se A B) E” by (blast intro:Bet_rev)
have P102 : ”Line_on (Li E C) C” by (simp add:Line_on_rule)
have P103 : ”— Bet_Point (Se C C) E” by (simp add:Bet_end_Point)
from P32 have P104 : - Eq (Geos (Poi E) add Emp) (Geos (Poi C) add Emp)”
by (simp add:Bet_Point_def)
from P80 P88 P100 P101 P102 P103 P104 have P105 : ”Bet_Point (Se E B) A —=>
Eq (Geos (Ang (An A E C)) add Emp) (Geos (Ang (An B E C)) add Emp) A Def (Ang (An B E
C))” by (simp add:Ang_Point_swap)
then have P106 : ”Bet_Point (Se E B) A —>
Cong (Geos (Ang (An A E C)) add Emp) (Geos (Ang (An B E C)) add Emp)” by (blast in-
tro:Ang_weektrans)
have P107 : ”Bet_Point (Se E B) A = Line_on (Li B A) E” by (simp add:Line_Bet_on)
have ”Bet_Point (Se E B) A = Inv (Bet_Point (Se A E) B)” by (simp add:Bet_iff)
then have P108 : ”Bet_Point (Se E B) A = — Bet_Point (Se A E) B” by (simp add:Inv_def)
have P109 : ”Line_on (Li B D) D” by (simp add:Line_on_rule)
have P110 : ”— Bet_Point (Se D D) B” by (simp add:Bet_end_Point)
from P44 have P111 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp)” by (simp add: Ang_def)
from P44 P47 P107 P108 P109 P110 P111 have P112 : ”Bet_Point (Se E B) A =
Eq (Geos (Ang (An A B D)) add Emp) (Geos (Ang (An E B D)) add Emp) A Def (Ang (An E B
D))” by (simp add:Ang_Point_swap)

175



then have P113 : ”Bet_Point (Se E B) A —>
Cong (Geos (Ang (An A B D)) add Emp) (Geos (Ang (An E B D)) add Emp)” by (blast in-
tro:Ang_weektrans)
from P2 P93 P100 P105 P106 have P114 : ”Bet_Point (Se E B) A =
Gr (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An B E C)) add Emp)”
by (blast intro: Ang_Gr_trans_Gr_Eq)
from P44 P99 P105 P112 P113 have P115 : "Bet_Point (Se E B) A —>
Gr (Geos (Ang (An B E C)) add Emp) (Geos (Ang (An A B D)) add Emp)”
by (blast intro:Ang_Gr_trans_Gr_Eq Ang_rev)
from P2 P44 P105 P114 P115 have P116 : ”"Bet_Point (Se E B) A —>
Gr (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An A B D)) add Emp)”
by (blast intro: Ang_Gr_trans_Gr_Gr)
from P9 P41 have P117 : ”Cong (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An A B D)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P2 P44 P117 have P118 : ”— Gr (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An A B D))
add Emp)
A — Gr (Geos (Ang (An A B D)) add Emp) (Geos (Ang (An C A B)) add Emp)” by (simp
add:Ang_not_Gr)
from P116 P118 have P119 : ”— Bet_Point (Se E B) A” by blast
from P50 P87 P119 have P120 : ”Bet_Point (Se B A) E” by blast
then have P121 : ”Line_on (Li B E) A” by (simp add:Line_Bet_on)
from assms P48 P49 P52 P121 have "Eq (Geos (Lin (Li B E)) add Emp) (Geos (Lin (Li B A)) add
Emp)” by (simp add:Line_unique)
then have P122 : ”Line_on (Li B E) C = Line_on (Li B A) C” by (simp add:Line_on_trans)
from P31 P122 have P123 : ”— Line_on (Li B E) C” by blast
from P47 P123 have P124 : ’Def (Ang (An B E C))” by (simp add:Ang_sinple_def)
from P32 P120 P124 have P125 : ”Cong (Geos (Ang (An C E A)) add Emp) (Geos (Ang (An B E D))
add Emp)” by (simp add:Ang_vertical)
have P126 : “Eq (Geos (Seg (Se A C)) add Emp) (Geos (Seg (Se C A)) add Emp)” by (simp
add:Seg_rev)
have P127 : ”Eq (Geos (Seg (Se B D)) add Emp) (Geos (Seg (Se D B)) add Emp)” by (simp
add:Seg_rev)
from P9 P126 P127 have P128 : "Eq (Geos (Seg (Se C A)) add Emp) (Geos (Seg (Se D B)) add Emp)”
by (blast intro:Eq_trans Eq_rev)
have P129 : ”Eq (Geos (Ang (An B E D)) add Emp) (Geos (Ang (An D E B)) add Emp)” by (simp
add: Ang_roll)
from P125 P129 have P130 : ”Cong (Geos (Ang (An C E A)) add Emp) (Geos (Ang (An D E B)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P120 have P131 : ”Line_on (Li A B) E” by (simp add:Line_Bet_on)
from P119 have P132 : ”— Bet_Point (Se B E) A” by (blast intro:Bet_rev)
from P46 have P133 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi E) add Emp)” by (blast intro:Eq_rev)
from P2 P68 P69 P70 P131 P132 P133 have P134 :
“Eq (Geos (Ang (An C A B)) add Emp) (Geos (Ang (An C A E)) add Emp) A Def (Ang (An C A
E))” by (simp add:Ang_Point_swap)
then have P135 : ”’Def (Tri (Tr C A E))” by (simp add:Ang_to_Tri)
from P9 P134 have P136 : ”Cong (Geos (Ang (An C A E)) add Emp) (Geos (Ang (An D B A)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P9 have P137 : ”Def (Ang (An D B A))” by simp
from P31 P47 P87 P109 P110 P111 P137 have P138 :
”Eq (Geos (Ang (An D B A)) add Emp) (Geos (Ang (An D B E)) add Emp) A Def (Ang (An D B
E))” by (simp add:Ang_Point_swap)
then have P139 : ’Def (Tri (Tr D B E))” by (simp add:Ang_to_Tri)
from P136 P138 have P140 : ”Cong (Geos (Ang (An C A E)) add Emp) (Geos (Ang (An D B E)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P128 P130 P135 P139 P140 have ”Cong (Geos (Tri (Tr C A E)) add Emp) (Geos (Tri (Tr D B
E)) add Emp)” by (simp add:Tri_AAS)
then have P141 : “Eq (Geos (Seg (Se A E)) add Emp) (Geos (Seg (Se B E)) add Emp)” by (simp
add:Tri_Cong_def)
have P142 : ”Eq (Geos (Seg (Se B E)) add Emp) (Geos (Seg (Se E B)) add Emp)” by (simp add:Seg_rev)
from P141 P142 have P143 : "Eq (Geos (Seg (Se A E)) add Emp) (Geos (Seg (Se E B)) add Emp)”
by (blast intro:Eq_trans)
from P120 have P144 : ”Bet_Point (Se A B) E” by (simp add:Bet_rev)
from P143 P144 show "dp. Eq (Geos (Seg (Se A p)) add Emp) (Geos (Seg (Se p B)) add Emp) A
Bet_Point (Se A B) p” by blast
ged
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theorem (in Congruence_Rule) Ang_bisection :
assumes
”Def (Ang (An A B C))”
shows
”3p. Cong (Geos (Ang (An A B p)) add Emp) (Geos (Ang (An p B C)) add Emp)
A Ang_inside (An A B C) p A Def (Ang (An A B p)) A Def (Ang (An p B C))”
proof -
have P1 : "Line_on (Li B C) B” by (simp add:Line_on_rule)
have P2 : "Line_on (Li B C) C” by (simp add:Line_on _rule)
from assms have P3 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi C) add Emp)” by (simp add:Ang_def)
from assms have ”— Eq (Geos (Poi A) add Emp) (Geos (Poi B) add Emp)” by (simp add:Ang_def)
then have P4 : - Eq (Geos (Poi B) add Emp) (Geos (Poi A) add Emp)” by (blast intro:Eq_rev)
from P1 P2 P3 P4 have ”Jp. Eq (Geos (Seg (Se B A)) add Emp) (Geos (Seg (Se B p)) add Emp)
A — Bet_Point (Se p C) B A Line_on (Li B C) p A = Eq (Geos (Poi B) add Emp) (Geos (Poi p) add
Emp)” by (simp add:Seg_move_sameside)
then obtain C2 :: Point where P5 : ”Eq (Geos (Seg (Se B A)) add Emp) (Geos (Seg (Se B C2)) add
Emp)
A = Bet_Point (Se C2 C) B A Line_on (Li B C) C2 A = Eq (Geos (Poi B) add Emp) (Geos (Poi C2)
add Emp)” by blast
then have P6 : “Line_on (Li B C) C2” by simp
then have P7 : ”Eq (Geos (Poi C2) add Emp) (Geos (Poi A) add Emp) = Line_on (Li B C) A” by
(simp add:Point_Eq)
from assms have P8 : ”Def (Tri (Tr A B C))” by (simp add:Ang_to_Tri)
then have P9 : ”— Line_on (Li B C) A” by (simp add:Tri_def_Line)
from P7 P9 have P10 : ”— Eq (Geos (Poi C2) add Emp) (Geos (Poi A) add Emp)” by blast
then have ”Jp. Eq (Geos (Seg (Se C2 p)) add Emp) (Geos (Seg (Se p A)) add Emp) A Bet_Point (Se
C2 A) p” by (simp add:Seg_bisection)
then obtain D :: Point where P11 : ”Eq (Geos (Seg (Se C2 D)) add Emp) (Geos (Seg (Se D A)) add
Emp)
A Bet_Point (Se C2 A) D” by blast
have P12 : ”Line_on (Li B A) B” by (simp add:Line_on_rule)
from P1 P5 P6 P12 have P13 : ”Line_on (Li B A) C2 —=
Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B C)) add Emp)” by (simp add:Line_unique)
from assms have P14 : 7= Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B C)) add Emp)” by
(simp add:Ang_def)
from P13 P14 have P15 : ”— Line_on (Li B A) C2” by blast
from P11 have P16 : "Bet_Point (Se C2 A) D” by simp
then have P17 : ”Line_on (Li C2 A) D” by (simp add:Line_Bet_on)
have P18 : “Line_on (Li C2 A) A” by (simp add:Line_on_rule)
have P19 : ”Line_on (Li B A) A” by (simp add:Line_on_rule)
from P16 have P20 : ”— Eq (Geos (Poi A) add Emp) (Geos (Poi D) add Emp)”
by (simp add:Bet_Point_def)
from P17 P18 P19 P20 have P21 : "Line_on (Li B A) D =
Eq (Geos (Lin (Li C2 A)) add Emp) (Geos (Lin (Li B A)) add Emp)” by (simp add:Line_unique)
have P22 : ”Line_on (Li C2 A) C2” by (simp add:Line_on_rule)
from P21 P22 have P23 : ”Line_on (L1 B A) D = Line_on (Li B A) C2” by (simp add:Line_on_trans)
from P15 P23 have P24 : ”— Line_on (Li B A) D” by blast
from P4 P24 have "Def (Ang (An B A D))” by (simp add: Ang_sinple_def)
then have P25 : ”Def (Tri (Tr A B D))” by (blast intro:Ang_to_Tri Tri_def_rev Tri_def _trans)
from P4 P15 have P26 : ”Def (Ang (An B A C2))” by (simp add: Ang_sinple_def)
then have ”"Def (Tri (Tr C2 B A))” by (blast intro:Ang_to_Tri Tri_def_rev Tri_def_trans)
then have P27 : ”— Line_on (Li C2 B) A” by (simp add:Tri_def_Line)
have P28 : “Line_on (Li C2 B) C2” by (simp add:Line_on_rule)
from P16 have P29 : ”— Eq (Geos (Poi D) add Emp) (Geos (Poi C2) add Emp)”
by (simp add:Bet_Point_def)
from P17 P22 P28 P29 have P30 : "Line_on (Li C2 B) D —>
Eq (Geos (Lin (Li C2 A)) add Emp) (Geos (Lin (Li C2 B)) add Emp)” by (simp add:Line_unique)
from P18 P30 have P31 : "Line_on (Li C2 B) D = Line_on (Li C2 B) A” by (simp add:Line_on_trans)
from P27 P31 have P32 : ”— Line_on (Li C2 B) D” by blast
from P5 have P33 : ”— Eq (Geos (Poi C2) add Emp) (Geos (Poi B) add Emp)” by (blast intro:Eq_rev)
from P32 P33 have “Def (Ang (An C2 B D))” by (simp add:Ang_sinple_def)
then have P34 : ”Def (Tri (Tr C2 B D))” by (simp add: Ang_to_Tri)
have P35 : ”Eq (Geos (Seg (Se B A)) add Emp) (Geos (Seg (Se A B)) add Emp)” by (simp add:Seg_rev)
have P36 : “Eq (Geos (Seg (Se B C2)) add Emp) (Geos (Seg (Se C2 B)) add Emp)” by (simp
add:Seg_rev)
from P5 have P37 : Eq (Geos (Seg (Se B A)) add Emp) (Geos (Seg (Se B C2)) add Emp)” by simp

177



from P35 P36 P37 have P38 : "Eq (Geos (Seg (Se A B)) add Emp) (Geos (Seg (Se C2 B)) add Emp)”
by (blast intro:Eq_rev Eq_trans)
have P39 : “Eq (Geos (Seg (Se C2 D)) add Emp) (Geos (Seg (Se D C2)) add Emp)” by (simp
add:Seg_rev)
from P11 P39 have P40 : "Eq (Geos (Seg (Se D A)) add Emp) (Geos (Seg (Se D C2)) add Emp)” by
(blast intro:Eq_rev Eq_trans)
from P25 P34 P38 P40 have ”Cong (Geos (Tri (Tr A B D)) add Emp) (Geos (Tri (Tr C2 B D)) add
Emp)” by (simp add:Tri_SSS)
then have P41 : ”Cong (Geos (Ang (An D B A)) add Emp) (Geos (Ang (An D B C2)) add Emp)” by
(simp add:Tri_Cong_def)
have P42 : ”Eq (Geos (Ang (An D B A)) add Emp) (Geos (Ang (An A B D)) add Emp)” by (simp
add:Ang_roll)
from P41 P42 have P43 : ”Cong (Geos (Ang (An A B D)) add Emp) (Geos (Ang (An D B C2)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P34 have P44 : ”Def (Ang (An D B C2))” by (blast intro:Tri_to_Ang Ang_def_rev Ang_def_inv)
have P45 : ”Line_on (Li B D) D” by (simp add:Line_on_rule)
have P46 : = Bet_Point (Se D D) B” by (simp add:Bet_end_Point)
from P33 have P47 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi C2) add Emp)” by (blast intro:Eq_rev)
from P3 P6 P47 have P48 : ”Line_on (Li B C2) C” by (simp add:Line_on_rev)
from P34 have P49 : ”— Eq (Geos (Poi B) add Emp) (Geos (Poi D) add Emp)” by (simp add:Tri_def)
from P3 P5 P44 P45 P46 P48 P49 have P50 : "Eq (Geos (Ang (An D B C2)) add Emp) (Geos (Ang
(An D B C)) add Emp)
A Def (Ang (An D B C))” by (simp add: Ang_Point_swap)
from P43 P50 have P51 : ”Cong (Geos (Ang (An A B D)) add Emp) (Geos (Ang (An D B C)) add
Emp)” by (blast intro:Ang_weektrans Ang_rev Eq_rev)
from P25 have P52 : ”Def (Ang (An A B D))” by (simp add:Tri_to_Ang)
from P26 have P53 : ”Def (Ang (An A B C2))” by (blast intro:Ang_def_rev Ang_def_inv)
then have P54 : ”— Eq (Geos (Lin (Li B A)) add Emp) (Geos (Lin (Li B C2)) add Emp)” by (simp
add:Ang_def)
from P16 have P55 : ”Bet_Point (Se A C2) D” by (simp add:Bet_rev)
from P4 P5 P54 P55 have P56 : ”Ang_inside (An A B C2) D” by (simp add:Ang_inside_Bet_Point)
have P57 : ”— Bet_Point (Se A A) B” by (simp add:Bet_end_Point)
from P3 P4 P5 P6 P19 P53 P56 P57 have P58 : ”Ang_inside (An A B C) D”
by (simp add:Ang_inside_trans)
from P50 P51 P52 P58 show 3 p. Cong (Geos (Ang (An A B p)) add Emp) (Geos (Ang (An p B C))
add Emp)
A Ang_inside (An A B C) p A Def (Ang (An A B p)) A Def (Ang (An p B C))” by blast
ged

end
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